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PROCEEDINGS 



THE LONDON MATHEMATICAL SOCIETY, 



VOL. XXXIII. 



THIRTY-SEVENTH SESSION, 1900-1901 
(since the Formafcion of the Society, January 16th, 1865). 

November Sth, 1900. 

The Seventh Annual Genkral Meeting of The London Mathe- 
matical Society, as incorporated under the Companies Act, 
1867, on October 23rd, 1894, held at 22 Albemarle Street, W. 

Lord KELVIN, G.C.V.O., President, in the Chair. 

Twenty -four members present. 

The Treasurer read his report, the reception of which was moved 
by Mr. Kempe, seconded by Mr. W. F. Sheppard, and carried 
unanimously. 

The President said, if it was the pleasure of the meeting, Mr. 
Gallop would be asked again to act as Auditor. Carried unanimously. 

The senior Secretary announced that there had been three deaths, 
of which he had received intimation, during the session, viz., of 
Prof. Beltrami (an honorary member), Mr. J. J. Walker, and Major- 
General Close, E.A. 

There had been no addition to the list of exchanges. 

The following societies and persons, not members of the Society, 

VOL. XXXIII. — NO. 738. B r^ I 
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2 Annual General Meeting, [Nov. 8, 

receive the Proceedings of the London Mathematical Society^ in 
exchange for their own Proceedings, or for some other reason : — 

1. The Royal Society. 

2. The Royal Society of Edinburgh. 

3. The Royal Irish Academy. 

4. The Library of Trinity College, Dublin. 

5. The Cambridge Philosophical Society. 

6. The Philosophical Society of Manchester. 

7. The Institute of Actuaries. 

8. The Library of University College, Gotver Street. 

9. The Superintendent, Copyright Office of the British Museum. 

10. The University Library, Cambridge. 

1 1 . The Bodleian Library, Oxford. 

12. The Faculty of Advocates' Library, Edinburgh. 

13. The Mason Science College Library, Birmingham. 

14. The Edinburgh Mathematical Society, Edinburgh. 
16. The Editor of Nature. 

16. The Canadian Institute, Toronto. 

17. The Smithsonian Institute, Washington^ B.C., U.S.A. 

18. The United States Naval Observatory, Washington, B.C., U.S.A. 

19. The Connecticut Academy, iV<?M;Aaww, Conn., U.S.A. 

20. The Editors of the "American Journal of Mathematics,*' Johns Hopkins 
University, Baltimore, U.S.A. 

21. The Editors of *' The Annals of Mathematics," 2 University Hall, Cambridge^ 
Mass., U.S.A. 

22. L'Institut National de France, Paris. 

23. La Societe Mathematique, 7 Rue des Grands Angustins, Paris. 

24. La Societe Philomathique, 7 Rue des Grands Angustins, Paris. 

25. M. le G-eneral commandant I'Ecole Poly technique, PaHs. 

26. La Societe des Sciences Physiques et Naturelles, Bordeaux. 

27. La BibHotheque Universitaire de Medecin et des Sciences alliees, St. Michel, 
Toulouse. 

28. L' Academic Royale des Sciences, des Lettres et des Beaux Arts de Belgique, 
Palais des Academies, Bruxelles. 

29. La Societe Hollandaise (par I'entremise du Bureau Scientifique Central 
Neerlandais), Haarlem. 

30. The Editors of the *' Annales de TEoole Polytechnique a Delft," Belft. 

31. The Mathematical Society of Amsterdam. 

32. Reale Istituto Lombardo di Scienze e Lettere, Milan. 

33. Reale Accademia dei Lincei, Palazzo delle Scienze, Lungara 10, Roma. 

34. Reale Accademia di Scienze, Lettere ed Arti, Modena. 

35. Reale Accademia delle Scienze fisiche e matematiche, Napoli. 

36. Reale Istituto Veneto di Scienze, Lettere ed Arti, Venezia. 

37. Circolo Matematico di Palermo. 

38. M. le Prof. G-omes Teixeira, Coimbra. 

39. La Societe Mathematique (Cabinet de Mecanique, Universite), Odessa. 

40. Akademie der Wissenschaften, Berlin. 
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1900.] Annual General Meeting, 3 

41. The Editor of the "Journal fiir die reine und angewandte Mathematik 
(CrelU),'' Berlin. 

42. The Authors of the **Jahrbuch tiber die Fortschritte der Mathematik," 
Berlin. 

i3. Die Ktinigliche Gesellschaft der Wiseenschaften, Gottingen. 

44. The Librarian (an der Physischen und Medicinischen Gresellschaft), Erlungen, 

45. The Editor of the **Beiblatter zu den Annalen der Physik und Chemie," 
Leipzig. 

46. Die Konigliche Sachsische G-esellschaft, Leipzig. 

47. Die Naturforschende Gresellschaft, Zurich. 

48. The Editors of the ** Praoe-Matematyozno Fizyczne " of Warsaw. 

49. Le Redacteur de ** Nieuw Archiev,*' Leiden. 

50. La Faculte des Sciences de Marseille. 

51. The Physical Society, London. 

52. The Editor of the ** Monatshefte fiir Mathematik und Physik," Vienna. 

53. The American Mathematical Society, New York. 

54. The American Philosophical Society, Philadelphia 

55. The Editor of the ** Periodico di Matematica per I'insegnamento secondario." 

56. University College of North Wales, Bangor. 

Extra work had been undertaken by the Secretaries in the form of 
a Gomplete Index of all the Papers printed in the Proceedings of the 
London Mathematical Society, Vols. I.-XXX. (112 pp.) ; and of a List 
of Members of the London Mathematical Society, from the date of founda- 
tion, 16th January, 1865, to 9th November, 1899 (16 pp.). 

Mr. Love reported that at the beginning of the Session the number 
of members was 247, deaths had been 2, name restored 1, and new 
members 6, making a total of members, at the commencement of the 
new Session, equal 252. In addition, the Society had to regret the 
loss of one foreign member. 

Messrs. M. Jenkins and W. W. Taylor having consented to act as 
Scrutineers, the ballot was then taken, with the result that the 
gentlemen who had been nominated by the Council were declared by 
the President to have been elected to constitute the Council for the 
Session 1900-1901. Their names are : — President, Dr. Hobson ; 
Vice-Presidents, Lord Kelvin, Prof. W. Burnside, and Major P. A. 
MacMahon ; Treasurer, Dr. J. Larmor ; Hon. Sees., Mr. E. Tucker 
and Prof. Love. Other members : Mr. J. E. Campbell, Lt.-Col. 
Cunningham, Prof. Elliott, Dr. Glaisher, Prof. M. J. M. Hill, 
Mr. Kempe, Mr. H. M. Macdonald, Mr. A. E. Western, and Mr. 
E. T. Whittaker. 

Lord Kelvin on leaving the Chair thanked the Society for their 
having elected him to the office of President, and for their tolerating 
.so kindly his infrequent attendance at their meetings — " a result due 

B 2 
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4 Annual Oeneral Meeting. [Nov. 8, 

to the interval of four Imndred miles whicli lay between his home 
and London." He then welcomed Dr. Hobson to the vacant Chair, 
and expressed his ''pleasure in having him for his successor.*' 
Dr. Hobson then took the Chair, and, thanking the members present 
for having elected him, asked Lord Kelvin to communicate his 
promised address " On the Transmission of Force through a Solid." 

The vote of thanks to Lord Kelvin for his interesting communica- 
tion was moved by Dr. Glaisher, and seconded by Dr. Larmor, and 
carried unanimously. In response to the request of the meetings 
voiced by the above named gentlemen. Lord Kelvin promised to 
write out his remarks for publication in the Proceedings. 

Dr. Glaisher communicated two papers, viz., (i.) "A General Con- 
gruence Theorem relating to the Bernoullian Functions," and 
(ii.) "On the Residues of Bernoullian Functions for a Prime 
Modulus,' including as special cases the Residues of the Eulerian 
Numbers and the J- Numbers." Major MacMahon asked a question 
in connection with Sylvester's work in this direction. 

Mr. Tucker communicated "Further Notes on Isoscelians," and 
spoke on the properties of two in-triangles which are similar to the 
pedal triangle. 

The President, read the titles of the following papers : — 

In a Simple Group of an Odd Composite Order every System of 

Conjugate Operators or Sub-Groups includes more than 

Fifty : Dr. G. A. Miller. 
Prime Functions on a Riemann Surface : Prof. A. C. Dixon. 
On Green's Function for a Circular Disc : H. S. Carslaw. 
On the Real Points of Inflexion of a Curve : A. B. Basset. 
On Quantitative Substitutional Analysis : Alfred Young. 
On a Class of Plane Curves : J. H. Grace, 
(i.) On Group Characteristics, and (ii.) On some Properties of 

Groups of Odd Order : Prof. W. Bamside. 
(i.) Conformal Space Transformations, and (ii.) Dynamical 

and other Applications of Algebra of Bilinear Functions : 

T. J. I'A. Bromwich. 

The following presents were made to the Library: — 

"Educational Times,'* November, 1900. 

"Indian Engineering," Vol. xxvin., Nos. 12-15, Sept. 22-Oct. 13, 1900. 

"Proces Verbal de la Societe des Naturalistes," Annees 8, 9, 10; Varsovie,, 
1898-1899. 

Edalji, J. — * E,eoiprocally related Figures and the Principle of Continuity,'" 
8vo ; Ahnieddbad, 1900. 
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1900.] Annual General Meeting. 5 

• ♦ Mathematisch-naturwissenschaftliche Mitteilungen in Wurttemberg/' Serie 2, 
Bd. n., Heft 3 ; Stuttgart, 1900. 

*♦ Mathematical Gazette," Vol. i.. No. 23; 1900. 

Lebon, E. — ** Solution de la ProblSme de Malfatti," 8vo ; Coimbra, 1889 (from 
the '* Rendiconti del Giro. Mat. di Palermo "). 

The following exchanges were received :- 

** Proceedings of the American Philosophical Society," Vol. xxxix., No. 162; 
Philadelphia, 1900. 

" Periodico di Matematica," Serie 2, Vol. m., Fasc. 2 ; Livomo, 1900. 

^'Transactions of the American Mathematical Society," Vol. i., No. 3 ; July, 
1900. 

** Annals of Mathematics," Series 2, Vol. n.. No. 1 ; Harvard University, 1900. 

** Proceedings of the Royal Society," Vol. lxvii., Nos. 436, 437 ; 1900. 

"Beiblatter zu den Annalen der Physik und Chemie," Bd. xxiv., St. 9 ; Leipzig, 
1900. 

" Rendiconti del Circolo Matematico di Palermo," Tomo xiv., Fasc. 6 ; Sett.- 
Ott., 1900. 

*' Bulletin of the American Mathematical Society," Series 2, Vol. vn., No. 1, 
Oct., 1900; New York. 

** Jorfial de Scieucias Mathematicas e Astronomicas," Vol. xiv., No. 2 ; Coimbra, 
1900. 

** Monatshefte fiir Mathematik und Physik," Jahrgang xi., Pt. 4 ; Wien, 1900. 

*' Bulletin des Sciences Mathematiques," Tome xiuv., Juillet, Aoiit, 1900 ; Paris. 

** Journal fiir die reine und angewandte Mathematik," Bd. cxxn., Heft 4; 
Berlin, 1900. 

*• Archives Neerlandaises," Serie 2, Tome nr., Livr. 1 ; La Haye, 1900. 

**Atti della Reale Accademia dei Lincei — Rendiconti," Sem. 2, Vol. nt., 
Fasc. 7 ; Roma, 1900. 

** Nyt Tidsskrift for Matematik," B. Aargang n., Nr. 3 ; Copenhagen, 1900. 

** Journal of the Institute of Actuaries," Vol. xxxv., Pt. 5, Oct., 1900. 

* * Memoirs and Proceedings of the Manchester Literary and Philosophical Society," 
Vol. XLiv., Pt. 5, 1900. 

^' Nachrichten von der Konigl. Gresellschaft der Wissensohaften zu Gottingfen," 
Math.-Phys. Klasse, Heft 2 ; 1900. 

** Tokyo Sugaku-Butsurigaku Kwai Kiji," MaH No. 8, Dai 4, 6, 1900. 
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In a Simple Group of an Odd Composite Order every System of 
Conjv^ate Operators or Sub-groups includes more than Fifty, 
By G. A. Miller. Received Jaly 4th, 1900. Bead 
November 8th, 1900. 

Bumside has called attention to the importance of the study of 
questions relating to simple groups of an odd composite order, and 
he has proved some theorems which throw light on this question.* 
In what follows this subject is studied from a somewhat different 
standpoint, and the proof of the theorem stated in the heading is the 
principal objective point. This theorem is evidently equivalent to 
the theorem : The degree of a simple group of an odd order must 
exceed fifty. This proof is based, to a large extent, upon the follow- 
ing facts. 

If we represent a simple group of an odd composite order as a 
substitution group in the smallest possible number {n) of elements, 
the group (G) is primitive and simply transitive. All its transitive 
sub-groups, as well as all the transitive constituents of its intransitive 
sub-groups, are only simply transitive, and of an odd order. In 
particular, its maximal sub-group of degree w— 1 (Gi) is composed 
of an even number of simply transitive constituents of an odd 
order. The order of each one of these transitive constituents in- 
volves all the prime factors that are contained in the%rder of G^.f 

The degree of G cannot be a prime number of the form 2'* + !, 
since the operators of this prime order would be transformed into 
themselves by substitutions of order 2, according to the theorem that 
each operator of a prime order (p) in a group of degree p must be 
transformed into itself by more than p operators of the group, when- 
ever the order of the group is composite. If one of the transitive 
constituents of Gi were of a prime degree of the form 2"+ 1, the order 
of Gi would have to be p. J In this case G would have to contain 
just w— 1 substitutions of degree n, and hence it could be represented 
as a transitive group whose degree would not exceed ti — 1, a result 



* Bumside, Theory of Groups of a Finite Order, 1897, pp. 371, 379. 
t Jordan, Traite des Substitutions, 1870, p. 284. 
X Froc, Lond. Math, Soc., Vol. xxviii., p. 536. 
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which is contrary to the hypothesis that G is represented by the 
smallest possible number of elements. We may therefore assume 
that (tj does not contain any transitive constituent whose degree is 
one of the numbers 3, 5, 17, .... 

By means of the following general theorem we may further restrict 
the possible degrees of transitive constituents of G^. 

Theorem. — If G^ contains a transitive constituent (of degree n^) whose 
order is not divisible hy p^*^ {p being a prime number), and if this con- 
stituent contains a self-conjugate sub-group of order p' which includes 
p" — ! substitutions of degree n^, then the order of G^ will not be divisible 
by p'^*^, whenever the sub-group which corresponds to identity of this con- 
stituent is generated by its substitutions of order p^, or contains only one 
maodm^l group whose order is of the form p". 

We shall prove this theorem by showing that the hypothesis that 
the order of G-^ is divisible by p'^^^ leads to a contradiction. Suppose 
that the order of G^ is divisible hj p^ (p>a), but not by any higher 
power of p. All the operators of Gi whose orders are powers of p 
generate a sub-group (G^) of G^, which has the given self -conjugate 
sub-group (P„) of order p" as a constituent. To identity of P^ there 
corresponds a self -conjugate sub-group (H) of Gi whose order is 
mp^~'*. Some of the conjugates of (ti contain H without containing 
any other operator of G^. When m = 1 these conjugates of Gi will 
clearly contain operators that transform H into itself, but are not 
contained in Gi.* This is impossible, since Gi is a maximal sub-group 
of G. We may therefore assume m>l. 

All the operators of H whose orders are divisors of m generate a 
self -con jugate sub-group (M) of Gi whose order cannot exceed mp^'". 
If the order of Jf is not divisible hy p^'", M must be generated b} 
of)erator8 who^e'' orders are powers of p, and hence it has to be self- 
conjiigate in the given conjugates of G^. As this is clearly impossible, 
it remains only to consider the case when "tn > 1, and when the order 
of m is divisible by j?""*. In this case the operators of M whose 
orders are divisible by p generate a self-conjugate sub-group of G^. 
As this would also be self -conjugate in the given conjugates of G^, 
the theorem is proved. It may be observed that the theorem applies 
to any simply transitive primitive group of degree n, even if its ordei* 
is even, Gi being the maximal sub-group of degree w — 1 . 

In what follows we shall assume w < 51. 

* Bumside, Froc, Land, Math. Soc, Vol. xxvi., p. 209. 
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8 Dr. G. A. Miller on a [Nov. 8, 

It is easy to prove that 0^ cannot have a transitive constituent of 
degree 7. Such a transitive constituent would have to be of order 21, 
since the cyclic and semi-metacyclic groups are the only two transi- 
tive groups of degree 7 which have an odd order. If each of the 
other transitive constituents of Gi were also of degree 7, the order of 
Gi would clearly be 21. This is impossible, since it is known that 
there is no simple group whose order is odd and ^ 50 . 21. Hence 

we observe that Gi has to contain a constituent of degree 21 or of 
degree 27 if it contains a constituent of degree 7. The constituent 
of degree 27 could not be imprimitive, since a transitive group of an 
odd order and of degree 9 cannot include any operator of order 7. 
It could not be primitive, since its maximal sub-group of degree 26 
could not be composed of an even number of transitive constituents 
of degree 7. It remains to consider the case when G^ contains a 
transitive constituent of degree 21 and one or more constituents of 
degree 7. 

The constituent of degree 21 could not be regular, since the order 
of Gi must exceed 21. It could not be primitive, since the order of 
its maximal sub-group of degree 20 could not be a power of 3. It 
could not have seven systems of imprimitivity, since the self -con jugate 
sub-group of order 3* which would correspond to identity in the 
transitive constituent of degree 7 could not be similar to other sub- 
groups of Gi. As it evidently could not have three systems of 
imprimitivity, we have proved that G^ cannot have any transitive 
constituent of degree 7 if the degree of G does not exceed 50. 

We proceed to prove that G^ cannot have a transitive constituent 
of degree 9. Such a constituent would have one o6 the following 
orders : — 9, 27, 81.* Hence the order of 6r would be3"n, and n could 
be neither a prime number nor the square of a prime.f Since (r, 
would have either two or four constituents of degree 9, or one con- 
stituent of degree 9 and one of degree 27, n would be either 19 or 37, 
and hence Gj cannot contain a constituent of degree 9. If it con- 
tained a constituent of degree 11 or 13, its order would be 55 or 39 
respectively, and the order of G could not exceed 2835. J 

We have now proved that Gi cannot contain any constituent whose 
degree is less than 15. If it contained two constituents of degree 15, 



• QuarL Jour, of Math,, Vol. xxvi., 1893, p. 376. 

t Bumside, Theory of Groups, 1897, p. 348. Cf. Jordan, ZiouviHe, Vol. iv., 
1898, p. 21. 
X Bumside, Theory of Groups, 1897, p. 371. 
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they would be imprimitive,* and the order of G would be 3* . 5^ . 31 
(a < 10, /3<6). The number of sub-groups of order 31 would be 125, 
since, this is the only number within the given limits which is con- 
gruent to 1, mod 31. The order of G^ would therefore be 3 . 5'' (y < 5), 
and its sub-group of order 5'' would be Abelian. As this is clearly 
impossible, G^ cannot contain two constituents of degree 15. If G^ 
contained two constituents of degrees 15 and 25 respectively, the 
constituent of degree 25 would be primitive, since an imprimitive 
group of degree 25 and of odd order cannot include any operator of 
order 3. It may be observed that this group of order 75 is the first 
primitive groap of an odd order that is not included in a metacyclic 
group of a prime degree. The order of this constituent woald be 75, 
and it would contain 50 operators of order 3 and degree 24, and 24 
operators of degree 25 and order 5. Since the order of G could not 
be 75.31, this is impossible. 

It was observed above that (?, cannot contain any constituent of 
degree 17. If it contained two constituents of degree 19, the order 
of (t would be 39.19.3" (a < 3). The number of its sub-groups of 
order 13 would be 27, since this is the only number within the given 
limits which is congruent to 1, mod 13. This is impossible, since a 
sob-group of order 13 could not be transformed into itself by an 
operator of order 19. If (7, contained two constituents of degree 21, 
its order would be 7*. 3^ (a = l, i8<16, or l<a<6, /3<8). 

The number of sub-groups of order 43 in G would therefore be 
7.3' = 356.43 -f 1, and the number of sub-groups of order 7 would 
be 43.3*. Hence each of the two constituents of G-^ would contain 
seven systems of imprimitivity. Their sub-groups which would not 
permute any of the systems of imprimitivity would be composed of 
cycles of degree 3 in distinct sets of elements, and hence they would 
be Abelian. 

The substitutions of G^ whose degree is less than 40 would 
generate a self-conjugate sub-group of order 3", all of whose 
transitive constituents would be of degree 3. This would contain a 
sub-group of order 3""^ which would occur in a conjugate of G^, and 
hence it would be transformed into itself by a group of degree 43. 
As this is impossible, Gi cannot contain two constituents of degree 21. 

It remains to prove that G-^ cannot involve two constituents of 
degree 23. In this case the order of (r, would be 23.11, while the 



* Bw. Lond, Math, Soc, Vol. xxvm., 1897, p. 633. 
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10 Mr. A. C. Dixon on [Nov. 8, 

order of G would be 23. 11 .47. This is impossible, since 23. 11 is not 
conjugate to 1, mod 47. We have now examined all possible cases 
and found that there is no simple group of an odd order whose degree 
is less than 51. This proves the statement of the heading. 



Prime Functions on a Riemann Surface. By A. C. Dixon. 
Received August 10th, 1900. Read November 8th, 1900. 
Received, in revised form, January 19th, 1901. 

In a paper read to the London Mathematical Society {Proceedings, 
Vol. XXXI., p. 308) I pointed out a method by which prime functions 
quite analogous to the elliptic theta-functions could be introduced 
into the more general theory of Abelian functions. In the present 
paper I have gone more fully into the general theory of these prioie 
functions, investigating their relations to each other and giving other 
methods by which they may be introduced. The discussion is, of 
course, largely parallel to that in Prof. Klein's paper (Math. Ann.^ 
Yol. XXXVI., p. 1) and the corresponding parts of Mr. Baker's book. 

1. Take a Riemann surface, resolved by a canonical system of 2'^> 
cuts into a simply connected surface or polygon, whose boundary in 
the positive sense when it is opened out is 

th«.8 a,6j and dt'Ci will be opposite sides of the same cut, and so will 
Cthi and d.aj+i (*p+i being the same as a/). Let Si, Ti denote the 
operations of moving across the polygon from a point of a,6i to the 
corresponding point of CiC?„ and from a point of 6,0^ to the corre- 
sponding point of cZ,a,+i respectively, or of moving round circuits 
equivalent to these. 

Let t*!, u^, ..., Up be the integrals of the first kind, such that 

Ui(SiZ) = Vi(z)+2iir, 

ud8jz)=u,(z) (i^j), 

Ui(TjZ) =Ui(z)-\-u^, 

where w^ = Wj-^. 
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1900.] Prime Functions on a Riemann Surface. 11 

Consider a function 0^ (z) having no pole or singularity within the 
polygon or on its boundary, and having one simple zero at e, and 
affected by passage round the circuits* so that 

log ^, (6» = log ^, (2?) + 2 a.;^ //, +/3, ^ 

' I (i = l, 2, ...,»). (1) 

log^,(T.^)=log^,(^)+2 7,r., + 8,j 

Such a function will be called a jprime function in this paper. 
Functions uniform within the polygon and satisfying relations of the 
form ( 1 ) will be called factor-functions^ and such as have no pole or 
zero accidental factors. The 2/> (p-|-l) quantities <i, /3, -y, S are not 
altogether arbitrary, but must satisfy certain relations which can be 
found as follows. Take for simplicity the case of a prime function. 

In the first place J d log 6^ {z) taken round the whole boundary of 
the polygon must be 2nr. But the part of this contributed by the 
sides aihi and Cidi is 

- f ' '^ ^^^^TV = - 2 «v f ' du,^-l a, ('* duj = 2 a,..,. 
Jo,. C^eW J J a, J Jrf. J 

The part given by the sides biCi and c/,a,>. is 

-P '^^^^^Sr = - 2ro C duj = -2e..y,. 
Thus, by summation, we have 

»■ /JlTT i j 

Again, the value oi j u^d log $e (2) taken round the whole boundary 
of the polygon is 2t7r.7«i (e). The part contributed by the sides a^hi 
and c^di is 



i 



'* [{u^'-2i7r)dlogO,(8{'z)-u,.d\ogO, (z)] 

= [''[- (^— 2t7r) 2 ayduj- 2t7r (Z log 0^ (z) ] 

= 2 a,^ t*i duj—2nr 2 ai^ Wi^ + 2i7r { 2 y^jUj (cj + i5, } . 



* Here the circuits <St, Tt are taken as equivalent to the sides ^i<?„ Cidi of the 
polygon respectiyely, and, if one of the circuits is altered so as to pass on the other 
side of the point ^, the right-hand side of the corresponding equation must be in- 
creased or diminished by 2fx. 
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The part given by a.&j and Cidi (z:5fc l).is 



rdi 



1 



The part given by &,<?, and diUi^i (« = 1, 2, ..., 2>) is 
[-(u, + ai,,) ^log^, (!r,2;)+t^i(Zlog(9, (z)] 

= [ — («*i+<«iO 2 y^duj—iOudlogO, (z)] 

Thus we have the relation 
^i + 2yy.tt,(c0 

+ 2«,.. (oH + yii)- (3) 

t 

This holds also when any of the suffixes 2, ..., ^ is put in the place 
of 1, and thus it represents p relations. 

The equations (2), (3) hold ^ for factor-functions in general with 
slight modification. In (2) we must put as the first term on the 
right the excess in number of the poles over the zeroes of the function. 
In (3) we must have in place of the term ««, (e) the sum of the values 
of t*i at the zeroes diminished by the sum of its values at the poles. 

It will be found that there are no more restrictions on the quanti- 
ties a, fi, y, B than those expressed in the equations (2), (3) as thus 
modified, or, say, the equations (2'), (3'). 

The ratio of two factor-functions with the same poles and zeroes 
will be an accidental factor. For any accidental factor the equations 
(2'), (3') are linear and homogeneous in the quantities a, /3, y, B, the 
coefficients being constants depending on the surface, and also on the 
fixed place where the cuts begin and end. The dependence on this 
place is clearly only apparent. 

We shall now discuss the question of the existence of factor- 
functions and their reduction to their simplest forms. 
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Actual Formation of Accidental Factors and Prime Functions. 

2. The simplest accidental factors are those of the forms exp Uf 
exp UiUj. For exp w^ we have 

a = y = for all pairs of suffixes, 

/3, = 2£7r, /5, = 0':^0, 

Exp iiiUj is the product of exp j Uiduj and exp j Ujdui^ each of which 
is an accidental factor. For we have, as the increase in the logarithm 

of exp I UiJuj when z passes round any circuit S, 

w,(iwj— I Uiduj = \ UidUj+\ '^UidUj—i Uiduj 

fa [Szq 

= w duj-\- Uiduj* 

where w is the modulus of Ui for the circuit S, Here then a^ = 2^^ 
a = for other pairs of suffixes. 

Hence any given factor-function can be expressed as the product 
of a factor function for which a = 0, /3 = 0, and functions of the 
forms exp cjuiduj, exp cw„ c being constant. For to destroy all the 
coefficients a we need only divide the given factor-function by 



n exp ^- I Uiduj; 
i,J 2c7r J 



and, if a = for all pairs of suffixes, we destroy 13 for all suffixes if 

we divide by ^ n /n 

•^ exp Sft«^i/2£7r. 

«■ 

Now let v^ be such a multiple of F<,, the normal elementary integral 
of the second kind, with e for pole, that j v^dtii taken round a small 
contour enclosing e has the value 2nr. Then the function exp j Vedui 
has no pole within the polygon and no zero except a simple one at e, 
and it is, in fact, a prime function. For take any circuit S, and let rf 



* In this and other places where the paths of integration are clearly implied, I 
have not thought it necessary to take up space by defining them. Aiiy place on 
the surface is, in fact, throughout supposed to be reached by a definite path from a 
fixed origin. 



■Digitized by VjOOQ IC 



14 Mr. A. C. Dixon on [Nov. 8, 

denote the modulus of v, for this circuit. Then when z passes round 
the circuit I v^dui is changed into v^dui, the increment of this 

integral being* 

\^,dUi + j — j I Vedui = ° v^dUi-{- 1 rjdui 

= rj Ui (z) + VedUi'-rj tii {z^). 

Since this holds for any circuit, the function is a prime function, and 
we have, moreover, 

a = for all pairs of suffixes, 

yji = modulus of Vt for the circuit !Z}, 

There is an exception to this if e is one of the 2p — 2 zeroes of dui. 
Then J V^dui is finite at e, as elsewhere, and exp J V^dui is an acci- 
dental factor, not a prime function. The rest of the investigation 
holds good, so that y^, is proportional to the differential coefficient of 
Uj ab e, and 

y.. = 0, yjh = (h :^i), a = for all pairs of suffixes. 

In this way 2p—2 functions can be formed, one for each of the 
points at which dui vanishes. Of the 2p~2 sets of p — 1 coefficients 
yJ^ (J -=/=. %) thus got, p — \ must be linearly independent, since other- 
wise a linear combination of d\i^^ du^, ..., dui.i, dui+i, •••> du^ would 
vanish at the same 2p—2 points as dwj, and could therefore only be 
a constant multiple of dUi, which is impossible. Thus, again, by 
dividing by accidental factors of the form exp c V^dUi, where c is a 
constant and e is one of the zeroes of diZi, we can destroy the co- 
efficients yji, except y.^, in any given factor-function. 

Now let U stand for Ui-hu^+ .,.-\-Up, and let e be one of the zeroes 
of dU. Then exp j VedU is another accidental factor for which a = 
in all cases, and y^,- = modulus of F« for the circuit Tj (^ = 1, 2, ..., p). 



* This proof is repeated from Proc. Lond. Math. Soc.y Vol. xxxi., pp. 308, 309. 
It should be noted that the passage on p. 309, from ** Suppose now " to ** arbitrary 
zero " is faulty. A better investigation is given below (see the end of § 3). 
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Since e is a zero of dU, the sum of the moduli of V, for the circuits 
1\, Tj, ..., Tp mnst be zero, and thus 

yii+r2i+.--+yp;, = 0. 

This is, however, the only linear relation satisfied by the moduli of 
Vf, since, as before, p—loi the 2p—2 sets of moduli corresponding to 
the different zeroes of dU must be linearly independent. Hence we 
have herep— 1 more special accidental factors by means of which all 
but one of the quantities 

ym 722? •••? Vpp 

can be destroyed in any given factor-function. 

Thus, given any accidental factor whatever, we can by dividing it 
by suitable powers of certain known special accidental factors reduce 
it to an accidental factor in which, first, a = for all pairs of suffixes, 
then 722? 788? •••» T/v vanish, then y = for all pairs of unequal 
suffixes, then /3 = for all suffixes ; so that finally of all the 
quantities a, /3, y, ^ only y^, ^i, ^g, ..., ^p are left. 

But the relation (2') for an accidental factor shows that now 
yjj = also, and from (3') we have ^1 = ^2= ••• = ^p = 0. Thus the 
accidental factor is now reduced to a function uniform on the surface 
and without pole or zero, that is, to a constant. Or the result may 
be stated thus — it is possible to construct an accidental factor for 
which all the quantities a, /3, and all the quantities y except y,j, 
shall be assigned arbitrarily. 

Again, we have seen that exp J v^ dui is a prime function with the 
arbitrary zero e ; by means of products and quotients of such prime 
functions it is possible to construct factor-functions with all zeroes and 
poles assigned. By means of the special accidental factors that have 
been investigated the quantities a, /3, 7, 8 for any factor-function can 
be altered in any way consistent with the equations (2'), (3'). 

Thus, finally, i^ is possible to construct a factor-function with all zeroes 
and poles assigned, and such that the quantities a, fi, y, 8 shall hare any 
assigned values satisfying the conditions (2'), (3'), p-fl in number. 



3. Let the degree of a factor-function be the excess of the number 
of its zeroes over that of its poles. We shall consider such a function 
fco be reduced when a, /3 vanish for all suffixes, y = for unequal 
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suffixes, 7,1 = yjj = ... = y,.p = of the degree of the function. 

P 
Thus reduced factor-functions are formed by multiplication and 
division from the proper reduced prime functions without any 
accidental factor. 

A reduced factor-function of degree will thus be a factorial 
function; the factors for the circuits /S^„ 8,2, ...i Sp will all be unity. 
The factor for the circuit Ti will be exp ^j, that is, 

exp{27/,(e)~2w.(/)}, 

where e denotes one of the zeroes and / one of the poles. If, then, 

S«< (e) = S«. (/) (i=l,2,...,p), 

the reduced factor-function of degree will be an algebraic function. 

When %Ui (e)-^Ui (/) = (i = 1, 2, ...,p) 

for two sets of places e, /, the same in number, we shall say that the 
two sets are strictly coresidual. They are coresidual in the ordinary 
sense when these expressions differ from zero by a period. Thus 
any two coresidual sets may be made strictly so by passing any place 
of one set round a suitable circuit; the word "strictly" implies a 
restriction on the paths by which we may pass from the one set of 
points to the other. 

It may be well to note further that, for the reduced prime 
function 0^ (z), 

8i = — tii (c,)— , — 2 Uiduj— 2wy-|-w»(e). 
p 2piir j jbj p J 

4. Let us now take two reduced prime functions, Og (z) and Of(z), 
having zeroes at e,f respectively. Let Cj, Cj, ..., Cp be the quantities 
corresponding to 8i, S^, ..., 8^ in the case of 6f{z). Let us add to the 
boundary of the polygon a small closed contour enclosing e and a cut 
joining this contour to the old boundary at ai. Then 2nr\ogOg(f) 
will be the value of 

jlog6g(z)d\oge,(z), 

taken round the boundary as thus increased. 
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Now, the part contributed by a, 6, and Cidi is zero. From 6,c, and 
^.«i+i we have 

- [log^.(^)-— i*. + ^i| ^dlogO,(z)-l-du,j'^ 

1 r* 1 f^* 

= - f * {log ^, (^) -log 0, (z) ] du,+ '^''^ log 0, (c) 

Now log By (a) - — Ui (c.) -!-€, = log 0^ (d^) = log Of (a,) . 

It is also equal to 

log e, (60 - i «, (6,) + .>-^ = log ^, (auO - -"" . 
Thus 

log^/Ca,)=.-log^,(a,..)+^^'=...=logO,K)+^ii^il^, . 

and the part of the integral given by ft^Cj and d^ai+i is 
- ~ r {log0.iz)-loge,{z)]du,+ ^UogOf(a,)+S,--e,+ ^^^^'''] . 

P Jhi ^ p i p ) 

The integral round the contour enclosing e tends to zero when the 
contour is indefinitely diminished. From the two sides of the cut 
joining this to a^, we have in the limit 

2t7r d log 6f {z) , 

that is, 2c7r {log^/(e)-log^^(ai)}.* 

Hence 2(7rlog^, (/) 

= 2.7r {log^Xe)-^/(«i)] + - 2 I * {log^.(2.)-log^^(^)]dt., 

+ 2c,r{log^,(aO + t7r} + ?^2(8,-^), 

* The value of log Bf{a{) which occurs here may be taken to differ by a multiple 
of 2tir from that in the last expression. This wiU have ro effect on the final result, 
since 2tir is the period of the exponential function. 

VOL. xxxiii.— NO. 739. c r^ \ 
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or log^.(/)-log<?/(e) 

= .r+ J- S f* {logo. (,z)-\ogO, (z)] ./«. + -^2 («<-*,)• 

Now, in ^« (z) we still have at disposal a factor independent of z, and 
this may be so chosen that 

J-Sf log^,(z)(it(,+ -2& 

2nrp < U. p i 

shall be independent of e* It will therefore be equal to 
1 i^» 1 

- — 2 log Of (z) dUi-{- —:s, €., 

2ivp i J6. p i 

and the right-hand side of the equation last written will reduce to 
its first term. 

We have then after this special determination, say of the value of 
0^ (z) at some fixed place, 

log^,(/) = log^/(e) + t7r 

and 0,{f)=-6,(e). 

A reduced prime function with this property will be called normal. 
It still contains an arbitrary constant factor independent of the 
parametric place. We shall have no occasion at present to assign 
this factor. 

The effect on log 0^ (/) of a passage of the parametric place round 
a closed cir»3nit can now be ascertained. If we suppose 0, (z) still to 
denote the normal prime function, we have 

logO,^,(f) = \ogOJf), 

log ^r,e (/) = log OAf)-jUi (e) + ^i 

= log(9,(/)-it^,(e)-ht^-(/) 
+ a quantity independent of e,f, by (3). 

♦ This would, of course, not be true if 2 log Be {z) dui were unaflPected by the 

«■ h^ 

change of Be («) into \Bg (z), \ being a factor independent of z. But this expression 

ft 
would, in fact, be increased through the change by log A. 2 dui^ that is, 2jPtirlogA. 

i hi 
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Hence 0^,^ (z) may be considered as a prime function with e as 
parameter ; but it is then not reduced, since its logarithm is changed 
by 2iir when z describes the circuit Si. Or we may put the matter 
in another way, and say that a prime function is reduced if /3, instead 
of vanishing, is a multiple of 2t7r for all suffixes, the other criteria 
being unchanged. The parametric place will then be outside the 
polygon, and will be derived from the zero within the polygon by 
passage i*ound a circuit made up of T^ travelled (iJ2i7r times, T^ 
travelled fiJ2iir times, and so on, and /Sj, S^^ ..., 8p any number of 
times. 

5. Let (e, e^, e^, ..., e^), 

(/> /i» J%t '•'•) Jpjt 

(g^ gv 9^21 •••» gp) 

be three strictly coresidual sets oi p + l places belonging to a singly 
infinite series of sets in which no place is common to all. Let 6 
henceforth denote the normal prime function. 
Then the ratios 

^e (.") n»., («) : »/ («) IK*/., i") ■• % («) no,^ («) 

are algebraic functions of the place z, by § 3. Thus 

is an algebraic function of the place z : by proper choice of the ratio 
/x : V its numerator may be made to vanish when z = e, so that the 
expression must be constant, as it cannot have poles at e„ ..., Cj, only. 
Hence there is an equation of three terms 

\e, (z) ue,^ (z) + ^0/ (z) n^^. {z) + ^e^ (z) ue^^ (z) = o, 

where X, /a, y are independent of z. For convenience, write this 

A6j (g) e, {z) ne,^ (z) + s^, (e) 6f {z) m^^ {z) + Ge, (/) e, («) m^(,z) = o. 

Then, by putting e, /, g for z in succession, we have 
B:C::ne.{g^:U6,Ud. 

i i 

G:A::n0,{e,):Tie,{g,), 

i i 

A:B:: ue,(f,) : neje,). 

i i 

Thus no,(g,)n(i,(edne,(fd = Tie,(fdTio,(g,)ne,(ed. 

* i i i i i 

c2 
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To put A, B, G in B. symmetrical form, we may introduce a fourth 
series of coresidual places 

Then we have from the relation last written 

uo, (g,) n^,(e,) n^, (/,) n^, (h,) = n«, (/,) ne,(h,) ue, (,^,) n^, (e,), 

and thus 

B:G :: UBAgd :Tie.{f,) 

:: ne^ihi) no, (^,) no, («,) : ne,(«.) ne, (/<) no, (/*.) 

It is clear that these square roots are only surds in appearance ; 
if, for instance, e coincides with g^, so that Hd^ (gi) vanishes, then g 
will coincide with one of the series e,, ..., e^„ so that the product 
Ue.Xgi) II «^ (ei) will vanish doubly. 

Thus the equation of three terms takes the symmetrical form 



ue, (g,) ue, (/<) ^J-g'J ] «/ (g) e.. (e) na, (eo 



{ 

[ n e, (e,) n«. (^o JJ |^^ | * ^, (e) ^. (/) n ^, (/.) 
[ne^ifon 0, (e,. ) JJ^ ^^^■l I * (/, (/) e.. {g) n e, {g,) = o. 



If, now, we take z to coincide with //, the relation becomes completely 



\/ 



skew symmetrical in e, /, g, h, as follows : — 

{ n Oj (g,) ne, (/,) n e, {hd n e, (e,) ] » »/ (^) «, (/<) 
+ [ns, (e.) ne, (g,) n«, (fe,) n^, (/.) ] * e, (<-) », (h) 
+ {no, (fdno, (e,) no, (a.) no, (?,) ] » e. (f)0, (/-) = o. 

In the same way, if we have a g'-ply infinite series of strictly cci ,. 
residual sets of r places, and if g'4-2 sets \ N 

au, «2n ..-, «n (4 = 1, 2, ..., 5\+2) \ / 

of the system are taken, there will be a homogeneous linear relation '. 
among the ^ + 2 functions H* 



the coefficients in this relation being independent of r. 
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6. The following particular case of this theorem leads to an 
interesting result. 

Take a ^-ply infinite series of strictly coresidual sets of 2p places, 
and suppose one of the sets to include the 2p—2 zeroes of an integ:- 
rand of the first kind, and two other places ^, 17. Then, in all, p 
independent sets will be of the same nature, and we may, in fact, 
take them as 

lj Vi 6*1» «r2» •••» ei,2p-2 (i = 1, 2, ...,_p) 

where e^, e.g, . . . are the zeroes of dui. 
Let two other sets of the series be 

ajj, a?2, ..., X2p ; 

Vi, 2/2» •••» y2p- 
Then there must be an identity of the form 

Aue, (x,) -^Bue, (2/.) +20,^. (i) o, (»jfn ^. (e^) = o. 

A«l hml iml J=l 

From this, by putting iS = |, 17, in turn, we get 

N'ow, A, B cannot both vanish, since that would lead to a linear 
relation among du^, du^, ..., dujy, 
^ Hence we have 

i n 0, {x,)/e^ {x^) = nO, (y,) /e, {y,) = Q {l ,), say. 

^ Thus, so long as i, 1? stay within the polygon, Q (f, rj) is a uniform 

' function of them ; for ajj, ..., aj^p and t/,, ..., 2/2p are any two sets of 2p 

places strictly coresidual with f, 17, ©u, e^^i •••5 ^i,2;»-2> aii<l if f> for 

i instance, travels to a new position without leaving the polygon, the 

, , A new value of Q (|, 17) will only depend on the new position of i, and 

not on the path by which it has been reached Also none of the 

. places Xi, ..., X2p need ever be supposed to coincide with for 17, and 

I \ thus Q (f, >/) is never zero or infinite. Its logarithm is then a 

^.elaUoB^ Wniform function of $, 17 within the polygon. 

Suppose, now, that f passes round the circuit Si. Then the new set 
I places corresponding to x^, x^, .,,<, Xip will be strictly coresidual 



biXi, 0^3, ..., a^p, 
V 
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and thus it readily follows that 

log Q (8i$, »?)— log Q (^, »») = a multiple of 2*ir. 

The change in the logarithm of Q ((, 17) is not necessarily zero, 
because the paths leading from the set of places 

a*!, a'j, ..., 3*2^ 

to 8i a*!, x^, . . . , x.,,„ 

in whatever order these latter are to be taken, may enclose ij or 
intersect the path of (. 

Let log Q (Sii, r,) -log Q (^, »?) = 2fc,«T. 

Then /.*, is a definite integer, since log Q ($, rj) is not afPected when 
$ describes any circuit on the surface that can be reduced to a point 
by continuous variation. 

Now, suppose i to pass round the circuit T,. The new set taking 
the place of x^, x^, ..., x^j, will then be strictly coresidual with 

-^i'^'n a'j, .,,, X2p. 

Hence ^<'^'^' "^ = ^'"'^ ^^''^^ -"" <"''>) n ^^" ^''"^ 
= exp r«i (T,i) -«.. (r,) + 2p ( - 1- ) „, (f ) + 2 «, (a-J + 2», (rJ 

L \ p / A-l 

r 2;> ^ 1 '^ 1^' '' "1 

= exp , ^ni(Xf,) — Ui{$)—Ui{Tf)'\-2ni(ci) 2 u.dw, — 2S<0j. + a;„L 

LA-l tTJ-l.'ft. 1-1 J 

a constant quantity. 

Thus log Q(i, v) is a function of ^, uniform, finite, and continuous 
within the polygon, and increased by a constant when ( passes round 
any of the circuits Si, ..., Sj„ 2\, ..., T,,. The moduli of periodicity 
for the circuits Nj, ..., 8^ are, in fact, zero for the function 

t-i 
This is therefore independent of $. To find its value put | = 1/. 
Since Q(»7, »/) is clearly 1, we find that in general 

Q (f , I/) = exp 2 k, ( w, ($) -n, (1?) ] . 
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Here A;,, A?„ ..., kp are integers, and they may be reduced to zero by 
passing one or more of the points ajj, ..., Xip round snitable circaits; 
for instance, x^ may be passed round T^ —hi times, T, —A;, times, 
..., Tp —kp times, and /Sj, 8^, ..., Sp any number of times. 

Thus we have the equation 

this holds when the p expressions 

2ui(Xf,)—Ui(i)'-Ui(ri) 

hml 

have values differing from certain definite quantities by multiples of 
2i7r only. These quantities are found from the consideration of 
Q {Tii, ly). We must, in fact, have 

2;, 1 P C^J P 

2 tiiixt,) ^Ui(()-Ui{ri) = — S Uiduj'-2ui{c,) -h2 2 w^— co..i(mod 2*7r) 

(z = l,2,...,p). 

7. An important expression is that which vanishes when p given 
places are zeroes of the same integrand of the first kind. 

I^e*^ ^v (i = Ij 2, ..., 2p--2) again denote a zero of dui, the sets of 
zeroes for different values of i being strictly coresidual. Let lar, (z) 

stand for IT W^ (ef^). Then tsr, {z)lmj {z) can only differ by a constant 

factor from dui/duj. 

Hence the determinant of orders? in which the i-th constituent of 

the j'th row is tar, (jj,) vanishes if two of the places z^, ..., Zp coincide, 

or if they are all zeroes of the same integrand of the first kind. 

p i-i 
The result of dividing this determinant by 11 H Oz.{Zj) will be such 

an expression as is sought ; it will be a reduced factor-function of 
degree p — 1 of each of the places z-^, z^^ ..., Zp, without poles. 

Let this function be denoted by ^ {z^, z^, ..., Zp), Then, if 
zu{i = l,2,...,p^l) 

is one of the other zeroes of that integrand of the first kind which 
vanishes at Zj, z^, ..., Zp, so that 

^2> ^8» •••» ^P? %» %» •••) ^I,P-I 
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are strictly coresidual with the zeroes taken for dui above, the product 

n $^ (zii) will differ from <t» (zi, z^, ..., Zj,) by a factor independent of 

2?i, and so by symmetry for z^, ..., Zp. 

p 
The product ^{z^^z^, . . . , Zj,) n 0^ (zi) can only differ by a factor 

t'zl 

independent of z, z^, ..., Zj, from Riemann's th eta-function of the 
arguments 

u (2;)— Sw (Zi)—u (k) -f 2w(A:<), 

« i 

where k,k^, ..., k^, are suitably chosen places, such that (e,i, ..., ei2p-2) ^) 
are coresidual to {k-^, k^, ..., kp). 

For the two functions vanish together, and are altered by the same 
factor when any one of the places z,Zi, . . . , Zp describes a closed circuit. 
(Compare Klein, Math. Ann., xxxvi., p. 39.) 

8> It is clear that the normal elementary integral of the third kind 

if a, 6 are the parametric places, a;, y the limits. 

There is thus no need to dwell on the construction of factorial 
functions as products of prime functions and their powers. The 
formula given on p. 396 of Mr. Baker's Ahelian Functions leads 
directly to the construction in question. The following modified 
form of the result given in the same work at p. 426 may be of 
interest : — 

Let there be a (g' — l)-ply infinite series of strictly coresidual sets 
of r places, so that r—q-\-l :3f> p and = p—s, say. 

Take q independent sets from the series, say 

Cii, e.a, ..., Sir (^ = 1, 2, ..., q). 
Then the ratios of the q expressions 

are algebraic functions of z, and some linear function of them will 
vanish in all the r places of any set belonging to the system. 

Hence, if there are any q places Zi, z^, ...,^5, and we denote by 
^(^i> ^2> •••> ^q)y t^6 quotient of the determinant of the q-th order in 
which the t-th constituent of the ^-th row is 



Digitized by VjOOQ IC 



1900.] Pi-ime Functions on a Rietnann Surface. 25 

g-\ q 

by the product 11 TL $z, (z,), 

i=j y-i + 1 ' 

then the vanishiag of ^ (z^^ z^, ..., Zq) is the necessary and sufficient 
condition that z^, z^, ..., z^ should belong to a set of the system. Also 
^ (zi, ..., Zg) is a factor-function of each of the q places z. As a 
function, say of z^, it has no poles and r—q-\-l, that is,^— «, zeroes, 
namely, the other places z^^, Zi^, ..., ^i,p-« belonging to that set of the 
system which contains z^, z^, . . . , Zg, 

a 

Thus '9(zi,Zi,...,Zg)nefXzi), if fi,U •••»/. are any places, is a 
function of jJi, having p zeroes, the same as those of 
e {u (z,)—u (z^,)—u (%)...-«* Kp.,)-i* (fi)-"-u (/,) 

-u (k)-{-u (k,) + ... +w (k,,) ] , 
that is, of e [u (z,)-\-u (z^)-{-...'^u(zg)-u (f,)...-u (f.)-U], 
where U denotes the quantity 

ku(ei;) + u(k)-^u(kj), 

which by hypothesis is the same for all suffixes ?'. 

Also, the behaviour of these two functions when z^ passes round 
any closed circuit is the same, since each is a reduced factor-function.* 
Thus the two can only differ by a factor independent of z-^, and, by 

* ' 
symmetry, ^(z^, ...,Zq) H II Of {zj) can only differ from 

Q{u{z,)^u{z,)-{-.,.^tL{z,)-u{f^)--.,.--u{f:)-U] 
by a factor independent of 2?i, z^, ..., Zg. 

9. There are other ways of introducing the prime function than 
the one used in this paper. For instance, the prime form of Schottky 
and Klein (Baker, Ahelian Functions, chapters xii., xiv.) would, on 
division by a Mittelform (Klein, Math, Ann., xxxvi., pp. 14-17) of the 
same dimensions, yield a prime function. 

Again, take the special transcendent Ty, (a^j, ajg, ..., ojp) of Clebsch 
and Gordan (see also N5ther, Math. Ann., xxxvii., p. 491), that is, the 
expression ^ p x,. j:i 



* It may be necessary to pass one of the points k^^ ., , kp round a closed^circnit 
to ensure that the change in the logarithm shall be always the same for both 
fonctious. 
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where a?,, a;,, ..., sr^, ajj, a^, ..., Xp are coresidual with f, »/, and the zeroes 
of dui {iri zugeordnet), and 11 denotes an integral of the third kind ; 
we shall suppose it to be the normal integral. Then, since 

and e,(<r,)e,(x,)...»,(x,)6,{x',)e,(x',) ... tf, (a-;) 
as we have seen above (§ 6), we have 

Suppose now that a\, n'^, ...,»*#. are all coincident and fixed, and 
that Tf is also fixed; then the prime function ff,{i) differs by a 
constant factor from 



e.p{-^T„(e^)] 



Again, a property of Riemann's theta-function, given at p. 255 of 
Baker's Ahelian Functions, is, in the notation there used, that the 
zeroes of 

Ki [V — V — V . . . — v ' ' '^) , 

regarded as a function of x, are the the places z^, z^, ..., z^. If we 
suppose 2:1,2:2, ,..,Zj, to coincide, then this function 9 has no poles, 
and it has only one ^-ple zero ; so that its ^-th root is uniform within 
the polygon. Also, in regard to the closed circuits on the surface, 
the p-th root behaves like a prime function [Baker, p. 249 (B)]. So, 
in fact, it is a prime function of .c. In this case, as in that of the 
function formed by means of the special transcendent T^, (.t;), a factor 
independent of the argument place must be introduced if the function 
is to have the pi'operty 
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A General Congritence Theorem relating to the Bernoullian 
FunrMon. By J. W. L. Glaisheb. Retid and received 
November 8th, 1900. 

1. In a paper* communicated to the Society on May 10th the 
values of the residues of the Bernoullian f auctions r'***^B2u+i i ^) 

and r^'"*'M^+i ( — J, mod p, were obtained in the case when p— 1 is a 
divisor of 2w, the principal formulse being 

""'{■7)^'-[l.l-""^''' 

where p is any uneven prime number, r is any number prime to p^ 
I is any number <p-\-r and prime to r, and — is the least 
positive root of the congruence px ^ I. mod r.j 

2. The residues of /■"i^2/. ( ) a-nd r-'A^n (^ )? mod^, where, as 

before, p — 1 is a divisor of 2;/, form the subject of the present paper^ 
the principal formulae giving the residues of 

/•"-^y?,,.! ( M and r^'-'A^,_,(-^Y modp. 

As in the previous paper, other results are derived from the 
fundamental formulee. A quantity O (r) by which the residues are 
expressed in the case of Z = 1 is considered at length in §§ 9-44. 

Residue of t^'^B^.^ f-i ]. mod^. (§§ 3-8.) 

3. Let p be any uneven prime and let A^ denote the sum of the 
products of the numbers 1, 2, ...,jp— 1 taken r together. Then 



* ** A Congruence Theorem relating to the Eulerian Numbers and other Co- 
effioientB," Vol. xxxn., pp. 17 1-198. • 

t lb,, §§ 10, 18 (pp. 174, 178). 
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evidently 

Differentiating with respect to x, we find 
p.x^-^-\-(p-l)AiX^-^-\-(p-2)Aia^-^-^...-\-2A^.2X-^A^.i 

Now, Ai = ^p(p—l), 

^« = ( — IV^^p, modjp', 

where Bt is the ^-th Bemoullian number.* 
Thus the left-hand side of (i.) 

mod p^, 
and we therefore find 

x'-''^ix^-^-\-B,x^-'-B,x^-'-\-...-i-{-^iy^^'-''B^^^.,^x' 

p p L X x-\-l ' x-^-p — l) 

mod p. (ii.) 

4. Now the Bemoullian function B^ (x), n being even, is defined 
by the equation f 

j-C i\4h(»— l)(w- 2) ■•■3 p , 

+ ( _ 1)1 _. ^.._^. Bj,,.,,a, , 

and therefore 

mod p, 

= x^-'-\-ix^-'+B,x^-'-B,x^-'+.„+(-l)^^^-'^B^^,.,^x\ mod p. 



* Quarterly Journal, Vol. xxxi., pp. 326, 327. 
t Proc. Lond, Math, Soe.y Vol. xxxi., p. 203. 
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Thus the formula (ii.) shows that 

(^> 1) 5,_, (.) ^ > -(-P-l)-U ^:I^±1I- v>.±^^ 

X j — + -—:+... + — , |, modjp, (iii.) 

and therefore 

'"' P P 

5. The formula (iv.) corresponds to the formula 

^ , V x(x-\-l) ... (x-\-p—l) J 

p 

of the previous paper.* The method of proof is the same for both 
formulae, the investigation in the two preceding sections being similar 
to that in §§ 2 and 3 of the previous paper. 

6. When a; is a positive integer, the formula (iv.) may be easily 
verified. For let x = kp-\-t, where tK,p ; then 

x(x-^l) ...(x-{-p—l) 

= (kp-\-t)(kp-\-t-\-l) ... (kp-\-p-l){kp-^p) 

X (kp-\-p+l){kp+p+2) ... (kp-^p-\-t-l) 

= c.+i)pxK*+i)...(.-i)(i+^)(i+^J...(i+/:^,) 

X 1.2 ... t (l+ to) (i+ to) ...(i+ to) 

= ik+l)px{p-l)l{l + hp), mod jpf, 

• Vol. xxxn., p. 172. We may derive (iv.) from this formula by differentiating 
with respect to ir, for, in general, 

£ ^2n + l (^) = 2nJS.u (X) + (- 1 )» + !£„, 
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where fe = 1+ _1. + | +... + _i_ , 

since l+Tr + -^ + --+- ,=0, mod p. 

^ o p — 1 

Omitting the divisible number 7cp+/?, the other p—1 numbers in 
X, a;-f 1, ..., oj+p— -1 are ^ 1, 2, 3, ..., p— 1, mod /?, in some order; 
therefore the sum of their recipi*ocals = 0, mod jj, and we have 

Thus the formula (iv.) gfives in this case 

7?,.,(aj)=i^^)-~(^ + l)(^-l)!(l + ^p)- ^^ , modp, 
P (A; + l)p 

= — (p— 1)1 fe = /i, modjj, 
that is, 5^_,(A;p-f^) = l4- 1.+ I.+...+ ^^--, mod p. 

This result is evidently true, for 

which — 1+17 + ^ +■••+:: — "i » mod JO, 

since — r", + - -^ + ...+ — ,=0, mod ». 

wp + 1 np-l-2 wp+^-1 ^ 



flothat ^-^^W « (j»-l)5/,-i(a:) + (-l)4('-i)i?4ry.-i)- 

We thus find, by differentiating, 

-i>,.,W.(-l)<(.*.)i,,,,.„_,^/' x(x+l)...(..p-l)^ ^^^^ 

and therefore, since 

(-l)i(p+i)^j(p_,)-l = lZrii)J, mod^y (Vol. xxxn., p. 172), 
P 

we have -j?^., (^)^ (grdl' ^ ^ ^^^1) ■■■ fa + p-l) ^ ^^^^ 

p ax p 

which is equivalent to (iv.). 
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7. Now let aj = ^ — , where r is any positive integer prime to p. 
r 

The formula (iv.) then becomes 

^{^+rri + 2r+-i+-+(y-i^)r+i}' "^"'^^- ^") 

Of the JO— I numbers r+1, 2r+l, ..., (p— 1) r+1 one is divisible by 
j7, and we know* that 

mod 2>', 
where H, (r) = -^ + -^ + ... + '^- '^ , 

/Xi being the least positive root of the congruence pft^+j = 0, mod r. 
Consider now the series 

14- 1-+ ^ + 4- 1- . 

"^r+l'^2r-fl"^""^(/>-l)r+l' 

one of the denominators is the divisible number (ft/,-i + l)j?, and, 
since the others are ^ 1, 2, 3, ...,jp— 1, mod/? (in some order), the 
sum of the other terms of the series '=. 0, mod jo. 

Thus the series ee , mod p. 

The formula (v.) therefore gives 

= (p-1)! ^""'""^ ^(p-1)! n^ (r), mod p. 

r'"' — 1 
Now — = grj (r), mod p,t 

where ^, (^) = .^ 4- ^ + ... + i^ 

the /I's being as before. 



* Messengei' of Mathematical Vol. xxx., p. 78. 
t Quarterly Journaly Vol. xxxn., p. 8. 
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8. N"ow let O (r) = U^ (r) - g^ (r), 

so that O (r) = - -^ -h ^"^^ + ^-""''^ -t- ... + ^^-^-^>'-^ , (vi.) 

12 3 p— 1 

/i, being the least positive root of the congruence piu-i-Vi ^ 0, mod r. 
The formula then is 

^-'B,_,{~^ = n{r), mod p. (vii.) 

Since r^~^^ 1, modp, we have also 

TAe Quantity O (r). (§§ 9-44.) 

9. It is interesting now to consider the nature and the methods of 
calculating the quantity Q (r) which, as has just been shown, 

represents the residue of -R^.i ( — j , mod p. This quantity is defined 

by the equation (vi.), viz., 

O (r) = - -^ + ^i~^2 ^ /Vi:/i» 4- . . . 4_ Hp-2—i^p- 1 * 
12 3 * ' p—1 

To calculate the fxs we first obtain /Xj from the congruence 

p/Xj + 1^0, mod r ; 

thus ywi depends upon the two quantities p and r. Having found ft^ 
we can derive /ig, /^j, •• from it by reference to r alone, i.e., we con- 
tinually add fjL^ and subtract r whenever the sum is greater than r or 
is equal to r. Thus jji = ifii—Jcr, where kr is the greatest multiple 
of r contained in ifii. 

10. As an example, let p = 11, r = 8. We have ll^Xj + l = 0, 
mod 8, giving /ij = 5, and therefore 

Hi = 5» /*2 = 2, Ms =7, AA4 = 4 i"5 =1. ^6 = 6, /iy =3, ^8 = 0. 
Thus Q (8) = -5 + 3_5 ^ 3 ^ 3^5 ^|^.|__5 ^_3_ 

- 8(i + i + i+i + i4-iV). niodll 
= 3, mod 11. 

♦ As we are concerned only with the residue of n (r) to mod jo, we may, if we 
please, define Xl (r) by any of the other congruent expressions which are obtained 
in the subsequent sections. 
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11. In this example we notice that the numerators of the negative 
terms are always 5 (= ftj) and the numerators of the positive terms 
3 (= r— /xi), the sum of 5 and 3 being 8 (= r). This must always 
be the case, for /*i— ft»_i is equal to either /ij or — (r— /Xi), the former 
if fii>fXi_i and the latter if t^'iK^ii^i^ 

We therefore have in general 



(^^-''{i-^i-^i-^-)' "^^^' 



where dj, c?a, d^^ ... are the denominators of the positive terms. Thus 
the calculation of Q (r) depends upon the determination of the de- 
nominators of the positive terms. 

12. The sequence of the negative and positive terms is governed 
by the magnitudes of /Ui, ftj, .... To determine this sequence, divide 
r by /ij, let q^ be the quotient and r^ the remainder ; then the first 
gi ft's, viz., fi^, fj-zi •••? figx' 8,re in ascending order of magnitude. Add 
r to the remainder r^ and divide again by /ij ; let g, be the quotient 
and rg the remainder; then l^q,+i<f^q^y and the next q^ fis, viz., fiq^+u 
/*3j+2> •••> Msi+9a are in ascending order of magnitude; the next /*, viz., 
/*«i+9s+i» is less than the preceding one, and therefore /ij^+j^+i, ..., 
Mtfi+92+«s ^^® i^ ascending order of magnitude ; and so on. Finally 
we come to a quotient qn for which the remainder is zero. This 
occurs for n = /j^y and, as will be shown in § 14, the sum of the 
quotients, 31+52+ ••• +9'«» = ^- The final sequence of ascending /x's, 
however, ends with fiq^+q^+.^+q -1 =>ti-i instead of with /v, for fir is 
not r, but zero. 

Thus, supposingjp— l>r, we have 



n(r) 



-^f-^- 

wl+1 



+ ...+ 



?i+3s+J- * 21+22-^- •••+2" 1+1 g'i+g'2+.--+3» 
1 



gi + r + 1 3i + g3 + »' + l 
gi + 2r + l gi + ga + 2r + l 



+ . 



+ — T-^--, + . !.. ., +■•. + ), modjp. 



After the denominator gi + ga+... + g« = r has been reached, we 
obtain the succeeding terms by adding r to the n denominators 
already obtained, then by adding 2r to these first n denominators (or 

VOL. XXXIII. — NO. 740. D 
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r to the second n denominators), and so on. The series is to be con- 
tinued so long as the denominators do not surpass jp — l. 

1{ p—l<r, the denominator 51+^8+... +5« is not reached: if 
p— 1 = r, the series ends with this term.* 

13. The preceding reasoning is very easily followed in a numerical 
example. Taking the case of j? = 11, r = 8, /ij = 5, considered in § 10, 
we perform the divisions 

6) 8(1 

5_ 

6 ) 11 ( 2 

JO 
6) '9(1 

5 

6 ) 12 ( 2 

10 
6 ) 10 ( 2 

The quotients 1, 2, 1, 2, 2 correspond to the ascending sequences 
of the cycle of /I's, viz., taking for the moment /is = 8 instead of 0, 
f*i> /*!> /*«» •••> /*8 are 5, | 2, 7, | 4, | 1, 6, | 3, 8 | ; the vertical bars 
separate the sequences, which contain 1, 2, 1, 2, 2 numbers re- 
spectively. The denominators of the positive terms are the suflixes 
of the /I's immediately following the bars, viz., they are 2, 4, 5, 7, 9 ; 
but, since the last /u, viz., /i^, is really and not 8, the last sequence is 
1, not 2, and the last denominator of the cycle is 8, not 9. 

Thus o(8) = 8(i-t-Hi-i-+ + KA), niodll, 

the denominator 10 being obtained by adding 8 to 2. 

14. Now r = gifti-l-ri, 

whence we have r = 5if«i+ri, 

2r= (21 + 52) AX, +r„ 
3r= (?i+g',+g'8)/ii + r„ 

wr= (91 + ^8+. ..H-g„)/Xi. 



• In this case, n (r) = 1. (See } 42.) 
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Now we know that r, 2r, ..., (/Xi— 1) r when divided by /ii leave the 
system of remainders 1, 2, 3, ..., fx^—l* and fi^r divided by jUj leaves 
remainder zero. Therefore n must = /ij, and the last equation shows 
that gi+g, -[-...+?„ = r. 

15. Let K I — J denote the integer next greater than — if — is 

fractional, and denote — if — is integral ; then, from § 14, 
a a 

unless I = n = /^i, in which case 

?i + g'2+...-hg„ = ^(— ) =r. 

16. If therefore we put, for all positive values of i, 

then ^^'^^~'^{j'^~fi"^~B'^'")' ^^^-P' (^^O 

the series being continued so long as the )8's do not surpass p—l.f 
The symbol /3„ as just defined, includes denominators greater than r 
as well as those up to r, for lii+r = A+r. 

17. Applying this formula to the example in § 13, viz., p = 11, 
r = 8, ft, = 5, we have 

/5. = ^(f) =2, . 

)8. = -s:(¥) = 6, 

giving n(8) = 8(i+J+i+^+i+,a)y), mod 11. 



* ju, is necessarily prime to r, since pfii + 1 = 0, mod r. 

t The number of terms is A— 1, where \ is the least positive root of the con- 
gruence Ar = 1, mod p. (See § 33.) 
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18. Instead of the numbers /i,- given by the congruence p/i* -ft ^0, 
mod py we may use the numbers m^ given by the congruence pm< ^ i, 
mpd p, mi being defined as the least positive rooot of this congruence. 

It can be shown that the m's and /i*s are connected by the relation 
mi = /ip.j + 1.* The /a*s have the values 0, 1, 2, ..., r— 1 ; so that the 
m's have the values 1, 2, 3, ..., r. 

Since fi< = ^j»-.~"l» '^'^ have 

12 3 p — 1 

which, taking the terms in the reverse order, 

_ m^—m^ ^ m^-m ^ ^ , m^.^—m^-i | ^p-i — 1 mod© 
1 2 *" ' p—2 p — l ' 

since mp = 1 f ; we may therefore take 

1 J ^ — 1 

rrii being the least positive root of pmii—i ^ 0, mod p. 

19. Applying this formula to the same example, viz., p = 11, 
r = 8, we determine m^ from lltWi^ 1» mod 8, giving m^ ^ 3, and 
therefore m, = 6, wig = 1, m^ = 4, mj = 7, m^ = 2, m^ = 5, mg = 8, 
and the formula gives 

« (8) = -f+l-l-f +1-1-^+1-1+1% 

=-3a+Hi+...+^Tj) 

+ 8(i+i+i+A) 
= 8(4+i+i+,Jjy), mod 11. 



* The m's and /x's are also connected by the relation mi + /i,- » r, and in addition 
we have 

/u, + iUp-<= r— 1, w< + mp_i«-r+l 

(Quarterly Journal, Vol. xxxn., pp. 8, 13, 250). These relations may all be established 
very simply from the definitions. Taking, for example, m, ^ /ip-i + 1 , we have, from 
the defimtions of mj and fn, ptnt ^i ^ lir and pfip -<+i? — i«Xp-,r. Now m» cannot 
exceed r, and therefore It <p. Also /xp.f must be < r, and therefore ?ip.i<p. By 
subtraction we have ^(w*— /ip-»— 1) = (/<— Ap-»)r. Since r is prime to p, and /» 
and Ap-i are both <p, we must have k—Xp.i =» 0, and th^^fore «»»— /ip_<— 1 = 0. 
t For mp is the least positive root of the congruence ^wip = p, mod r. 
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20. We see, as in § 10, that in general, by adding 

to the expression for 12 (r) in (x.), we obtain the formula 

0(r) = r(J- + i+i + ...), mod^, 
where d^, d^, dj, ... are the denominators of the positive terms in (x.).* 

21. To determine the denominators of these positive terms we 
proceed as in § 12, viz., we divide r by mj, giving quotient jj and 
remainder rj, we divide r-{-ri by tw-i, giving quotient q^ and remainder 
r„ and so on. We thus obtain the equations 

r = 3i^+n» 

whence r = qimi-^r^, 

2r= (qi + qi)mi-\-r^, 

As before, we can prove that n = m^ and g'i + g'j+ ... +g'« = r. 

22. In the case of the tw's the denominators corresponding to the 
same suffixes in the numerators are less by unity than in the case of 
the /a's, so that, corresponding to the formula in § 12, we have 



n(r) = r(- +— •^-- + +...+ 

^qi ?i + 32 ^i + g^a + ^s 9i + (?2+. 



.+g„ 



3l + *- ?l + ?2 + ^ 



+ ^- + — +... + ), modjj. 



* It will be shown in § 39 that the last denominator is always j7— 1. 
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23. Let 1 1 — ) denote the integer next less than — if — is f rac- 

\ a / a a 

tional, and denote — if — is integral.* 
a a 

Then, for all values of z, 

24. If therefore we put a^^s I (—], 

we have Qij) ^=rl 1 — -+ h...) mod jp, (xi.) 

V Oi aj a, / ' 

the series being continued so long as the a's do not surpass p—l.f 

25. Taking the example of § 19 in which p = \\, r = 8, m, = 3, 
the divisions are 

3) 8(2 

6 
3 ) 10 ( 3 

9 
3) 9(3 

giving o(8) = 8(i+i + i+^), ^odll. 

Using the formula (xi.) of § 24, 

«, = !(§) =2, 

a, = I(¥)=5» 

giving "(8) = 8(i+i+HT&)» mod 11, 

as before. 

♦ Thus JSrf A^ » l + ^(-) when -is fractional, and Jrf-) -/(-) - * 

when — is integral. 
a 

t The number of terms is I, where I is the least positive root of the congruence 
/r+l=0, modjt?. (See § 39.) 
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26. The formulsB for O (r) which have been obtained in §§24 
and 16 are : 

0(r)=r(i--h — + — + ...), modp, (xi.) 

\ 04 Oj ag / 

where pm^ = 1, mod r, 

and o (r) = r (-|- + -^ + ^- + ...), mod j>, (ix.) 

where p/i, = — 1, mod r, 

The most convenient method of determining Q (r) is therefore as 
follows. 

From p and r we form the congruence jpm^ ^ 1, mod r, and there- 
from determine m^ ; if m^K^r, we retain m, and use the formula (xi.), 

i.e., we form the values of a, = / ( — ), but, if m^>^^ we derive 

Pi = r— mi from mj, and use the formula (ix.), i.e., we form the 

values of ft,-K(~\. 

27. As examples, (i.) let p = 13, r = 9. We find m^ from 

ISmj ^ 1, mod 9, 

Thus wij = 7, which >^. We therefore take /lij = 9 — 7 = 2, and 
calculate ^ ^ /^x ^ /, -.^ ,^ ox 

A = jir(f) = 6, /3, = jir(^) = 9; 

whence fi (9) = 9 (i-h J), mod 13. 

(ii.) Let j9 = 17, r = 10. We find mj from 17mi = 1, mod 10 ; there- 
fore mi = 3, which we retain, since it < ^^ and calculate 

"i = -f(¥) = 3, a, = I(^) = 6, a,= I(^) = 10; 
whence O (10) = 10 (^+^ + ^+3^+^), mod 17. 
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28. Two other forms for Q (r) should also be noticed. 
In the original formula (vi.) of § 9, viz., 

^ ^ 1 ^ 2 ^ 3 ^-1 ' 

substitute r— 1--/Ap_, for fi^ throughout (§ 18, note). We thus find 

O (r) = - (r~l) -f ^ + ^^-^7^^-^ + ... + ^^^^ , modjp. 
1 2 p— 1 

(xii.) 

Substituting — (2>~0 ^^r ^ in the denominators, replacing r—1 by 
/Ap,* and changing the signs of the terms throughoat, we find 

_0 (r) = a=^» + ^i^' + ... + &-=^> 4 f^^-S^, mod>. 
1 2 ^—2 p— 1 

Now yLtp.i— /*p = — /Li„ for /Up = r—1, and therefore /ip_i must 
necessarily be </Ap ; so that we have 

1 2 jp— 2 2^"! 

29. In this expression for -O (r) the terms ^'~^% ..., h'-'^'^h'- J 

difEer from the terms ^^— ^, ..., ^p-'^~~^p-'^ in the original ex- 

2 jp-— 1 

pression (vi.) for O (r) only in having the denominators diminished 

by unity (the signs of the terms and the numerators being unaltered) ; 

and, in place of the first term — — , we have the term ^^ . 

1 jp—1 

Thus when we add, as in §§ 10 and 11, the expression 

which ^ 0, mod p, we are left with exactly the same positive terms, 
except that their denominators are diminished by unity ; i.e., using 
the notation of § 11, we have 

^i» d^i d^i ... being the denominators of the positive terms in the 
original formula (vi.) for O (r). 



* /ip is the least positive root of p^fxp +p = 0, mod r ; therefore pfip +p = ar, 
where, since fip <r, a must be = p, and therefore /ip « r— 1. 
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30. Thus, taking the example in § 10, the original formula for 
O (r) gave 

-f+f-f+i+i-i+f+i-i+A. 

and the above formula^ for — O (r) gives 

f-^+l+l-f+f+f-l+l-A- 
By adding 5 (i+i+...+^), 

• we obtain from the first expression, as in § 10, 

0(8) = 8(^+i+i+^+|+^5), mod 11, 
and from the second 

-n(8)=8(i+i+i+i+^+4), mod 11. 

31. If therefore we denote by T { — j the integer next less than 

— , whether — be fractional or integral,* and if we put, for all 
a a 

values of i. 



then we have 



^{r)=i—rl 1 h h...V mod^, (xiii.) 



the series being continued so long as the denominators do not 
surpass p-r-l. 

32. This formula may be connected directly with the formula (ix.) 
(§ 26) as follows. 

We have /3, = ^(-^), y, = r(^), 

and it can be shown that, if X = ^^^ , then 

r 



* i' ( - J is the same as J ( — j when — is fractional, and = /( — j — 1 when - 
is integral. 
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For let — = ^H , h being an integer and e</L4 ; tlien 

Ml fh 

\ fxj \ /li / 

and therefore, 

(i.)if€>l, /3, = /^ + l, y^.i = p-h-l; 

(ii.)ife = l, /3, = ^ + l, yx-.=;?-^-l; 

(iii.) if e = 0, ^< = ^, yx-,- = p—h ; 

so that in all three cases ft -f y^ - ,• = J?- 

33. Now in the formula (ix.), viz., 
the last numerator is fix- u for 

^. = ^(^) = k(^+J-)=,+i, 

which >p— 1. 

ft.. = r(^').r (,-.=!). 

which, since fJi^<r, must be < or = p— 1. 

Thus, in (ix.), the denominators are /3,, /3„ ..., /3x_i ; and therefore 
the corresponding y's derived from them are y^.i, yx_2, -..> yi* The 
number of the y's in (xiii.) is therefore A.— 1, and, since ^, + yx-.- =p 
and /3i cannot be <2, the largest y, viz., y^.j, cannot exceed j?— 2. 

34. Since y, = /3, — 1 for all values of i, we have thus proved the 
relations n ,n . i 

y<+yx-.=i>-l, 

where \=i*—^ . 

r 

Assuming that we know that, in the formula (ix.), the /3''s run 
from /3, to /3x-ij t^e firs^ of these relations shows at once why in that 
formula we may diminish all the denominators by unity if at the 
same time we change the sign of 12 (r). 
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These relations show also that the sum of any pair of denominators 
which are equidistant from the beginning and end of the series in 
(ix.) isp-hl, and in (xiii.) is p — 1. When X is even, there is a 
middle term whose denominator /(3j;, or y^^ is equal to ^(^ + 1) or 
^(^—1) respectively. 

The number \ is the least positive root of the congruence 

Xr ^ 1, mod p, 

35. Treating in the same manner as in § 29 the formula (x.) of 
§ 18, viz., 

*n^;- 1 ^ 2 ^" p-i ' 

we substitute r-{-l—mp.i for m, throughout, we put —(p—z) for ^ in 
the denominators, and change the signs of all the terms. We thus 
find 

—Q (r) = — — ^ + —4 - -2 + ... 4- — ^^-^ — ^— , mod p. 
± ^ P^ ^ 

The terms ''IbJ:^^ ..., V^ -^-^-i ^^fj^^^ ^^^^ the first «-2 terms 
2 p — i 

of (x.) only by an increase of unity in the denominators. The only 
other change is that we have the new term — —- ^^ place of the 

last term "''-~"^'' which = '-'"' 



p—l ' p—1 

Thus, when we add 



^{iH--^4i), 



p. 

the resulting expression difEers from that in § 20 only by the substi- 
tution of -:r- for , and the increase of the other denominators 

1 p—\ 

by unity. 

36. Taking the example of § 19, the expression for O (8) found in 
that section was 

0(8) =-f+|_|-3 + 5_3_a+|_3+^, laod 11, 
while the formula (xiv.) gives 

_0 (8) = ^-3 +|_3_3+|_|_|+|_^, ^Od 11. 
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Adding 3(f+i+§+...+^), 

the f ormulaB become 

12 (8) = 8 (i+i+i+ J^), mod 11, 

-Q(8)=8(i+Hi+^)» mod 11, 
respectively. 

37. If therefore we denote by K i — j the integer next greater 

Ti h 

than — whether — be fractional or integral,* and if we put 
a a 

then we have fi (r) ^ — r ( 1 + w- + -y~ + •••)' mod p ; (xv.) 

the series being continued so long as the denominators do not 
surpass p — 1. 

38. To connect the formulae directly with (xi.), we have 

\mi/ \m^/ 

and we can show that, if Z = ^—^ , then 

r 

For let i!: = ^4._^, 

h being an integer and €<mi ; then 

Thus a, = h and ^^.^ ^p—h\ 

so that aj + 5i.,:=p. 



when — is integral, 



* K' {—\ is the same as -S" ( M when — is fractional, and =.kI — \ + 1 

Digitized by VjOOQ IC 



1900.] relating to the Bernoullian Function, 45 

39. Now, in the formula (xi.), the last denominator is aj, and its 
value isp— 1, for 



■■=^©=^('-i;)=^-i- 



Thus in (xi.) the denominators are I in number, and the last 
denominator aj=p — 1. The corresponding F% are ^/_i, ^^-2? ...j ^o* 
To determine \ we have the equation ai-k-\ = p, that is, p— 1 + ^o = JP > 
so that o^, = 1, and we therefore obtain the formula 

40. Since 8, = ci^-fl, we deduce from a,-|-8i.,- =p the relations 

«•+«/.< =i>— 1, 

in the first of which we suppose that a^, which does not occur in the 
formula (xi.), is zero. In the second relation Sq, which does occur 
in the formula (xv.), is unity. 

We thus see that, leaving out of consideration the last denominator 
p — 1 in (xi.), the sum of any pair of denominators equidistant from 
the beginning and end of the series is p— 1. When I is even there is 
a middle term whose denominator a^z is J (j?— 1). 

Similarly, in (xv.), leaving out of consideration the first term 1, 
the sum of any pair of equidistant denominators is ^ + 1. When I is 
even, there is a middle term whose denominator S^is ^{p-\-l). 

The number I is the least positive root of the congruence 

Ir-i-l ^ 0, mod p. 

41. As another example of the formulse (xi.) and (ix.) (§ 26) , 
(xiii.) (§31), (xv.) (§37), we may take i? = 13, r=5; so that 
^1 = 2, IH = ^' 

Here a, = 1(f) =2, a, = I(A^) = .5; 

so that (xi.) gives 

0(5) = 5(^+i+i+J^-i-3^), mod 13, 
and A=^(f)=2, /3,=^(-i^)=4, i^, = K(^)=b; 
80 that (ix.) gives 
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Also 71 = 1, yj = 3, 7, = 4 ; 

so that (xiii.) gives 

fi(5) = -5(i + J+J+i+| + i+3^), mod 13, 
and i!j 5= 3 ; 

so that (xv.) gives 

Q(5) = -5(HKHi+A), mod 13. 
. Each formula when reduced gives Q (5) = 9, mod 13. 

42. The expression for O (r) assumes a very simple form when 
mi = 1, that is, when p = kr-\-l; and when /x, = 1, that is, when 
p = Ar-fr— 1. 

If p = A;r4- 1, then m, = 1, and therefore a^^z I(r) =r', so that 

If p = fcr+r— 1, then /Aj = 1, and therefore /3, = X" (r) = r ; so that 

43. Since every prime is of the forms 2/5 + 1, 3A;+1 or 3A; + 2, 4A;+1 
or 4A;+3, 6k-\-l or 6&4-5, these formulie show that, If — j denoting 

the greatest integer contained in — , 

a 

n(2)=l+Y+- + -^- modjp, where fe = l(-|-); 

0(3) = l-h-^+... + |-, mod2>, where /^ = l(^); 

O (4) = 1+ y + ... + y, mod p, where k = I (^"j ; 

n (6) = 1+ -|- + ... + ^, mod p, where A; = I (|-). 
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44. The function Q satisfies the following carious relation : 

O (p — r) = fi (r)+r, mod p. 

To prove this formula let m, and mj denote respectively the least 
positive roots of the congruences 

prrii ^ 2, mod r, 

jpm'i ^ I, mod j9 — r . 

Then we have prrii = i + hr^ 

prrti — i-VVi (p—r), 

where It and ZJ must be < p. 

Subtracting, we find 

p (mi— mi) = (Zi + Z;) r— Z;^. 

Since r is prime to p, and Z, and ZJ are both <p, we must have 
Zj-f Z- = j9. Thus the original equations may be written 

prrii = i-\-lir, 

prrii = i+(pTh)(P'-r). 

Equating the values of Z, given by these two equations, we have 

pmi—i __ pm'i—i—p ( p—r) 
r r — p 

giving mi^mi'\-r , mod p. 

Substituting for the m's from this formula in the formula (x.) of 
§ 18, viz., 

1 2 p—Z p—1 

we find 

^ 12 (p—r)-'r, mod j9.* 



* It can also be shown that 

a {j) + r) = air), mod p (§62). 
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Residues of r^B^ti ( — ) cmd of the series involving Bemoullian Numbers 
derived therefrom. (§§45-62.) 

45. Since 5« (a^) = ^n -*(,,- d («), mod^,* 

we have r^ip-^^)*?-^ -B*(p.i)^^_i (x) = r''-^7?,..i (x), mod p ; 

and therefore, putting x = — , 

r 

r*('-'>^'-'B.,;..,^,.. (1) = r--^B,., (1) , mod p, 

^ n (r), niodj?. 

If therefore p is any uneven prime, such that p— 1 is a divisor of 2?i 
(i.e., ifp is any uneven Staudt factor forjn), then 

r-»52,» (i) =0(r), mod 2?. (xvii.) 

46. In the case of i^"*^B2n^i ( — ) discussed in the previous paper, 

the particular values r = 4, 3, 6 gave the Eulerian numbers, and the 

numbers J„ and J^-f ; but in the present case of r^*B2n ( — ) we only 

obtain quantities involving Bernoullian numbers by assigning to r 
the values r = 2, 3, 4, 6 ; viz., the formulae arej 

2^P2n ih) = (-1)" (2'"--l) ^% (1) 

n 
3^52,. (i) = (-1)" (3^*'-3) ^, (2) 

4^B^ (i) = (-1)" (2--'+2^->-l) ^' , (3) 

6"'-B2- (i) = (-1)" (6^ + 2.3=*+3.2*'-6) ^. (4) 



* Froc. lond. Math. Soc, Vol. xxxi., p. 206. 

t Ibid.f Vol. xxxn., p. 175. 

t Quarterly Journal, Vol. xxix., pp. 26, 31, 36, 42. 
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47. The residues given by the general formula of § 45 may be 
easily verified in the case of (1) and (2). 

In the case of (1), putting 2n ==_p— 1, the formula gives 

(_l)4(p-i)(2''-i-l)^Al£zJl_^=n(r), mod2>. 

The left-hand side = (-1)*^^^^^ 2 (2^-^-1) J^j^^.i^, mod^, 
and, from Staudt's theorem, 

so that the congruence reduces to 



H p = 2k-\-l, 



-2- i^n(2), mod p. 

P 



2^-'-l ,1,1, ,1 , # 

=1+ -+— + ...+ ^, modp,* 

p 3 5 p—2 

111 1 l/i.l,.l\^ 

^— 2-T-6~ •-2/;-^-2-('-^2-^-n)'"^^^' 

and, from § 43, O (r) = 1 + -~ + ... + -,-, modp; 

SO that the congruence is verified. 

48. In the case of (2), putting 2n = p—l, the foimula (xvi.) of 
§45 gives 

(_l)i(p-i)3(3P-i_l)^i(^^a(3), mod2>, 

3/^-1 _1 
which reduces to — f — = 0(3), mod p. 

If p = 3A;-hl, then /lc^ = 2, and 

1 3^4 6 ^ ^3A;-2 '6k' ^ 



* Quarterly Journal, Vol. xxxn., p. 21. 
VOL. XXXIII. — NO. 741. E 
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Replacing -, - . y, ..., 3^--^ by - ^_^, -— -, .... - 3 , 
that is, by -^^, -3-^.^3, ..., -|, we have 

.S'-'-l 2 2 2 , 



^-3-(^+-2+"+i)'-"^^' 



and therefore, since 

fi(3) = l+ ^-^...-h J , mody(§43), 

the theorem is verified when j^ := 3A;-|-1. 
If 2^ = 3A;-f 2, then /*i = 1, and 

"2 3^6 6 ^- •^3fc-l 3A;' 
which ^ ~T (■'■"*" Y"^'""^ ;fc^)' ™^^P' 

From§43, n (3) = 1+ i +... + |-, modp; 

and therefore the theorem is verified also for p = 3fe-f 2. 



49. It was shown in § 4 that 

mod p. 
When ic is a positive integer, we have (§6) 

and therefore in this case 

x'-'B,-x'->B,+ ... + (-ly^-'WB^^,.,, = - l-L-B,.,(x), modp, 

_ 1 1 1 1 1 1 , 
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50. This formula connects the residues, modp, of the first i (^— 3) 
Bernoullian numbers, and involves an arbitrary integer x. The 
powers of the integer decrease as the suffixes of the Bernoullian 
numbers increase. We may, however, obtain a more interesting 
formula in which the powers increase with the suffixes by putting 

X = — . We thus find 
r 

modp ; 
and therefore, since 

r^-'B,.,(^^^ ^O(r), modp (§8), 
we have 

(xviii.) 

51. Putting r = 1, since 12 (1) = 0, this formula gives 

5,-5, + 5,-... + (-l)*(^-^^54(^.3;^-f, modp.* 
Putting r = 2, we find 

22JB,~2*52+2«JB3-...4-(-l)*.^^^^2'-'JB4(p-3) 
= _2-n(2), modp, 

= — 2— — — — — ~ ... —. mod i>, 

1 2 3 A; ' ^' 

where p = 2/c + l» 

Similarly, if p = 3fc + l or 3Aj-f 2, we find, by putting r = 3, 

3»5i-3*B2+3«53-... + (~l)*(^-^^3''-«54,p.3) 

2 12 3 k' ^* 

in both cases. 



* Thifl result may be derived immediately from the recurring formula 
2n(2n~l)_g 2n (2n-l)(2n-2)(2n-3) ^ ^/i)n 2t> (2n-l) _ _ 

r72 ^- 1.2.3.4 ^ ' 1.2 " ' 

by putting 2fi « p - 1. 
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52. Ifc may be remarked that the formula (xviii.) of § 50 affords a 
simple proof of the result obtained in § 44. For the left-hand side 
of (xviii.) is unaltered, mod^, when p—r is substituted for r ; so 
that we have 

'-:±2+Q(r)^£=|±^+n(p-r), mod 2,, 

and therefore Q (p—Q-) = O (r)-f r. mod|:>. 

In the same manner, by substituting p + r for 7-, we see that 

O {p-{-r) = Q (r), modp, 
and, in general, CI {iip -h r) = O (r) , mod ^, 

n being any positive integer. 

The Function A^n (x), (§§ 53-56.) 
53. The function A^^ (^p) is defined by the equation* 

= B,.. (a,)-2^B,„ (^^) + (-l)»(2*'-l)g. 
Putting 27i = jp — 1, this equation becomes 

p-i 

Now 2>^4(p.i)= (-1)*^"-^ modp, 

2/'-i -1 11 1 

and ' = l-h -^+ — + ...H ^, modp;t 

p 3 5 p—2 

so that we obtain the formula 

and therefore, putting aj = — , 

r 

A',.,(^^)^ilir)-iH2r)-[^ + ^+...+ ^^),modp. (xix.) 



* Quarterly Journal, Vol. xxix., p. 93, or Froe. Lond, Math. Soc, Vol. xxxi., p. 203. 
t Quarterly Journal^ Vol. xxxii., p. 21. 
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54. In general therefore, if p be any nneven Staudt factor for n, 
<2.^A'^ (7) = « (r)-0(2r)-(l + i- + ...+ -1^), mod J,, (xx.) 

55. The values of r'''A'iA\\ for r = 2, 3, 4, 6 are* 

^La) = o, . (1) 

3^"^;, (^) = (-1)" (2^'-l)(3^-3) ^ , (2) 

4?"A'„(i) = (-l)"2Q„, (3) 

6^4L(i) = (-l)''6r„. (4) 

56. Taking the last two equations and putting 2?i = p— 1, we have 
(_l).(.-i.2Q„,.„ = (4)-0(8)-(l + i-+... + ^), mod;,, 

(_i)»(,-i)6r„,.., = a (6)-o(i2)-(l + A +... + _!_), ^odp. 

As an example, let j? = 11. These general formulaB give 

-2Q,^ fi(4)-n(8)-(l+A4-...+i), mod 11, 

-er^- n(6)-n(i)-(i+i+...+4), modii. 

Now, for all values of r, O (1) = ; if r = 4, 11 = 2r + r— 1, and 
therefore (§ 42) O (4) = 1+^ = 7, mod 11 ; if r = 6, 11 = r-f r-1, 
and therefore (§ 42) Q (6) = 1 ; if r — 8, we have m^ = 3, and 

1(f) = 2, I(^) = 5, I(^) = 8; 

so' that n (8) = 8 (i+i + i \-^) = 3, mod 11. 

Also H-i+i+^+i = s, mod 11. 

The formulae therefore become 

-2Q5=7— 3— 5, mod 11, 

-GTs = 1-5, mod 11, 
giving Q5 = 6, mod 11, 

T5 = 8, mod 11, 
which are right, since ^5= 2873041, T5 = 67637281. t 

♦ Quarterly Journal, Vol. xxix., p. 107, or Messenger, Vol. xxvi., p. 178. 
t Quarterly Journal, Vol. xxix., pp. 66, 76. 
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Residues of Eg,, ( — J and A-^ni — ), mod p. (§§57-60.) 

57. We may obtain the residues of Byni — j and ^2,. ( — ) ^^ 

exactly the same manner as the residues of B.i,A—-\ and J.^ ( — ) 

were obtained in §§ 7 and 53. 
From (iv.), §4, we have 

"'^ p p . 

X J-+-4t+ ..4--— ^|, mod p. 



5-f-Jt> 

Let a? = — and suppose I prime to^ ; then, multiplying by r*"^, 



I -. ,__._-X_.. .. ,.._,_.__ X._^.l 



r 



^ \ r / p p 



X 



Of the p numbers l,r-\-l, ..., (j?— l)r-f Z one is divisible byp, and 
we know that,* if Z = A;^+^ (^ > and <p), 

P 

where, if t <p — l, 

, ^.p-i + l 

and n,.,(r)= ^1 + ^4-.. + ^. 

Corresponding to ^ = 0, in which case Z = Izp^ we have 

where n,(r) = ■^ + ^ + ...+ -^ . 

1 2i p — \ 

* Messenger^ Vol. xxx., p. 82. 
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In these formulse (as throughout this paper) fii is the least positive 
root of the congruence pfjii -hi = 0, mod r. 
Consider now the series 



one of the denominators is the divisible number (/i/,-t + A;-f-l)p, and, 
since the others are = 1, 2, 3, ..., p — 1, modp, in some order, the 
sum of the other terms of the series = 0, mod j). 
Thus we have, if ^ > 0, 

r'-'^,., (-^) = ^£=:i^V-'-(/^.,+ft + l) X (y-l)! 
\ r / p 

^(p_l)!jrl:l=:l_n,(r)|, modp 

= (p-l)l{g,{r)-Tl,(r)], mod p 
= n,(r)-sf,(r), modp, 

where g^(r) = ^ + l^ +... + J^l. 

i J p i 

The quantity g^ (r) is the same as U^ (r), and the result may there- 
fore be written 

r^-'B,.,[^-) ^U,(r)^U,(r)* mod p. (xx.) 

This formula is true also for ^ = 0, i.e., for I = kp, the residue then 
being zero. 

58. In general therefore, if p be any uneven Staudt factor for n, 
and it I = kp + t, then 

r'-B,, (^) ^ n,(r)-no(r), mod p. (xxi.) 



• From this result we may derive the formula 



r + 2l 
which includes (xvni.) of § 60 



,J^-8^j_^;p-6^2+... + (-l)*(^-^^rP-3^5j(p.3) = -^^-nar) + no(r), mod^. 
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59. Similarly, by proceeding as in § 53, we find that, p and I being 
as in the last section, 

r^^i, ( V) ^ °^ W -II' (20 -n, (r) 4-n, (2r) 

-(|-^i-^5-^-V-2)' -^^^- 
GO. The general expansions which have the quantities a^^B^n ( — ) 

and a^"-4^, I — j as coefficients are* 

± oo^a^-ooH2b-a)x ^ ^,„ /h\ 2^_^.r (±\ (2«I' +^.^ 
2 [sin ax \ a / \ a / SI 

a sin(26-a) ^ ^,^, / A) 2,_,«^; (A) M +4c. 
2 [cos air \ a / \ a / o ! 

Putting 26 — a = c, these formulsB become 

a coBax-co.cx ^ , /a-hc\ g^.^^^, (^-^) it',)' +&c., 
2 sincwj H 2a / *\ 2a / 8! 

2 cosoaj V 2a / V 2a / 3! 

The formulBB of §^58 and 59 therefore enable us to assign the 
residues of the coefficients in these expansions. f 



On the Residues of Bernonllian Functions for a Prime Modulus, 
including aR special cases the Residues of the Bernoullian, 
EuUrian, and I-Numbers. By J. W. L. Glaisher. Read 
and received November 8th, 1900. 

L In previous papers J the residues of r'^Bp ( — ) and r^'^Bp_i ( — j, 
mod Pi have been obtained and discussed. In the present paper these 

* i¥^, Ltmd. Mirth. Soc, Vol. xxxi., pp. 206, 207. 

t The coireRpmidmir expansions in which the suffixes of the j5*s and A^b are 
uneven were givi?n hi Froc. Zond. Math. Soc, Vol. xxxn., p. 184. 

t /Vrr. Land. Mfifh, Soe., Vol. xxxn., pp. 171-198, and Vol. xxxni., pp. 27-56. 
Til a lutU^r paper ijiimediately precedes the present paper in this volume. 
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results are extended so as to give the residue of r^"*jl9p.< ( — J , mod p, 

and, more generally, of r"B„ ( — )i mod p. This function includes 

the Bemoulb'an, Eulerian, and J-numbers, whose residues are thus 
assigned for any prime modulus. 

Reaidne of 7-^'"-J?,,_2 ( ) » ii^ocl p. ( §§ 2-5.) 

2. Stai*ting with the formula (iv.) of § 4 of the preceding paper 
(p. 29), viz., 

p p 

X f-H- ^+...-f — ^- -}, modp, (i.) 
C a- oj+l x+p — l ) 

we find, since - ]».>„ (x) = (27i— 1) 7?.,„.i (x), 

ax 

p L\x x + 1 x-j-p—1/ 

and therefore, putting a; = — , 

V 

%>^B /lU (^+l)(2'-+l)-{(j'-l)>-+l} 
^'^\rl p 

xr(i+-^ + 1 1 V 1 1 1 1 

Ll ^r+l^-'^(p-l)r-f-l/ (r + 1)* - ((^-1)^ + 1]>J' 

mod p. (iii.) 

3. The p—1 numbers r, 2r, 3r, ..., (jp— l)r when divided hyp all 
leave difFerent remainders, i.e., the remainders mnst be 1, 2, 3, ..., 
p — 1 in some order. Let /i^, /Aj, /ij, ..., fji^.i be the respective quotients 
corresponding to these remainders. Then the^— 1 numbers 

/^iP+l» ^*iP+^, /^sP + 3, ..., Hp-iP-^p-'^ 

are (in some order) the same as the^ — 1 numbers 

r, 2r, 3r, ..., (^-l)r. 
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58 Dr. J. W. L. Glaisher on the Residues of [Nov. 8, 

From the definition of the fi's it follows that /x^ is the least positive 
root of the congruence pfji^ + i = 0, mod r* Adding 1 to each of the 
numbers r, 2r, ..., (p—l)r, we obtain the numbers r-fl, 2r+l, ..., 
(p— l)r-f 1, which therefore are the same (in some order) as the 
nambers fjiip + 2, fjjp+B, ..., fJtp-ip-hp- Since the numbers r, 2r, ..., 
(p—l)r when divided by p leave remainders 1, 2, ..., 2>— 1, it follows 
ibhat the numbers r-f-1, 2r+l, ..., (p—l)r+l leave remainders 2, 3, 
..,, p— 1, 0. Thus one of them is divisible by p, and this one, we 
see, is (ftp.i-f l)p, which, putting /ip_i-f 1 = mj, we write rn^p. 

4. Multiplying together the p—1 numbers r-fl, 2r-i-l, ..., 
(/)— 1) r+1, we have 

(r + l)(2r-f-l)...{(;>-l)r + l} 

= •^iiP(i"ii' + 2)(/ujp-f-3) ... (^p-2l?+2>-l) 

= m,p X (j3— 1)!, modjp', 

. ^ (^ + l)(2r-hl)...[C;?-l)r + l} , 

so that ^ ^^ ^ -^^^ '- = — mi, mod p. 

P 
The formula (iii.) therefore gives 

11 ^ 

where hj = l-\ A ^-H...+ 



A*i/>-f2 /Asi?+3 "■ /I;,.2/>+J!> — 1' 

^' " ^"^ (^,i> + 2)^"^(7^3)«"^-"^ (,.,.,;>+|>-l)^- 
5. Now 

and therefore, since 

l+^- + -^ + ...+ -^=0, modp''(p>S), 
2 3 I?— 1 



* The fi*B are the same as in the preceding paper. The reasoning in the text is 
deyeloped in greater detail in the Messenger, Vol. xxx., p. 77, et seq., where the 
residue of the product l[r + 1){2r-\-l) ...{(p-l)r + i)j mxAffi, is obtained. 
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wehave ''' = " { f^ + '3^ + • •+ (^1)«}^' °"'*^'- 

Also A,^l+^ + ^+...+ -l_^0, modf,. 

Therefore, if p > 3, 

that is, r'-B,., (v) ^ & + § + - + i^*^ '^'^P- (^^•> 

i2mrfaeo/»*-'£,.3(— ), modp. (§6.) 

6. Since £ ^^,, (a;) = 2«B^ (») + (-1)"-'B„ 

Tve find by difEerentiating (ii.) 

p L\ « a!+l x+p—1/ 

Proceeding as before, i.e., putting x = — , and expressing the 

system of numbers r+1, 2r+l, ..., (p—l)r-\-l in the /i-form, 
/*ii?+2, Ai22) + 3, ..., ^^,.2jp+2>— 1, mip, we find 

- -^ { (^^ -^M "^ (4 ^'0 (^i"^ ■♦■'O -^^ (^ ^'•) 1 ' 

mod /?, (vi.) 

where .. = 1+ ^-^1^-^, +.(,^+37 +" " + O^T^^ip^i). ' 
The right-hand side of (vi.) 
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60 Dr. J. W. L. Glaisher on the Residues of [Nov. 8, 

and, since h^ and h^ = 0, mod j?', and h^ = 0, mod j9, (vi.) reduces to 

6»'-'B,.,(i)+(-l)»"-')2r'-'S,„.,>=-?^, jnoAp. (vii.) 
\ r / p 

Now A, = 1+- rsTi+T ToVj + •••+; , — i^ 

-14. 1 + 1 4. + 1 



and we know that * 



l+^ + -| + --+(^.= (-l)*"-"Pi(.->.i'. n»od/''; 



SO 



that 



The congruence (vii.) therefore reduces to 

mod p. (viii.) 

B^stdue of r^-'B^.t (— ) , mod p. (§§ 7-15.) 

7. It will now be shown that in general, if ^ > 3, and t be any even 
number less than p, and p—t>l, 

and, if t be any uneven number less than p, 

^-'^'-' (-^) +(-i)'"-'>^-^5.,.-.) - % + f. + - + (^ . 

mod j9. 

* Quarterly Journal^ Vol. xxxi., p. 331, or Vol. xxxn., p. 11. 
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8. These results will be proved by the method employed in §§ 2-^ 

for obtaining the residues of r^~^Bp.2 ( — ) and r^'^Bp^^ ( — ) , mod p. 

The process therefore consists in differentiating t — 1 times the 
formula (i.), or, which is the same thing, differentiating t times, 
the formula 

5,rc.)-a..-^i^±i)-:---(^+P-^), mod^,* 
P 

and making use of the relations 

£b.„h (x) = 2«B„. (,) 4.(_1)-'B„. 

We thus obtain an expression for the residue of Bp_t {x), xaodpy, 
in the form 

P 
where X consists of terms which involve only the series 



X .T+1 X-\-p — 1' 

x^ ^ (^x^\f^"^ {x+p-lf' 



x' ^(x + 1)'^ ^^(a;+p-l)' 

We then replace a; by and multiply by r*~', substitute — m, for the- 

,^ . (r+l)(2r+l),..((»-l)r4-l| 
external factor -— 1 , and replace each 



series 



1+_1 -+..+ 1 

0- + 1)' [(p-l)r+l\> 



m* p 



* The formula (i.) was deduced from this formula in the note to § 4 of the pre- 
ceding paper (pp. 29, 30). 
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62 Dr. J. W. L. Glaisher on Uis Residues of [Nov. 8, 
where ^^ = 1+, -f . -I-., -I- ._ _ , 

Filially, by selecting that part of X which is not = 0, mod p, we 
obtain the required residue. 

9. Taking the steps of this process separately, we first consider 

d* 
the value of -j-.B^ (;r), which 
dx 

= (p-IKp-2) ...(p-t)B,.,(x), 
if t is even, 
and = (p-lXp-2)... ip-t)B^(x) 

+ (_!)»(.-.)-. (p_i)(y_2) ... (p-t+l)B^^.,„ 
if t is uneven. Thus 

— B^ (x) = t\ B^.t (aj) , mod p, 
ii t is even, and 

= _<:B,_,(a,)-(-l)»f-"(<-l)!S,^_,„ mod,>, 
if t is uneven. 

10. We next consider the quantity X 
We have 

^^x(x + l) ... (x^p^l)^x(x^l) ... ix+p^l)X, 
cLx 

where, if we put 

ff.= 1,^4-^^^. + ...+ . 1 



{x+iy (x+2y ^ •*• ^ {x+p-i) ' 

X is the sum of terms of the type 

in which a + 2/3-f-3y4-... = #. 

Now, if we multiply out all these expressions, the terms in 
— , -^, ..., -y must disappear identically from X, for the deri- 

XXX 

vatives of oj (aj + 1) ... (x-\-p^l) are necessarily integral functions 
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of ar, and therefore no higher negative power of x than x~^ can occur 
in X, 



The expanded terms in X must therefore be of the forms 

X 



^M^H^Hl.,. and H^H^E;.... 



11. When therefore we replace the series 



we have only to consider terms of the forms 

'^^^/ij... and hrXhl... 

Terms of the second form are necessarily = 0, mod^, since, if p>3, 
hi = 0, mod p, for all values of i ; and since, if p > 3, hi = 0, mod p', 
the only term included in the first form which is not = 0, mod p, 
is of the form 

ht-i' 

m,p 

12. To determine the coefficient of this term we notice' that it is 
the same as the coefficient of 

in -^-^-Bp (a;). Denoting this coefficient by Kt, we see, by considering 
ax 

the terms in —r-r JB„ {x) which give rise to this term, that 
, - ax 



^, = -(^-2)^,.,-h(-l)'(^-2)!, 
V 
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64 Dr. J. W. L. Glaisher on the Rcnidaes of [Nov. 8, 

,„„,.,. , ,, , (r+l)(2<-4-l)... [(p-l)r+l» 
lo. Keplacmg the external factor 

by — wij, we have therefore proved that 

X being replaced by after the performance of the differentiations. 

14. It is now necessary to separate the cases of t even and t nneven. 

I. t even. 

In this case, usinfif the value of — B^ (x) obtained in § 9, the 
formula (ix.) gives 



''■'"^'-'(7)--.-iV' "^"^'^ 



where 



^'-> = 1 + r.. ^_L»v- » + 7:r^r.i<i-i +■•• + 



*^2'-' 3'-' (p-l)'-' 

Since t is even, and p>S, 

l+2^^n+,3iT+...+ (^-^ = 0, mod J,'; 
and therefore 

^.-> = -(^-l){t + f + ...+ ^^'^]p, mody. 

In this case therefore the formula becomes 

II. t uneven. 

In this case we have, from § 9 and formula (ix.), 

-^ '«!£,. ,(-^)-(-l)»"'-'V-'(<-l)!Bj„.«^^-^ ^-^, modi,, 
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As before, 

Since t is uneven, 

1+ — 4- — + .H = (^l\kiP-t)-i(i-'^^ BjiP-t) Tnod-D*-* 

and therefore 

mod^^. 
Thus we have 

-r'-'^! »,., (l)_(_l)»(^-«)rP-'(< -!)!»,,,., 
that is, dividing by ^!, 

mod j9. (xi.) 
The formulaB (x.) and (xi.) are those enunciated in § V.f 

15. If 5 is any number prime to p^ 

-- = f-'-\ mod_p; 



* Quartei'ly Journal, Vol. xxxi., p. 331. 

t If in }§ 8-14 we put x = — , and substitute for r + 1, 1r + 1, ..., (j3- 1) »•-»- ^ the 

r 

system /i,;? + /+l, fj^p + lJ^2, ..., ^p.i.^p+p-l, (jip.i-^l)p, (/ip.ui + l)j»+ 1, 

(/*p-i+2+ l)jo + 2, ..., (/ip_i + l)j3 + /— 1 as in the Messenger ^ Vol. xxx., p. 79, 

we may obtain formiuBe, corresponding to (x.) and (xi.), for the residue of 

i-p-'Jfp.i f — j , The residues in the case of some particular values of I are noticed 

in §§ 45-60. 

VOL. XXXIII. — NO. 742. F 
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and therefore the formula (x.) may be written 

r^-7/^,(l.) ^,i,2^-'-» + ,i,3''-'-^ + ...+^p.,(p-l)''-'-\ mod^. 

Putting j3—^ = 8, we have therefore, if s is any uneven number > 1, 
and p>8, 

r'5.(i)=/i,2-^+/i,3-^+...+,i,.2(i>-l)-\ modp. (xii.) 
Similarly, we deduce from (xi.) that, if s is any even number and j9>«, 

r-i?. (1) +(-!)»- '":^ /?.. s ^,2-+/..3- + ... +M,-, (p-l)-', 

\ r / s 

mod p. (xiii.) 

Bssidues of r2"*^B,„,i (-i ) and- i^^B,,, (^\ mod p. (§§ 16-20.) 
16. In general, for all values of ^ > 3, we have 

r^"^'B2«.i (-^) =Mi22"-h/i23^«4-...-fA'p-i(;^-l)''S mod;?, (xiv.) 

This formula was shown in (xii.) to be true when p>'2n-\-\. It will 
now be shown to be true also when p<2n-\-l* if j9— 1 is not a 
divisor of 2n. 

Let 2n + l ^ k (jp— 1) + 5, so that s is uneven and <p — l. Then 

= T'B,^-~y mod_p,t 
and therefore, by (xii.), if «> 1, i.e., if j9 — 1 is not a divisor of 2n, 
r^"*'^2„.i (^) =^i2'-^+/i83--^-f ...+,.^.2(;>-l)-\ mod^,- 

_^^2-»-*(''-^^+/i,3^"-*^''-^^+...+^^.2(jp-l)^'-*('-^ 

mod p, 
= fti2-«+//23^"+...+/i,,.,(i>-l)-"S modp. 



♦ When 2n+l = j» the formula is rP£P ( — ) = — /x^-i, modp {Froc. Lond. Math. 
iSoe., Vol. xxxn., p. 174). ^ *" ^ 

t For -B,, {x) = JJn~k(p-i) (^)» niod p, if j» is not a factor of the denominator of x 
(Froc. Lond. Math. Hoc, Vol. xxxi., p. 206). 
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17. In the same manner we can show that, for all values oi p, such 
that^— 1 is not a divisor of 2n, 



'•5,.(i)+(-l)"-(r'"-l)^ 



2« 

= /t,2»»-' + ^,3'»-' + ...+Mp-z(l>-l)'"-\ mod p. (XV.) 

For, patting 2n = k (p — 1) +«, so that s is even and >0 and <p—l, 
we have 

7^"— 1 = r* — 1, mod j9, 

and 5*" = 9'*, mod p, 

q being any number prime to p. 

The formula (xv.) therefore reduces to 

\ r / s 

modp, 
which is (xiii.). 

18. The formula (xiv.), viz., 

may be transformed into other more convenient forms as follows. 
We have, if 2n is not a multiple of j?— 1, 

0^ /UiP» + P32^«+...+;i^.i(^-l)^ mod^,t 



* Messenger, Vol. xxix., pp. 60, 129. 

t To prove this formula, we notice that in + ju^-i = r — 1, aiid 

I2n = (p_ i)2«^ mod^, 22» = {p-2f*\ mod j3, ... ; 



80 that 



Aiil2» + ^22" + ...+/*p.i(p-l)2» = (r-1) I l2» + 22'»+...+ (^-iV"} , modp, 



= ^{l2» + 22"+...+(^-l)2«}, modi?, 

r— 1 
== — T- -S2,.+i (i?), mod jp. 

Now every term in the expression for ^2m+i {p) in ascending powers of jp has p^ or 

P 2 
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and, subtracting this formula from (xiv.), we find 

r^"^'^2„.i (-^) =-/.,P"+(/x,-,i,)2-+(/x,-;z,)3-+.., 

+ (^;,_2-iUp-i)(p--l)'% mod^. 

This expression corresponds exactly to the definition of O (r) in § 9 
(p. 32) of the preceding paper, viz., 

n (r) = - f + ^'-^ + ^^ + ... + '^-^^i'-' ' 

and, just as O (r) was transformed into various other expressions by 
the use of the formula 

1+-V + V+-+ ^-T = ^' mod^, 
-2 o p — i 

SO we may transform the expression for the residue of r''**^Bon+i [~~ ) 
into corresponding expressions by means of the formula 

12« + 2-" + 3*-"+ ... + (p-lT' = 0, mod p* 

in which 2n must not be a multiple of j9— 1. 

19. The most important formulsB so obtained correspond to (ix.) 
of § 16, and (xi.) of § 24 in the preceding paper, and are as follows 

'^"*'/?*..i(^) =»-()^"+y8^" + ^J"+...), modp, (xvi.) 

where p/x^ = — 1, mod r, 

and r^'*'B.^,i (y) = -r (r,f'+af +«;"+ ...), modp, (xvii.) 



some higher power of ;? in tbe numerator, except the last term ( — 1)"-* -Bh/?, and 
this term cannot have p in its denominator unless n is a multiple of ^^^. Thus 

-^•in+i {p) = 0» mod JO, unless 2n is a multiple of ;?— 1, which proves the formula in 
the text. 

* For l*'» + 22'»+ ... + (p-l)2»» =■ 7?2n + i (jo), which has just been shown (in the 
preceding note) to be = 0, mod Py when 2n is not a multiple of j9— 1. 
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where pm^ = 1, mod r, 



The functions K (- \ and I (- A denote respectively the integers 

next above, 
is integral 



next above, and next below, — when — is fractional ; but when — 

a a a 



\ a / \ a ' a 



The quantities ftj and m^ are connected by the relation fA^-{-m^z= r, 
and we use fij or tw^, z.e., the formula (xvi.) or (xvii.), according as 
/Lii < or > ^r (§ 27 of the preceding paper). 

20. We may notice the particular cases (corresponding to § 42 of 
the preceding paperf) in which jp = Ar+l or /cr+r— 1, viz., 

I. If ^= A;r+1, 

r''"*'An.i ( J) ^-/-^(P» + 2^«+...+P0. modjp. 
II. If ^= Ajr+r—l, 

r^^'B.^,,^ i-\ =r^"*' (r» + 2'^"+...+A;^"). mod^. 



* In the transition from the /*-form of n (r) to the m-form in § 19 of the preceding 
paper, each denominator p—im replaced by — » ; in the corresponding transition 

for r2«+i^2»i+i ( — ) » {p—^Y^ is replaced by i^" ; so that the m-form for the residue 
of r2«+i52n+i ( — 1 has the opposite sign to that of the m-form of n [r)j and there- 
fore also the expressions derived from the w»-form of r2»+i52n+i ( — ) have the 
opposite sign to the corresponding n (r) expressions. \ r I 

t All the investigations relating to n (r) contained in §§ 10-44 of the preceding 
paper (pp. 32-47) hold good also with respect to the residue of r^^^B^n^i ( — j, 

when 2» is not a multiple of i?— 1, the exponent 2n replacing the exponent —1 ; 
but, as pointed out in the preceding note, the sign is different in the case of the 
m-form and the expressions derived from it. 



Digitized by VjOOQ IC 



70 Dr. J. W. L. Glaisher on the Residues of [Nov. 8, 

Residue of ^„, mod p, (§§ 21-25.) 

21. Since 4^"^^^2,.*i (i) = (-l^^^^n, 

where E^ is the nth Eulerian number, the formula (xiv.) gives, by 
putting r — 4, 

where ft, is the least positive root of 

^ft,+ l = 0, mod 4 

When jp = 4A; + 1, /ij = 3, /i^ = 2, /i., = ], /i^ = 0, and this formula 
becomes 

(_iy-i^,^ = 3.22" + 2.3^'* + 1.4^" + 0.5^"+...-hl (i?-l)-", mod^, 
and we know* that, if ^ = 4fc+l, and 2n is not a multiple of j9— 1, 
l-" + 5*'-h 92"+... + (^-4)=^" = iS, mod JO, 
22n ^ g2» ^ 10^" + . . . + (^ _ 3)2» = - S, mod p, 
32"-h72" + lP"+... + (;?~2y---iS, modp, 
where .S = 4^" -h 8-" + 12'^" -h . . . + (;?-l)'". 

Thus we find 

(-l)"^^^„ = -4{4*»+8"^"-|-... + (j9-l)^»}, modj9, 
= - 42H+1 (i2» ^ 2-" + . . . + A;''"), mod p, 
where ^ = ^ (i^ — 1) ; 

and therefore ^„ = (-1)" 4^»*^ (1»* + 2^»H- ... +fe"'»), mod p. 

22. When ^ = 4A;4-3, we have fi^ =1, /Hg = 2, /ij = 3, /LI4 = 0, and 
the formula becomes 

(-1)'»*^^„ = 1.22" + 2.3*'* + 3.42" + 0.5'"+... + l (i?-l)"S modjs, 
and, in this case,t 

l2«+52«+ 92n+... + (p_2)2" = -iS, mod^, 

22'»+6=^"+10-"+ ... -h (i?-l)'" = - /S^, mod^, 
where iS = 4^ + 8^^" + 12^" + . . . + {p-^T'- 



* Messenger, Vol. xxx., p. 156. t Messenger j he. eit. 
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Thus we find 

= 42«+i (i2» ^ 2-^» + . . . + /j2") , mod p, 
where A; = J (jp— 3) ; 

and therefore -E7„ = ( - 1)"*^ 4*'"*' (!««+ 2^" + . . . -h P»), mod i?. 

23. In general, therefore, 

(-1)" ^„ = ± 4^"*' (1^ + 2^^+ ... +A;^), modp, (xviii.) 

where 7c is the greatest integer contained in -j-, and the upper or 
lower sign is to be taken according as p is of the form 4A; -|- 1 or 4A; + 3.* 

24. The most interesting particular cases of (xviii.) are when 

Putting n =:^(p—S), and supposing p = 4ik-\-l, (xviii.) gives 
-^i(/>-8) =-4''-'»a^"' + 2''-H...+A;''-«), mod^, 
_x(l^^+...H.^.),mod^. 

We obtain the same formula if ^ = 4A; + 3 ; so that we have, for all 
values of ^, ^ 

;E7,(,_3)=-i(l-h-2^+...+ ^), mod^, (xix.) 

where k is the greatest integer contained in ^ . 

Similarly, by putting n = ^(p—5), i(p—7), ■■■, we find from 

(xviii.) 1/1 1 \ 

-^«(P-.) = - -J; (l+ ^ +■••+ -^ji "^odj,, 

-Ei(.-T) = - ^ (l + ^ + •• + ^) . mod p, 
h being as before.f 



* These fommlee might have been deduced directly from § 20. 

t These formulae might have been deduced directly from (x.) of § 14. 
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The corresponding formula for n = ^ (p—1) is 
j&jrp-i) = or —2, mod^, 
according as p is of the form 4A;-f-l or 4A; + 3.* 

25. We may state these results also as follows : 

K = or ( — 1)"2, mod 2^ + 1, if 2n+l is prime, 

= -~-(H--|2 +- + '^)' niod2n-|-3, if 2ti+3 is prime, 
= —-^ (1+ 2^ + • + yr)' niod2n+6, if 2w+5 is prime, 

k 
where k is the greatest integer contained in —-. 

4 

More generally, if p is au uneven Staudt factor for n (i.e., if ^ — 1 
is a divisor of 2w), 

En = 6 or (-1)"2, mod^; 

if ^ is an uneven Staudt factor for n-f-1, 

if j9 is an uneven Staudt factor for n-\-2, 

and so on. 

Beddues of J,„ mod p, (§§ 26-29.) 

26. Since S^'^^^^j,.,, (|) = (-1)"*^I„, mod^, 
the formula (xvi.) gives, by putting r = 3, 

(-1)-^I„ = ^,2^»+,i,3**+...+/i,.,(^-ir, modi?, 
where /x, is the least positive root of 

^/i, + l = 0, mod 3. 



* Froc. Lond, Math. Soc, Vol. xxxii., p. 176. 
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When jp = 3/c-|-l, /li, = 2, /ij = 1, /u, = 0, and the formula becomes 

{-iy^'I„= 2.2^'»-|-1.3^'» + 0.4^« + 2.5*»-f ... + 1(^-1)^ modjp. 
Now, if ^ = 3A; + 1, and p — lia not a multiple of 2n, 

P" + 4^" + 72»4-...+(i?-3r = /S, modi?, 
2^» + 52»+82»+ ... -h(i?-2f» = -2,S, mod JO, 
where 8 = 3-'»+6-'» + Q^'*-!- ... + (^-If*.* 

Thus we find 

(-ir^J„^-3 {3^" + 6^«+... + (^-ir], mod^, 
= - 3-'»* ^ (1'" + 2^» -h . . . -H A;2»), mod i?, 
where k = § (i? — 1) ; 

and therefore I„ = (-1)« 3*"*^ (l^-|-2^"+ ... + P*)> ^odp. 

27. By an exactly similar procedure we can show that, when 
^ = 3A;+2, I,^= (_l)-^i3*»*^(P»+2^"+... + P0. inodjp. 
Thus, generally, for all values of w, 

(-1)»I„== ±32"*ni'"+2'"+...-hA;^")> modi?, (xx.) 

where k is the greatest integer contained in ^ , and the upper or 

o 

lower sign is to be taken according as p is of the form 3A;+1 or 

3A;+2. 

28. As particular cases we derive, as in § 24, the formulsB 

(-l)*c-*)I,,,., ^ ± ^ (l+ ^ +...+ ^), mod^ 



(xxi.) 



where k is the greatest integer contained in ^ ^ and the upper or 

* Messenger f Vol. xxx., p. 167. 
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lower sign is to be taken according as p is of the form Sk-hl or 

The corresponding formnla for the case n = -Kj?— 1) is 
(«l)*(P-i)j^^^.,j ^ or 1, mod^, 
according as j? is of tlie form 3fc+ 1 or Sk + 2.f 

29. Thus, generally, if p is an uneven Staudt factor for n, 

(— l)" In= or 1, mod p ; 
ifp is an uneven Staudt factor for n+1, 

(-1)" /» = ± I (l+ 2-. + - + J ) . ^^ P ■' 
if I? is an uneven Staudt factor for n + 2, 

and so on. As before, k is the greatest integer contained in -^, and 

tbe upper or lower sign is to be taken according as p is of tbe form 
3A;+lor3A:-|-2. 

I have verified these formulaB in a number of cases by means of 
the table of J„ up to w = 13 given in Proc. Lond, Math, Soc, 
Vol. XXXI., p. 224. The corresponding Staudt factors were given in 
Vol. XXXII., p. 177. 

Eesidue of ^t . (§§ 30-32.) 
n 

30. Putting r = 2 in formula (xv.), § 17, we have 

2'^»52n (i) + (-1)"-^ (2^"-l) ^ ^ M,2^"-^ -f /i.3^"-^ + . . . +/ip-2 (p-ir'\ 

mod j9, 
where /w, is given by pf^i + i = 0, mod p. Thus ^4 = 1, /i, = 0. Also 



♦ Formula (xx.) could be derived directly from § 20, and formula (xxi.) and the 
following formulae from (x.) of § 14. Similar formulae containing fewer terms are 
given in § 43. 

t Proc, Lond. Math, Soc, Vol. xxxn., p. 177. 
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and therefore the formula becomes 

(-1)«(2«--1)|?= 22«-^ + 42"-^+... + (p-lf»-^ mod^, 

= 2^-^(H-2=^'-»-f ...+Jk^-»), modp,(xxii.) 
where ^ = ^ (P^^)' 

31. Putting w = ^(j9— 3), (xxii.) gives 
(_l)j(P-8)(2P-3_i)5*<>r^) = 2''-*(p-*-|-2''-*+...+Jfc^-*), mod «, 

whence '(-l)*^--«)(i-l)^-'g^)^ J (l+i, + • + ^)» ^odjp; 
and therefore 

(-!)*('-" B.^.„ = i(l+^+... + i-:), mod p. (xxiii.) 

Similarly, by putting n = J (i>— 5), n = ^ (i?— 7), ..., we find 
(-l)*"-)^,,,.., s i (H-|p+...+ -l), mod;,, 

and, generally, putting n = ^(p— 2z— 1), 

(_!).<.— i)B,^.,..„ ^ ^^tl_ (!+_!_ + ...+ _)_), r^odp. 

The formula which corresponds to the case n = ^ (jP""l) is 

pB,^P-i) ^ ("W-^ mod;?, 
which is included in Staudt's theorem. 

32. Using the formula 



* Messenger^ Vol. xxxn., pp. 63, 129. 
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to generalize (xxiii.), &c., we have, ii jp is any Staudt factor for rt, 

{—\ypBn= 1, mod^ (Standt*s theorem) ; 
if jp is any Standt factor > 3 for n+1, 

if p is any Standt factor > 3 f orn + 2, 

and so on, the general formula being, if p is any Standt factor > 3 
for n-\-i, i being <^ (|}— 1), then 

Be-ddMe of (2^- 1)^. (§§ 33-36.) 

33. Considering now the form (2'-" — 1) ^ instead of ^ , we notice 
that for the case n = ^ (p—l) we have 

^—1 p 

where, as before, A; = ^ (p— 1). 

Thus (-l)*^-) (2'->-l) ^^ = |.Jl+^ + ...+ |.), modi). 



Quarterly Journal, Vol. xxxn., p. 21. 
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34. From § 31 we have 

(_i)..-. (2.-3_i) 1^. . ^ (1+ ^ . + ... + .1.), ^,ap, 

and so on. 

35. More generally, if jp is any uneven Staudfc factor for w, 

(_l)»(2^_l)|. 1.(1+ !_+...+ _l),^od^; 
lip is any uneven Staudfc factor for n-\-\, 

(-i)"(2--i)£=i(i+i+-+i)''-°^^^ 

if p is any uneven Staudt factor for n 4- 2, 

(_l)..(2^»_l)J^3^(l+l, +...+ !_), Wp; 
and so on. 

Second Method of obtaining the Residues of ^,„ 7„, 8fc. (§§ 36-43.) 

36. Theformulse, (xviii.), (xx.),and (xxii.), which give the residues 
of ^„, I„, and (2'"— 1) -^ may be obtained very simply by means of 
the formula 

a.»+(a,-rr^ra'-2rr+...+s" = t^^ Ji?„.i (^ +l) "^"^i (f) } * 

(xxiv.) 
in which x is any number = «, mod r. 



* This formula was given in tha Quarterly Journal, VoL xxxi. , p. 1 93, in the form 

The form in the text is derived by replacing q, r by r, * respectively, and using' 
the relations 

r2„*i(:r) - (2w+l)^2M*i W, V2n W = 2n5,.(a;)+(-l;"-i5„. 
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37. Let p :=s kr-\-t, t being < r. Let «<r, and let 

«' = t—8^ if 8<ty 
and =r + ^— «, if 8>t or ^=t; 

so that s+s' = t or r-\-t, according as 8<t or "^ t. 
Putting ic=j9— «', tlie formula (xxiv.) becomes- 

Now, if n<j9— 1, 

5«.. (^7^' + 1) = J?.*. ( 1- y ), modp •• 

and therefore, writing the terms of the series in the reverse order, 
«» + («+r)"+ (8+2r)»+ ... t (p-s)' 

3r"{B.,.(L--^')-£..,(^)|, mod p. 

In obtaining this formula n has been supposed to be <p— 1, but this 
restriction can be easily removed, so long as 2» is not a multiple of 
p—1 ; for, if I' = A; (p—l)-\-7i, 

g» ^ gk{p-i)*u = ^«^ mod jo, (s + r)" = («+r)^ mod p, &c., 

and B„,i (x) = -Ri(p.i)^„^i (a-) = B,^x (x), modp ; 

«o that in the formula we may replace nhy y throughout. 

38. Since A«m (1-^) == -^2„.i (aj), 

and 2?2« (1—^) = ^2n(«)i 



* This may be proved as follows. Every term in the expression for B,, (^) in 
powers of x contains 2; as a factor, and no term can have p in its denominator 
unless the Bemoullian number occurring in that term h^ ^ as a factor of its 
denominator. Now the lowest Bemoullian number which has jt? as a factor of its 
denominator is B^ (p-i)* and the highest Bemoullian number which occurs in B^ [x) 
is B^(m-i) or B^ (m_a). If therefore m<Pf we must have 

^m{ap + fi) = B„, (0), modjp. 

Digitized by VjOOQ IC 



1900.] BernoulUan Functions for a Prime Modulus. 79 

we find, by separating the cases in wLicli tlie exponents are even 
and uneven, 

s^ + C^+r^+.-. + dj-O'-^ -'•'"{-B.H.. (y)+B2„„ (-*-) I ,modp, 

(xxv.) 

«*•-' +.(s+r)*"-' + ... + (iJ -«)""-'= r^-' Jb^(±)-J?j„ (-1) I ,inod^. 

(xxvi.) 
In (xxv.) 2n must not be a multiple of p— 1. 

39. Put r = 4, and consider separately tlie cases of jp = 4A;-|-1 and 
p = 4A; + 3. 

(i.) Let j9 = 4Aj + 1; then, putting successively 5 = 1, 2, 3, 4, so 

that the corresponding values of / are ,4, 3, 2, 1, the formula (xxv.) 

gives 

12n^.52n^ + (^-4)^" = - 4^'* {B,,,, (J) + B,..^, (1)}, mod ^, 

2-^« + 6*H ... + (^-3)^" = -4^" {5^.,, (i) + 5.«^i (I)}, mod J., 

32» + 72«^. ... + (^-2)'^" = - 4^» {B,„,, (f) +i?,„.i (^)}, mod ^, 

42«^8'^"+ ... + (p-1)^" = - 4^" {5,,.^, (1) +5,„,i (})}. mod p. 

Since B,„,i (1) = 0, B,„^, (^) = 0, 

and ^2,.. 1 (I) = — ^2«+i (i), 

the right-hand members of these four congruences are respectively 
equal to 

-4^"B,„„a), 4^B^..,(i), 4*"B,„„(i), -4^»5^,,(i). 

(ii.) Let ^ = 4A;-f-3 ; then, putting as before s = 1, 2, 3, 4, so that 
/ = 2, 1, 4, 3 respectively, (xxv.) gives 

2^«+6'.. + ... +{p-lf' ^ - 4^» {i?,„,, (i) + i^,„., (i)} 
= — 4'"52„^, (^), modjj, 

3-^'' + 7^"+ ... +{p-4>y' = -4^" { B,.., (|)+B2»., (1)} 
= 4™5,„,,(i), modf., 

4^'+8^'+ ... +(p-:iy' = - 42- {B,n.r (1) + -B2,*, (|)} 
= 4""-B,„..,(i), mod p. 
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These two groups of formulsB include (xviii.) of §23, and also the 
results quoted from the Messenger in §§ 21 and 22. 

40. Put r = 3 in (xxv.), and (i.) let jo = 3fe 4-1. Corresponding to 
s = 1, 2, 3, we have s' = 3, 2, 1 respectively, and the formula gives 

r*. + 4^»+ ... +(p_3)^. = _3^.{B^„^, (i)+B.,„., (1;} 

= -3"'B,„,,(|), modp; 

2^..+6^+ ... +{p-^r = -3^"{5.»M (f) + /^.,..i (§)} 

(ii.) Let p=:Sk+2. Corresponding to » = 1, 2, 3, we have 
*•' = 1, 3, 2, respectively, and the formula g^ves 

l««+4'-+...+(p-l)^" = -3^"{5„..,(J)+5^.,(|)} 
= -2.3''»B,„,,(|), mod^j; 

2^» + 5^»+ ... +(^_3)^. = _3^ {B,„^^ (|) + B.„.j (1)} 
- 3^*£j,.,,(|), modp; 

3^" + 6-^-+ ... + (p-2r = -3^' {B^,, (1)+B,...,(|)} 
= 3^B„.,,(|), modp, 

These groups of formulae include (xx.), and also the formulae quoted 
from the Messenger. 

In these formulae and those in the preceding section 2n must not 
be a multiple of p—1. 

41. Putting r = 2 in (xxvi.), we find 

= -'2'-'-:Bu{^), modp; 

= 2'^"-"5,„(i), modp. 

Since 2'"Ba„ (i) = (-1)" (2^-1) ^•' , 

n 

either of these formulae is equivalent to (xxii.). 
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42. Put r=6 in (xxv.), and let p= 6h+l. Corresponding . to 
8 =: 1, 2, 3,* we have «' = 6, 5, 4 respectively, and therefore 

r» + 7»» + ... +(p-6)'- = -e^-B,,^, (4), mod Pi 

2*'+8"'+...4-(i.-5r =-6''{^*.M(i)--B^M(l)}, raodp; 
3'» + 9*'+...+(p-4)»"= 6'"Bj,,,(J), modp. 
Since 6="*'i?^„ (i) = (- 1)»*' 2 (2^» + l) I„ 

and 3^*>B,.., (J) = (-1 )"*'/„ 

these formulae give 

P'+7»»+... + (p-6)*'= (-1)" 1(2^+1)7,., modp, 
2'^ + 8»»J-... + (p-5)^ = (-l)"ir,, modp, 

3'" + 9»»+... + (p-4)'-=(-l)— |^/„, mod p. 

Similarly, for the case p = 6^• + 5, by taking s = 1, 2, 5 to which 
correspond «' = 4, 3, 6 respectively, we find 

P»+ 7'"+... + (p-4,,"> =(-!)" ^L, modp, 

92't 

5'^" + lP'+... + (^-6r= (-l)"-^4(-2^"-hl)I„, modp. 

43. From the first formula of the first group and the third formula 
of the second group, we see, by reversing the order of the terms in 
the series, that 

6^« ( 1-^' + 2*^" + . . . + P') ^ ± ( -1)" i (2^'* + 1) In, mod p. 

where k is the greatest integer contained in ^ , and the upper or 

6 

lower sign is to be taken according as jo is of the form 6k-\-l or 

6A- + 5. 



* The formuliie corresponding to .v -- 4, 6, 6 are not given, as these series are 
congruent, mod p, to those for « = 3, 2, 1 respectively, and may be written down 
at sight by taking the terms in the reverse order, and transforming by 

{p-ty'*= ^2«, mod J?. 

Thus the three series reversed give respectively 

6'-'« + 122'»+ ... + fjt?-l)2«, o2'» + ir^«+ ... + (;p-2)2«, 4'^" + 102'« + ... + (^- 3)". 

A similar remark applies to the case p ■= 6k + 5f the formulae for s = 4, 3, 6 
being deducible at sight from those f or « = 1, 2, 5. 

VOL. XXXIII. — NO. 748. G r^ J 
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Proceeding as in §28, t.e., by putting 2ii =2?— 3, i?— 5, ..,, we 
therefore find that 



, (xxvii.) 



and, in general, 

where, as before, k is the greatest integer contained in ^ , and the 

6 

upper or lower sign is to be taken according as p is of the form 

6A;+lor6A; + 5. 

These results can be generalized as in § 29. 

General Formulse relating to the Residue of r^^^B^n^i (— 1, mod p. 

(§§44-50.) 

44. It was shown in § 88 that, 2n being any even integer which is 
not a multiple of p— 1, 

where, if jj = At + ^, t being < r, s+«' = ^ or r-\rt according as if<^ 
or 5 > ^. 

For certain values of t and s we may by means of this formula 

express the residue of B2,»+i ( — ) as a simple sum of powers without 
the use of /li, (§ 19). 

45. First, let ^ = 1, so that p^lcr-\-\\ then, by putting 
s = 1, 2, 3, ,,., we have 

mod 29, 
= — ^-^"^jH+i (— j, mod^, 
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-^ ■ mod/>, 

^ mod ^, 

modp, 

-^{b..,(1)-b„.,(|)}, 

mod j^. 

(r-l)- + (2r-l)-+... + (^-2r^ -^ Jb,„,. (—)+«-. (7) } , 

mod^, 

ail. • ... - mod ». 

Ihus, in this case of ^ = A;r+1, we have 

-»^"Si;., (A) = (P'. + ...) + (2^ + ...), a»od2>, 
-»^"A»„(f )=(!'"+...) + (2'"+-..) + (3^"+...), modp, 

and, generally, 

-*^"5^..i (-J-) = (P*-l-...) + (2^"+...) + ... + (^"+..0, mod^. 

Reversing the order of the terms in the first formula and ti-ansform- 
i^g ^y (i?— r)-'* = r^\ mod^, <fec., we have 

This formula has already been given in § 20. 

G 2 
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46. Next, let p = kr+r—l. In this case 

mod^, 
mod 2?, 

(r-2r+(2»-2r+...+(p-ir = -^» [b^..(^)-£^„ (|-) ] 

mod 2?, 

(r-l)'-"+;2r-ir + ...,+ (^-rr =:-^ {5^;, (1) -B.^.t{^) I 

mod 2? 
Reversing the order of the|terms in this last formula, we have 

= r2"Kl'" + 2'"+ ... + A;-"), mod p* 
and the other formuleB give 

r^B^^, (|.) = (r"'+...) + (l'" + ...), raodp, 

and, generally, 

f>''B,„^, (7) = («•'"+ .. .) + (!""+ -) + (2^+.:-)+ - +(«'"+...), ^odp. 

47. Now, let 2'= '^■'■ + 2. In this case 
P-+(r+ir+...+(p-l/» =-r^yB,„.,(i)+B,„„(i) J, 

mod J3,. 
2^+(r + 2r+... + {p-ry^ = _^'' J^^^, (A) +B,,.^, (1) | , 

mod 2>r 



* This is the second formula of § 20. 
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3»» + (r+3)'-+ ...+{p-r + \r = -^ {^i-u (fj-B^M (f) } , 

mod|>, 

mod j?, 

The first formula gives 

-2r2"52„(^) =P»+(r + l)^" + ...+(p-.l)»«, mod 2?, 
and the second, reversing the order of the terms, gives 

r"'B^*i(~) ^r^"(l'"-l-2-"+.,. + A^"), modi?. 
From the other formnlas we derive 

r*'B^,,(^) =i(P»+...) + (3*'+...). modp, 

r'»B^M (y) = (»*•+... ) + (4""+...), inod2>. 

In this case therefore tlie formnlae enable us to express the residue 
of r^^'Bj,^., (— ) for all values of s. 

48. When jp = kr+r — 2, we obtain similar results, viz., 

2r"'B^.,(i) =0— l)'»+(2r-l)^+... + (J»-»•+l)^ mod p, 

t*'B».m(~-) =r'"(l'" + 2^"+...+^"), mod2>, 
^^•^^^(y) =i[(r-ir+...] +(!'-+...), modi,, 

r^Bj,., (7-) = (»*•+•••) + (2*'+-). «iodp, 
and so on. 
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^ 49. When jj = ifcr+3, 

niodj?, 

2»-+(r+2r + ...+(;>-ir =-r*'[B^,,(|-)+B,».,(i)|, 

modp, 

mod p, 
4-+(r+4)'»+... + (p-r+l)*'= -r*- J JB,.., (A)-B^., (i) | , 

modp, 

mod p. 

These formulas do not suffice to assign the residues of r*"^^, ( — \ 

and r"B^,t (|-), but only those of r*»JB„„ (|-), r'-S,,,, (-^ ), ... ; 
viz., we have 

-r*'B„.,(~-) =t^»(P»+2«»+...+P>), modp, 

-»*•£„,, (J) = (,^+...) + (6»'+...), mod2>, 

and so on, as long as the numerators remain <r. 
If r is uneven, we obtain also the result 

-.^i^.(^^)-('-±?)%(?t±5)%...^{.-'±?)~^... 



* Whenever we obtain the residue of r*»^2n+i [ — j it is evident that we ob- 
tain also that of r''»^2»n.i ( ^^^ J , since ^2n+i (1 —a?) = — ^2«+i (ir). 
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50. In general, if ^ = kr+t^ we have the formnlaB : 

(1) -r^'»£.^,,(-^) =9^»(l"* + 2^« + ... + fc««), modp, 
from which we may derive the residaes of 

the numerators being < r ; (2) if ^ is even, 

(3) if t is uneven, and r is uneven, 

From (^) and (3) we may obtain other residues as in § 47. 



Notes on Isoscelians. By R. Tuckeb. Received September 7th, 
1900. CommuBicated November 8th, 1900. 

1. In Fig. (i.) FO is a positive isoscelian through P (a, /3, y) with 
reference to the angle A ;* then its equation is, if the isoscelian 
equals r, 



a & y 

cih—r) ar 

h (c— 2r cos A) 2ar cos A 



= 0, 



I.e., — 2r cos ilaa + (c— 2r cos -4) 6/3 + 2 (6 — r) cos Acy = 0. (i.) 



* + /^, — /^ stand for positive and negative isoscelians with reference to angle 
A respectively. 
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In Fig. (ii.) DE is a (—1^) and its equation is 

— 2r cos ilaa + 2 (c-r) cos i4fe/3-H(6 -2r cos ^) cy = 0. (ii.) 





B C 6 C 

Fig. (i.). Fig. (ii.). 

2. If, now, we draw throdgh P three positive isoscelians (r^, r„ rg), 
the relation connecting them is found from (i.), viz., 

— 2r^ cos Aaa + (c — 'Ir^ cos -4)6/3+2(6 — Tj) cos Acy = ' 

2 (c—r^) COS J5aa— 2rj cos J?6/3 -t- (a— 2rj cos JB) cy = - , 

(6— 2rj cos 0) aa + 2 (a— r,) cos 06/5 -2r, cos Ccy = 0. 
to be 

4 (aVj cos G cos -4 -h 6V, cos AcosB + c\ cos B cos C) 

— 2 (a5ri cos A -f fecrg cos B + caT-g cos 0) — 8 (cai\ -h a6rj -^hcr^ II cos ^ 
+ a6c (1 + 8n cos 4 ) = 0. (iii.) 

Hence, if rj = r, = r, = r, we get the unique solution 
2r (2Sa' cos (7 cos A — 2a6 cos -4 — 42^6 II cos ^4 ) 

+ a6c (l + 8n cos ^) = 0. (iv.) 

3. For negative isoscelians (iii.) and (iv.) become 
4SaV, cos A cos B— 2Sca/3i cos -4 — 811 cos A . Sa6/0i 

4- a6c (1 + 8n cos A) = 0, (iii. 6i«) 
and 2p [ 2Sa^ cos A cos B—^ca cos -4—411 cos .i4 . Sa6 ] 

-f rr6c (1 4- 8n cos A)= 0.* (iv. bis) 



* Greek letters will indicate negative isoscelians. 
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4. In Fig. (iv.) take the isoscelians p^, pj, p, ; then, if a circle goes 
through D[, DJ, &c., we have 

p2 (a — 2pj cos 0) = (c— p,) 2p, cos J? ; 
hence 2p, cos J5— 2p, cos = c cos ^—6 cos 

and also 2pj cos (7— 2pi cos A = a cos (7— c cos A 

2pj cos -4 '-2p3 cos B =:h cos ^ — acos B 
Hence Sp^afc (a*— 6^) « q. 

Similarly, for positive isoscelians we have 

:S,r^ca(c^-a^) =0. (v.) 

5. Now the coordinates of D[, E[^ F{ are respectively 

(a— p,) c 6p, 

cps (^— P8)a 

(c-pi) 6 ap, 

and the circle D{E[F[ has for its equation 

P.Saj8y= Saa{Saao, (6— Ps) [ap^ — (c' + a*) Ps+cpiPj + ^^PaPs 

— capi-fac^]}. (vi.) 
If the isoscelians are all = p, then we have 

F.2a)8y =p2aa{2aa(6-p)[ra+6 + c)p«-(c» + ac + a*)p4-ac*]}, 

(vi. 6t5) 
where P = a6c [(a— pj)(6— pj(c— p.) -HpiPaPa]* 

and P' = a6c [(a— pH^— p)(<'— p)+p']- 




D, D, C 



Pig. (iii.). 




Fig. (iv.). 
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6. For Fig. (iii.) we have 

Dj cr^ h (a— rj) ' 

Ei c(fe— r,) ar^ 

F^ h'i a(c^r^) 

and the circle D^E^ Fj is 

Q.2a/3y = Saa {^aa7\ {c-r;) [arj— (a*4-fe') n-^hr^r^ 

+ crjrs— a6ri-f a6']}, (vii.) 
which, in the particular case, becomes 

Q'.SajSy = r2aa{2aai^c— r)[(a+6-fc)r'-(a*+afe + 6*)r + a6']}, 

(vii. fct«) 
where @= a^^ L(^~"*'»)(^"~^»)(^^*'«^"*"^i^*«^»J' 

O' = ahc [(a-r)(6-r)(c-r)+r*]. 

7. The radical axis of these circles, when r =z p, is 

2ao(6— c)(a*— 26c) = 0, 
which passes through (5-|-c)/a, {c-^a)/h, (a'\-h)/c, 

8. The coordinates of Dj, ^i, Fj are respectively 

r (a— 2r5 c(Js C) 26r,co8^, 

2cr, cos (' a (6-2r, cos G), : 

/• 6 (c— 27jCOs 6') 2ariCOS-4 0. 

Then the circle D^E^F^ is 

B . ^aPy = 22aa [ ^aar^ cos A {h—'lr^ cos 0) 

X [ 4ar^ cos^ J5 — 2 (c* + a^) r^ cos B + 46rj rj cos B cos -h 4c?*i i\ cos il cos J? 

— 2tcar^ cos -4 + c*a ] } , ( viii.) 
where 

U^ ahc[ (a— 2r, cos J5)(6— 2r, cos 0)(c— 2ri cos J) +8rirjrjn cos-4} . 

If the isoscelians are equal, the part in [ ] becomes 

4r* cos B (a cos B-^-h cos 0+ ccos-4) — 2r [ (c*+ a') cos J?+ ca cos ^ } + c*a. 
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Two In^Triangles which are similar to the Pedal Triangle. 
By R. Tucker. Beceived September 7th, 1900. Read 
November 8th, 1900. 



1. If ABO is the primitive triangle, then the angles of the pedal 
triangle are ir— 2^, ir— 2J5, ir — 2(7. The in-triangles, whose sides are 
anti-parallels, are triangles which are similar to the pedal triangle. 

A 




92 



Mr. R. Tucker on Two In-Triangleis lohich are [Nov. 8, 



The in-triangles ajSy, o.'8'y\ whose sides are perpendicular to anti- 
parallels, are another pair of similar triangles. 

For we have Aa^ = J- — 5, Aay = ^ — ^ + C ; 

therefore z a = Aay—Aafi =s ir— 2-4, 

and so for the other angles. 

Again, ^ 

therefore 



5)S'a' = |— .^, ^^V = |-5-hO; 



Z^ = 7r-2JB, 

and so for the other angles. 

Hence ajSy, a')8'y' are similar to the pedal triangle. 

2. If X be a constant to be determined, and if, for brevity, we write 
p, q, r f or sin 2 A, sin 2J5, sin 20, we have 

BysinB =^\,pcosG and Oysin (7 = X.g'cos (0— -4), 

then 2a sin JB sin (7 = 2\ [p sin G cos (7 + g' sin 1? cos ( — -4) ] 

= X.2(gr) =2X[nco8yl + ncos(J5— 6?)], 

and A. = 4E. n sin^/2 (qr). 



(i.) 



If A.' corresponds to X, then 

-BjS' sin B + OjS' sin = V [r cos (A -5) +p cos B] , 
whence, as before, \' = 4E. 11 sin -4/5 (qr) =- X, 
i.e., a/3y, a'/3'y' are congruent. 

3. Now 0'y = Bfi'—By = X [rcos (4-5) -j? cos (7]/sinB 

= X cos G.q/Bin B = 2\ cos B cos C oc sec 4 . 

4. Using trilinear coordinates, we have 

(a) q cos A 

(i8) pco8(B— C) rcos-B 

qco8(G^A) 
g cos (0—4) 
^cos J5 




(y) 




rcos 4 

(y) i?oos(J5-(7) 






rcos (4 — 


B) 







^cos 









rcos(^— 


B) 


5 cos (7 





(ii.) 
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6. The lines aa\ Pi3* are 

— gr cos (A—B) cos (C—A) a-|-r» cos -4 cos {A-'B)P 

+ 3* cos -4 cos {C^A) 7=0, 

r* cos B cos (^ - B) a—rp cos (B-^G) cos (^ —J?) )8 

+i>' cos5 cos (B-C)y = 0', 

hence ao', )8j^, yy' cointersect in P, the centre of similitude* of the 
triangles, given by 

a/^ cos (5- (7) =...=... , (iii.) 

6. The equations to a/3, y'a' are respectively 

— rcosB|cos(^— J?)a+^cos(-4-5)cos(P— 0)i3 + 9Cos^cosB.y =0, 

(iv.) 
— gr cos (7008(0--^) a-hrcos^ cos 0/3 +i> cos (B— (7)cos((7— -4) y = 0. 

(v.) 
Let their point of intersection be P' (Q', B' for the analogous 
pairs) ; then AF\ BQ\ OR' meet in 

a/cos (P—C), ..., .„, /.p., in the nine-point centre. (vi.) 

7. The equations to a'/3', ya are 

5 cos (-4^P)co8 (C^A) a — rcos^cos (-4— P))3-l-^coa^ cosP. > =0, 

(vii.) 
rcos (C— j4) cos (A—B) a-\-pcoBCcosA.I^—qcosA cob(C-A) y = 0. 

(viii.) 

Let their point of intersection be P" (Q", B" for the analogous 
pairs) ; then AP'\ BQ'\ CB" meet in 

a /cos A = ... =. ..., I.e., in the circumcentre. (ix.) 



* [Many of the geometrical results follow at once from this fact, but the equations 
to the lines and points are given, as they may suggest other properties. Further, P 
is the P'' of my paper *'Ona Group of TriangLs inscribed in a given Triangle 
ABCf &c.," Vol. XXIV., pp. 131-142, whence other properties can be derived than 
those given in the present paper.] 
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8. The centroids of ajSy, a^'y respectively are given by 

a/cos ^ (2^ +r) =....= ... ((?,)] 

and a/coB^(3+2r) = ... = ... {G{ 

therefore their join is given by the equation 

2 cos J5 cos G (qr—p^) a = 0, (xi.) 

and this passes through (q + r) cos -4, ...,..., ^.e., thi»oagh p cos (B — G), 
..., ..., i.e., the point P [c/. (iii.)]- 

9. If (7, 0" are the in-centres of a]^7,a7i'y' respectively, then, since 

Z Gaff = Cay + yaO' = (y -^+^) + (f -^) = '— C^» 

aO' is parallel to BG, and similarly /30' is parallel to GA, and 
yff is parallel to -^JB. 

In like manner, aff\ fi'ff\ yO" are respectively parallel to -BO, 
CA^ AB, Hence their coordinates are given by 



I . (xii.) 



q cos A, r cos JB, p cos G 
and r cos -4, p cos 5, ^ cos G 

Hence the equation to ffO" is 

2a cos-B cos OCg^r— 2?') =0, ... [r/. (xi.)], 
and the mid-point of O'O" is P (iii.). 

10. The symmedian line through a [c/. (iv.) and (viii.)] is 
— rcosPcos (-4— P) a+^cos (^— P) cos (P— C)/3-Hg'cos-4 cosP.y 
= A [rcos (0— -4) cos (-4— P) a +^cos G cos^ . /3--grcos-4cos ((7— -4) y ] , 
If, for the moment, this line cuts /3y in P, then 

liD: Dy = 7^:q^; 
hence, from (li.), we get the coordinates of P to be proportional to 

pq^ cos (B — G), <fr cos P -f jr* cos (0— J ) , r*p cos 0. 
Substituting in the above equation .to aP, we get, after dividing by 
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and the equation to aD becomes 

arcos(-4 — ^) [r cos ((7— -4) +5 cos 5] 

-|-/3p [r cos G cos A—q cos (A — B) cos (B—G) ] 

— 75 cos -4 [ 5 cos 5 -I- r cos ((7—^)] = 0. (xiii,) 

The symmedian through /3 then is 

— ar cos 7? [ r cos G ^p cos (A — -B) ] 

+/3p cos (J5- 0) [p cos (^ - J?) + r cos O] 

+ 75 [pcos^ cos J?— r cos (B — G) cos (0—^)] = 0. 

Hence the sym median point o£ a)3y is 

pqj^p COR A-^-q 00s (B-'G)l, ..., ... ; (xiv.) 

and similarly of a'/S'y' is 

r^[|? cos il + rcos (J?— C)], ..., ... • 

11. Drawing aX, perpendicular to /3y, to meet it in X (i.e., parallel 
to an anti-parallel), we get X given by 

5Cos2(7cos (-B— 0), — g'rsinB, r cos 27/ cos 2 C; 

and from a and X we can find the coordinates of Hi (the orthocentre 
of a/3y) to be 

a cos 2(7, b cos 2 A, c cos 2J5 ; "j 

similarly H^ (for a'/3V) is given by t (xv.) 

a cos 2 B, 6 cos 2(7, c cos 2^4 . ^ 

Hence the equation to i?ii7, is 

Sftcci (cos'' 2 A - cos 27^ cos 2(7) = 0, (xvi.) 

a line which passes through P. 

12. The circles a/3y, a'/3'y are given by 

S'.Sa/Jy = 2Saa [Sgr sin (7cos {A—B) sin (20-.4) a] ^ 

S^.'Sa/By = 2Saa [S^rsin J?cos (C^— ^) sin (2B-A) a] I. (xvii.) 

(cf, § 10)J 
Their radical axis is 

S [agrr sin-4 sin (7> - (7)(cos3X— 2cos-B cos 0)] = 0, (xviii.) 

and it passes through the circnmcentre. 
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13. The circles 0/3y, Ay a have for equations 

iS.2a/3y = 22aa [p sin -Ba-f {f-^-q) eiuAfi'] cos 0, (xix.) 

/S.Sa/3y = 22aa [jsin 0/3-f (gr + r) sin By] cos^; (xx.) 

and the circles -B/3y, Gya are given by 

S.lafiy = 22aa [r sin Oo + (r+p) 8in-4.y] cosB, (xxi.) 

^.2a>y = 22aa[^sinyl/3 + (^-f g)8in-Bo] cos 0. - (xxii.) 

Hence the radical axis of 0/3'y' and Cya is 

a/a = P/h ; 

and therefore it, and the analogous i^adical axes, pass through K, the 
symmedian point of ABC. 

14. From the above we see that the radical axis of the circles 
J?/3y, 0/3'y' is 

a [j? sin B cos — r sin C cos B] 

+ [/3(p-|-g')cos — y (r+p) cosJ5] sin^l = 0; (xxiii.) 

hence, if it cuts BC in L, and the analogous radical axes cut CA, AB 
in M, N respectively, then these axes meet in P. 

15. The circles Aau\ Bfi(3\ Gyy have their equations 

;S^ . 2a/3y = 2aa (cr/3 + hqy) cos -^ , (xxiv. ) 

S.'^afiy = 2aw (opy -h era) cos B, (xxv.) 

S . 2a/3y = 2aa {bqa -}- ap/3) cos C. (xxvi.) 

The radical axis of (xxiv.) and (xxv.) is 

rr (a cos B — j^ COS -A) + (ap cos B—hq cos -4) y = 0. 

If this cuts AB in N' (and L', il/' are analogous points), then AL\ 
BM\ ON' pass through the circumcentre. 

16. The equation to the conic through the six points is 

2 [qraycosA cos (B-G)] = 2 [{S + 2p^) i3y/cos(G-'A)cos(A-B)'\, 

(xxvii.) 
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17. It may be noted that 



TT ^ 



18. To construct the figure, let BEF be the pedal triangle ; then 
its sides are Z?p, Eg', i?r. 

If BK, EL, FM are the perpendiculars of DEF, then 

DK = Rqr, EL = Brp, FM = Bpq. (a) 

Now \ = 4En (sin A) / 2 (qr) , 

=zB(p + q + r)/^(qr), 

__^im±EF±FD 
DK+EL + FM' 

Hence the sides of a/3y, ufi'y (i.e., A. Ep, k.Bq, X.Br) are known. 

[l am indebted to a referee for a suggestion which enables me to 
considerably simplify the construction, viz.. 

By : yft' : /3'(7 = cosec 2B : cosec 2 A : cosec 20, 

i.e., by (a), = EL : FM : DK.] 



On Quantitative Substitutional Analysis, By A. Young. Com- 
municated November 8th, 1900. Eeceived November 9th, 
1900. Eeceived, in revised form, January 12th, 1901. 

From any function P of n variables may be obtained n I functions, 
not necessarily all different, by permuting the variables in P in all 
possible ways ; or, what is the same thing, by operating on P with 
each of the n ! substitutions of the symmetric group of the variables. 
It frequently happens that between these functions linear relations 
with constant coefficients exist ; such may be written 

(Xi-hV2 + V8+.-.)-P = 0, 
VOL. XXXIII. — NO. 744. ^ r^ T 
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Xj, A,, ... being nambers positive or negative, integral or fractional, 
and «„ «„ ... substitutions belonging to the symmetric group of the 
variables. The words " substitutional relation " will be used to de- 
note a relation such as that just written down ; and the expression 
'* substitutional equation " will be used for the same relation when P 
is an unknown function for which this relation is true. The simplest 
form of such a relation is 

(1-»)P = 0, 

which merely implies that P is unaltered by the substitution s. 
This is dealt with in the theory of substitutions. The main object of 
the present paper is the discussion of single equations, such as that 
written down above, or of simultaneous systems of such equations, with 
a view to their solution ; further, of the discussion of equations of the 
form 

where Xi, A,, ..., «„ «„ ... are defined as above, and B is a known 
function ; these equations are also to be included in the term '^ sub- 
stitutional equations." It will be seen, moreover, that the right-hand 
sides of such equations, when a single equation, or else a simultaneous 
system, is under consideration, are subject to restrictions, in that they 
have in general to satisfy certain substitutional relations. 

The problem proposed is not a purely hypothetical one. In a 
paper on " The Irreducible Concomitants of any Number of Binary 
Quartics,"* I have shown that there is one type of concomitant to 
be discussed for each degree and order ; and that such a type satisfies 
certain substitutional equations, the solution of which enables us to 
find how many concomitants of that type for a definite number of 
quartics are irreducible, and which these are. The equations were 
there discussed, and the irreducible system for any number of quartics 
was found. Thus, using the notation of that paper, the invariant type 
degree 6 may be written (ahcdef) ; it satisfies the equations 

(ahcdef) = (hcdefa) = (afedch), 

(ahcdef) -j- (ahcfde) + (ahcefd) -\- (ahcdfe) -I- (ahcfed) -\- (ahcedf) = i2, 

(ahcdef) -|- (ahfcde) -f (ahefcd) -\- (ahcdfe) -\- (ahecdf) -\- (ahfecd) = B, 

where B stands for certain reducible terms, with the form of which 

* Froc. Lofd. Math. JSoc, Vol. xxx., p. 29v). 
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we are not concerned. The other equations satisfied by this type are 
a necessary consequence of the four written down. 

Later, in a paper on " The Invariant Syzygies of Lowest Degree for 
any Number of Quartics,"* I proved that the substitutional equations 
satisfied by the quartic types gave all the syzygies between quartic 
concomitants ; but here the form of the reducible terms on the right- 
hand sides of the equations had to be included in the discussion. The 
equations for invariant types up to and including degree 7 were dis- 
cussed, with the result that no invariant syzygies existed of degree 
less than 7, and that the syzygies of degree 7 could all be obtained 
from one definite form. Incidentally, the method of discussing the 
equations with a view simply to finding the irreducible system was 
somewhat improved ; and a theorem connected with substitutional 
analysis was proved, which has been generalized here, § 8. 

The term " substitutional expression " is used to denote an expres- 
sion of the form 

Aj + Xj5, + Aj5, •+.,.. + X^ «^, 

where \, Xg, ... are numerical constants (positive or negative) and 
fij, «„ ... are substitutions. It is shown, to start with, that the solution 
of substitutional equations, so far as rational integral algebraic 
functions are concerned, may be made to depend on the finding of 
substitutional expressions which satisfy the equations in virtue of the 
jnilltiplication table of the group to which all the substitutions 
belong. The first seven paragraphs of this paper are concerned with 
substitutional equations ; in § 9 some examples are given. 

The second part of the paper has to do with two substitutional 
identities, one of which is proved in § 13, the other in § 15. By 
means of relations which are established between substitutional and 
polar operations on functions of a definite kind, from the first of 
these a proof of Gordon^s series is obtained; from the second 
Oapelli's extension of this series, a theorem due to Peano, and some 
corollaries concerning substitutional equations. An account of the 
paper which contains Capelli^s theorem is also given, § 11, as there 
exists a fairly close counexion betweeu the analysis of substitutional 
and polar operators. With this connexion § 12 has to do ; it is some- 
what further developed in that part of § 17 which has to do with 
Capelli's theorem. 

For convenience, owing to the quantitative use of the symbols, the 



Proc, Lond, Math, Soc.^ Vol. xxxii., p. 384. 
H 2 
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substitutions next a function are regarded as operating on it before 
those further away, thus 

To avoid confusion, as the symbol {ahc.) is used in two senses, 
viz., as a substitution and as a concomitant type of a quantic, Roman 
lettei-s are used when it denotes a substitution, italics when it denotes 
a type. The usual symbols for a group are used in two senses : first, 
as a name for the group, and, secondly, to represent the sum of the 
substitutions of the group. The following notation is made use of : — 

{s} = the sum of the substitutions of the smallest group in- 
cluding 8. 
{5i,5j} = the sum of the substitutions of the smallest group in- 
cluding 5i and s^. 

{Gi, Gi} =^ the sum of the substitutions of the smallest group 
having GiSmd G^ for sub-groups. 

{abc... } = the symmetric group of the letters a, 5, c, .... 

{abc...}'= the sum of the substitutions of the alternating group of 
the letters a,h,c, . . . , minus the substitutions of these 
letters which do not belong to the alternating group. 

The expression {abc...} is sometimes referred to as "the positive 
symmetric group "; while {abc...}' is called " the negative symmetric 
group." 

The paper has been rewritten and greatly enlarged at the request 
of the referees ; my thanks are due to them — particularly to Prof. 
Bumside — for many valuable criticisms and suggestions. 

1. Consider any rational integral algebraic function P of n variables 
Oi, aj, . . . , a„ ; its terms may be arranged in sets P„ Pg, . . . , P„„ such that 
each set contains all those terms of P, and only those, which are ob- 
tainable from some particular tenn by means of substitutions and of 
positive or negative numerical factors. And P may be written 

Now, consider any set Pj ; let A^a^^a^ ... a*" be any term of this 
set, J-i being a positive or negative numencal coefficient ; then 

where A^, Jj, ... are numerical, and s^, s^, ... substitutions belonging 
to the symmetric group of the n variables. The effects of substitu- 



Digitized by VjOOQ IC 



] 900.] Quantitative Substitutional Analysis. 101 

tions on Pj, and consequently all sabstitutional properties of Pj, 
depend partly on the substitutional operator {A^-\- A^8^-\-A^s^'\- .,.)^ 

partly on the substitutional properties of the term a*^ ^^ • • . a^/*. If 
in this term all the indices Qj, aj, ..., a„ are different, we obtain by 
operating on it with the n\ substitutions of the symmetric group 
{aiaj ... a„} of the variables n\ different terms which are connected 
by no linear relations with constant coefl&cients. In this case, then, 

a"^a"* ... a*'* has no substitutional properties, and all the substitu- 
tional properties of Pj are a consequence of the operator 

Suppose next that aj = aj = ... = a^ = a, and that a, a^+,, a,.+2, •••» <*n 
are all different. The substitutional properties of the term 

a a a a . • a-^o *n 

a a ... a a * a ... a 

consist solely of the fact that this term belongs to the group 
{a^a, ... a^}. For there result, by operating on it with the nl substi- 
tutions of the group {aia, ... a,,}, — ^ different terms between which 

no linear relations with constant coefficients can exist. The substi- 
tutional properties of this term are then identical with those of 

{aiaj...a,}a*'a^... a"% 

where all the indices of the a's in a^^a^ ... a J' are different. Hence 
all the substitutional properties of P, are, in this case, a consequence 
of the operator when we write, as may be done, 

= (B,+B,,, + B,s, f ...) ayi ... a'^ar:X:V - <"' 
where 

i-(^^+^jjf,H-^,fi3-f ...){a,a2...a,}=(^,-hP,j?, + P,fi8+...), 
r\ 

the P's being constants. In exactly the same way, whatever be thfe 
equalities amongst the indices in the term a*^a"* ... a*'*, a substitu- 
tional operator (Pi-hPjS8 + ^8«8+...) may be obtained, such that 

p, = (B,+p,.,+p,.,-h ...) ay;; ... <«, 
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all the substitutional properties of Pj being a consequence of the 
operator alone. 

Now, owing to the way in which the sets have been chosen, no 
substitution can change a term of one set into a term of a different 
set ; and there can exist no substitutional relation between different 
sets. Hence, if P satisfy any substitutional equation 

(Ai + A35, + X,S3+...)P = 0, , 

where Ai, Aj, ... are constants, each set must independently satisfy this 
equation. And hence each set possesses all the substitutional pro- 
perties of P. 

Theorem. — Every rational integral algebraic function P of n 

torn 

variables may be written in the form P = S P<, where Pj possesses 

all the substitutional properties of P, and possibly others as well. 
And Pi may be expressed in the form 

where A^*\ A^*\ ... are positive or negative numerical coefficients, 
^2, 5j, ... are substitutions belonging to the symmetric group of the 
n variables, and jP, is a rational integral algebraic function of the 
variables. Further, the substitutional operator 

is such that all the substitutional properties of Pf are a direct con- 
sequence of it. 

For example, take the form 

P= iag— iag+SaiOa— |a2«j— Sajaj + iajaJ; 

then Pj = ^3— ^^8 = i {ajasi'^a = i {^^Y {^i^t} <h 
= i [ 1 - (aj as) + (ai a,) - (aiaja,) ] a^, 

= [3-i(aia,a,)-3(aja8)-|-i(aia,)]aiaj, 

Here P, P^ Pj all satisfy the equation 

{a,a,}P = 0; 
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also Pj satisfies the equation 

{a,a,a,}'P, = 0. 

Again, if the substitutional properties of P are completely summed 
up by saying that P belongs to the group G of order p, it is sufficient 
and more convenient to write 

P=: — GP, 

P 

this being, as it is easy to verify, the necessary and sufficient condi- 
tion that P may belong to the group O of order p. 

Corollary, — Every rational integral algebraic solution P of a 
single equation (X.+V.+V.+ ...) P = 0. 

where Xj, Xj, ... are constants, and Sj, ^j, ... substitutions belonging 
to the symmetric group of the variables, of which P is supposed to 
be a function, or of a simultaneous system of such equations, may be 
obtained in the form 

P= 2(^1*^ + 4*^ ir,+4^^,+ ...)P,; 

i 

where A^*\ A^*\ ... are constants, andP< is a rational integral algebraic 
function of the variables, the substitutional operator of each term 
being such that 

in virtue of the multiplication table of the group. 
For P may be written in the form 

P=2P,, 

« 

where P, = (4V^^*^«,+ ...) P„ 

all the substitutional properties of P< being consequences of the 
operator, and, further, where Pj possesses all the substitutional 
properties of P, and hence is a solution of the equation, or system of 
equations, of which we are supposing P to be a solution. But, since 
every substitutional property of Pi is a consequence of the operator 
(J[i*^ + 4'^«,+ ...)i it follows that 

2. The applications of our theory at present required are entirely 
to functions rational integral algebraic in the variables. Consequently, 
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we may restrict ourselves to the discussion of such functions, and will 
throughout this paper tacitly assume that the functions considered 
are of this nature. Nevertheless, should the theorem of the preceding 
article be true for any kind of function — as seems to me probable — 
no restrictions as to the nature of the functions considered would be 
necessary. 

In consequence of the corollary just proved, it follows that in order 
to obtain the solutions of a system of equations of the form 

(Ai+A2«8 + V,+ ...)P = 

it is only necessary to discover the substitutional expressions 
which are such that 

in virtue of the multiplication table of the group. The solution is 
then a matter of relations between substitutional operators only. We 
may then proceed thus : Take the sum of all the substitutions of the 
group concerned with arbitrary coefl&cients ; for brevity we write 
this 8. Then expand the various expressions 

obtained by substituting 8 for P in the various equations of the 
simultaneous system, and in the results equate the coefl&cient of each 
substitution to zero. A system of simultaneous linear equations is 
thus obtained for the arbitrary constants in 8, As a rule, all the 
arbitrary constants cannot be definitely determined ; but the result of 
solving these linear equations and substituting their values in 8 will 
be expressible in the form 

2 GjSj, 

where Gj is an arbitrary constant and 8j is a substitutional expression 
containing no arbitrary constant, which is such that the result of 
substituting 8j for P in each of the substitutional equations is zero, in 
virtue of the multiplication table of the group. Every solution may 
then be written in the form 

P = S [S Cj, , Sj] F, = S -8, [S Gj, . F,] = S Sj^j, 

* J J • j 

where ii]f. < is a definite constant 

and Fi and P are functions of the nature under discussion. 
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An expression in terms of which every solution can be expressed, 
such as XfS ^j, we call the complete solution of the system of equa- 
tions. It will be seen later on that this is not always unique. 

It is well to remark that it is not necessary to take S equal to the 
sum of all the substitutions of the symmetric group of the variables 
with arbitrary coefl&cients. It is sufl&cient that 8 should contain all 
the substitutions of the smallest group G which contains all those 
substitutions which actually occur in the expressions of our equations. 
For, if (t = 1 + 52+ ... -h^p, it is ^^^^ known that it is possible to obtain 
a table . 

J-, ^2, 5j, ..., 5p, 

0*2, ^jO-j, 5,o-„ ..., 5p<rj, 



such that every substitution of the symmetric group is contained once, 
and only once, in the table ; and, further, that the result of multi- 
plying on the left-hand side any substitution in this table by one of 
the substitutions in O changes it to another substitution in the same 
horizontal line. Hence, if 8 be the sum of all the substitutions of the 
symmetric group with arbitrary coefl&cients, the substitutional equa- 
tions only give relations between the constants' in the same horizontal 
line, and the relations for the various lines are the same. 
As an example, consider the equation 

{(abcd)}P = 

iS = -4i+^2 (abcd)-h^, (ac)(bd) +^4 (adcb). 

Equating the coefl&cients in { (abed) } /S to zero, we obtain 

^, + ^2 + ^ + ^ = 0. 

Hence 

8 = — -42-^8-^4+-42 (abcd) + Jj (abcd)'+^4 (abed)' 

= [l-(abcd)][-^2-^,{l + (abcd)}-^4{l+(abcd) + (abcd)«}]. 
And the complete solution is 

[l-(abcd)]^. 

3. Consider now a single equation, or a system of equations, of the 
form [Ai+ V2+ V»+ ...] P = B, 

where, as before, X„ Xj? ••• ^^e constants, s,, s^, ... substitutions, andi^ 
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is a given rational integ^l algebraic function of the variables. It is, 
in the first place, to be noticed that the above equation in general 
implies a restriction on B, viz., that B can be written in the form 
[Aj + Xj5j4- ...] -^» ^^d» *•* ^ consequence, satisfies certain substitutional 
equations. Thus, if Xj+Aj^j-h ... =^ 63^ the sum of the substitutions of 
a group, B must belong to the group G. Let Pj be any solution of the 
equations ; then, if Pj be another solution, 

[x,+V,+ -3(A--P.) = 0. 

Hence, as in linear differential equations, the work of solution may be 
divided into two parts. First, any particular solution Pj is found ; 
and then — ^what corresponds to the complementary function — the 
complete solution Q of the system 

The complete solution — that is, the solution in terms of which every 
other can be expressed — is then 

F=P,+ Q. 

It will be seen later on, in the applications made to the quadratic and 
quartic invariants, that, in general, B is subject to more conditions 
than that implied by 

when a simultaneous system of such equations is under discussion. 

4. It may happen that the only solution of an equation 

[A, + V,+ -]P=0 (I.) 

is P = 0. Let G be the group of the substitutions which appear in this 
equation ; then, if s be any substitution of G, 

8[Ai + X,s,+ ...]P = 0. 

Operating, then, on (I.) with each of the f> substitutions of Gy where 
p is the order of (r, we obtain p linear equations with constant co- 
efficients between the p quantities 

P,*,P, ... 

regarded as independent variables. The necessary and sufficient con- 
dition that there may be a solution other than zero is then expressed 
by the vanishing of a determinant of p columns and rows. 

If Xi-hX,i;j-|-... = Gf = H-/?,+58+...+Sp, 
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the sum of the substitutions of a group G of order p, the complete 
solution of (I.) is of the form 

where 6? (-4, + -^^tf, + . . . + A^s,) = 0. 

This gives ^i + J,+ ...+^^= 0. 

Hence 

Now, let (Ti, <r„ ..., o-,„ be any substitutions of G which are not all 
contained in one of its sub-groups, and hence are sufficient to 
generate G» Then every substitution s ot G can be expressed in the 
form 

ai Oo a* 

where ^i, rj, ..., ^it are some of the numbers 1, 2, ..., m, not necessarily 
all different. But 

s-i =<;«'-! = (.r;'-i)*'+(*'-i), 

where s' = o"!^ ... cr**, 

and hence 

.-1 = (cr?J-l) cr,-: ... cr;*+ (<r:^- 1) cr;V... <r:*+ ... + (cr:*-l) 

= (<ri-l) ^1 + (cr,-l) ;S,+ ... + K.- 1) /S„, 

where 8i, S^, ..., iS,„ are substitutio^ial expressions, some of which 
may be zero, or merely numerical. 

Hence 

-4i+^«3-f...H-^p»p= K-l)Ti+(<rs-l)!rj+... + (<r«-l) T,„, 

where I\, T„ ..., T^ are substitutional expressions containing the 
arbitrary constants -4,, -^j, ..., A^. 

Moreover G^a- — !) = ; 

hence the complete solution of the equation 

GP = 
may be written 

P=(<r,-l)F, + (cr2-l)P,... + ((r„.-l)F,„, 

JP\, jPj, ..., J'.n being arbitrary functions. 

Digitized by VjOOQ IC 



108 Mr. A. Young on [Nov. 8, 

Similarly, the complete solution of the equation 

R necessarily belonging to the gronp G, is 

P = ^+(cr,-l)F,+ (cr,-l)P,+ ... + (or^-l)lP^, 

for A GB = B, 

P 

and consequently is a particular solution. 

If, for instance, (r = {a, a, ... a„}, 

any one of the three following expressions may be taken as the 
complete solution : — 

{aia,}'Pi-f{aia,}'^,+ ... + {a,a»}'P,., 

{aia,}'P,+ {a,a^}'F,+ ...-f{a„.,a4'P«, 

{aia,}'P,+ [l-(a,a,a,...a„)]i^,: 

an illustration of the remark already made, that it would be found 
that the complete solution was not always unique. 
It follows from the above that the solution of 

{G,,G,}P==0 ' 

may be written F -^.F^-^- P,, 

where 6?i P, = and (JjPj = 0. 

For we may choose substitutions <y„ ^j, . . . , ^r* which generate (ti, and 
substitutions vj^^xt ^*+2> .-j ^m which generate G^^ these substitutions 
will then together generate {G^^ G^, The solution of 

{(?„G,}P = 
may then be written 

P = (<r,-l) !?',+•... + K-1) if;+ (<T*.,-1) 2i'»,,+ ... + K-1) J*™ 

= Pi+A, 
where P,= (<r,-l) y,+ ... + (a;^-l) F» 

and P, = (<T»„-l)fA„+... + (<r«-l)J^»„ 

and consequently (JjP, = and 6?,P, = 0. 
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5. When all the substitutions are powers of a single substitution 
the equations are easy to solve. Consider a single equation, the most 
general of its kind, 

<Ks)P= (^0+ A«+^2«'+ ... H-^„.iS*»-') P = 0, 

where s is a substitution of order n. 

We require to find the most general expression 

which is such that ^ («) if/ {s) = 0. 

Now (p (x) ip (x) only vanishes when <(> (x) = 0, or when \p {x) = 0. 
Neither of these cases need be discussed here ; then the product 
^ («) ^ is) must vanish solely in consequence of the equation 

8^ = 1. 

Hence (x) ip (x) = («" — !) X (^)- 

To find ij/, we then obtain the H.C.F. of ic"— 1 and <p (x), say v>i (aj) ; 

Now, if a is not a root of a?'* — 1 = 0, 
any function Q may be written in the form 

L s — a J L«— CI J 

for q = «^;;q = (,»-.+<^-H...+«"-')(ffJ:Q). 

Hence, if <t> (x) = 0, (x){x—aj)(x—a^) ... (a;— o,), 

any solution P of the equation may be written 

= ?:jz1'\ r ^1 1 E 

= [?(^'] ^' 

where it is to be understood that the expression is equivalent 

to = , when a" is not equal to unity. 

1-a" 
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It hfis been tacitly assumed tliat (s) has no squared factor which 
is also a factor of «"— 1 ; if such should occur, we may remove it by 
Adding to (s) a multiple of «**—!, which is in actual valae zero, 
and then proceed as before. If ^ (s) has no common factor with 
^*-l, thenP = 0. 

To find a particular solution of 

(«) P = E. 
The restriction imposed on B by this equation is 

Henoe R = ^i (s) B\ 

If there is no difl&culty in finding R' from this, the particular solution 



.01 W 



Rf 



W 
may be taken. 

If the form of R' is not at once obvious, the particular solution 
may be found thus : — 

01 W 01 («) = 01 W 01 W +^ («"-!) = 01 (^) 02 («). 
where «**— 1 and f^ (^) bave no common factor. Then 

0, (0 (.) P = 01 (0 ^ = 01 W [^) 02 (O] P. 
and r 0^1e 

L^ (5)0,(5) J 

is a solution. 

The extension to any set of simultaneous equations involving only 
powers of s is obvious. 

Also it may be seen, in the same way, that the solution of any set 
of Abelian equations is a matter only of algebra. 

Single equations which are not merely formed by the sum of the 
substitutions of a group, and in which the substitutions are not all 
contained in an Abelian group, may frequently be solved with the 
help of the solutions in these two cases. Thus, the solution of the 

equation {ab} [1 + (abed) + (abed)'] P = R 

— which occurs in the reduction of the quartic invariant types — is 

P = -1- [1-2 (abed) + (abcd)^+ (abcd)»] [-|- + {ab}' fJ , 
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and B miiBt satisfy the equation 

{abyB^O. 

6. Consider now two simnltaneons equations 
{«}P = 0, {<r}P=:0. 
Then, if so- = r^ as = r,, 

a • a •-! 

Hence, if m be the order of Tj, 

r"* = <rr"'<r-^ = 1, 

2 1 ' 

and the orders of t^ and r, must be identical. 

Also the expression (1— <r) {r^} = (« — 1) {rj} <r. 
Hence P = (l-<r) {rJ-F 

is a solution of the equations. 

Unfortunately this is not always the complete solution, for suppose 
so- = 0-8, r = 1, <r = 1 ; 
then the complete solution may be written 

P = il-sXl-<r) F; 

but the expression (1— o-){ri} vanishes identically, for {r,} is here 
equal to {s,<r}. 

Again, whenever the substitutions s, <r are permutable, the solution 

p=a-o-){T,}F, 

in addition to satisfying the two equations 

{s}p = o, MP = o, 

belongs to the group {rJ, which is not in general the case with the 

complete solution _ „ ... . _ 

^ P= (1 — <r)(l— s)F. 

However, whenever g^ z= 1 = a^^ 

the complete solution may be written 

P=(l-(r){T,}P, 

for {», o-} = {o-, r,} = {<r} {rJ, 

since riO* = 5 = orf ^ 
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Hence we may write S = ^ (l-^A^a-) B^t', 
and find S, so that {s} H = and {<t} S = 0. 
The second equation gives ^a = — 1. 
Hence /S = (l-o-)(So+ ^''1+ - + ^^«-i'-r*') 

-(5,+ B,r,+ ... + 5..,.,T.r-^)]cr. 
The equation {>»•} /S = 

then gives Bf^ = B^= ,..= 7?,„_i. 

Hence the complete solution is as stated. 
A solution of any number of equations 

may then be seen I/O be 

If each of the substitutions ^i, s^, . . . , «,» is of order 2, this is the com- 
plete solution. For it can be written in the form 

P = (l-«.) E, 

where JE? is a rational integral algebraic function of the variables, 

since r 1 t> n 

{s,}P = 0; 

and by what we have seen above E must belong to the group {^jSi}, if 

WP = o. 

Hence ^must belong to the smallest group containing s^s^^s^s^, ...^s^s^. 

7. It frequently happens that a function is given as belonging to a 
certain group, besides satisfying certain substitutional equations. 
Thus, the invariant type degree 5 of a quartic belongs to the group 
{(abode), (ae)(bd)}, and satisfies the equation 

{abc} J5 = B, 

the other equations which it satisfies being consequences of these 
facts. Further, in the case of irreducible invariants, we really only 
require to find the number of invariants of the form Jj in terms of 
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which the rest can be linearly expressed* In respect to this, we shall 
prove that : 

If M be the number of arbitrary constants in the most general sub- 
stitutional expression Si, which may contain all the n ! substitutions 
of the symmetric group of the n variables under consideration, which 
satisfies the equations 

Gi and G^ being groups of orders r^ and r^ respectively, and if N be 
the number of arbitrary constants in the most general substitutional 
expression S^ which satisfies the equations 

G,S, = 0, GiS, = r^S,, 
then M-N^nl^ — -—]. 

Consider S^, and suppose that at first all the coefficients are arbitrary. 
Let As be the coefficient of s ; then the equation 

G^Si = 

gives — - equations of the form 

S^. = 0, (I.) 

and in no two of these equations does the same coefficient occur. 
Now, if o- be any substitution of G^, it follows that, since Si has G^ for 

a factor, 

A^, = A.. 

n\ 
Owing to this, there are only — different coefficients ; and, if this be 

taken into account, the equations (I.) are not all independent. Let 
T = be any relation between these equations written out in full ; 
then this is an identity solely on account of the equations A„, = A^, 
Hence, if substitutions applied to T be supposed to operate on the 
suffixes of the -4's, we have the equation 

G^T = 0. 

And, further, from the form of equations (I.), 

GiT = riT, 

for T= is a relation between different equations (I.). If, then, T 

VOL. XXXIII. — NO. 745. I ^ f 
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be what T becomes when for eacb A, we write s, T will satisfy the 

nl 
equations for S^. Hence, for every relation between the equations 

to determine the — - unknown constants in S^, there is an ex- 

pression of exactly the same form which satisfies the equations for /S,. 
Conversely, every solution of the equations for 8^ will give such a 
relation between the equations for the unknown constants in 8^. 
Hence the number of independent relations between the equations 
(I.) is N; consequently, the number of arbitrary constants left in 8t 
when all the equations are satisfied is 

and therefore M— N •=n\[ ) . 

Further, the number of those functions obtained from P by per- 
muting the n variables, in terms of which the n ! possible functions 
thus obtained from P may be linearly expressed when P belongs to 
the group O^ and satisfies 

is equal to M, the number of arbitrary constants in the most general 
substitutional expression 8-^ for which 

0^8, = 0, G,8, = r,S,, 

For, if P, be the function obtained from P by operating on it with the 
substitution 5, exactly the same linear equations exist between the 
functions P, as between the coefficients A, in 8^ Hence the number 
of linearly independent functions P, is the same as the number of 
arbitrary coefficients in 8i. 

8. If a function P satisfy each of the equations 

it is merely changed in sign when operated upon by any transposition 
of the letters 04, a^, ..., «„. The complete solution of these equations 
is then 

P={a,a3.,.a„KP. 
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The function P is an alternating function, and may be written, as is 

well known, -n /a r ^ n^ 

P = v/A{aia2,..a4^', 

where A is the product of the squares of the differences of the letters 
Oi, a,, ..., a„. 

Hence, if P is of degree less than w— 1 in any one letter, it must be 
zero. Hence also, if Q be any rational integral function of degree 
<n — l in each of its variables a^, a^, ..., a„, it satisfies the equation 

{aia3...a„}'Q = 0. 

In this connection should be mentioned the following propositions 
already given for the quartic in my paper '' On the Invariant Syzygies 
of Lowest Degree for any Number of Binary Quartics," viz,, 

If P be a rational integral function homogeneous and linear in the 
coefficients of m binary n-ics, 

(4", A^r, .... A'i'^x,, x,r ... (at\ A'r, .... ^rsa,.,*,)-, 

m being greater than w + l, then 

{A«'>A(2^..A("*''>}'P=:0, (i.) 

{A<^^ A^^^ ... A"*>^}'P = I A^'U^'^ ... ^^"*^J I P„ (ii.) 

>, A^^A^-^ ... A^"^}'P = I A^'U^'^ ... ^(»^Q I , (iii.) 

where a substitution (A^'^ A^^) operating on P is regarded as inter- 
changing (a) and (^) in all the indices in P ; in fact it interchanges 
the positions held by the coefficients of the two quantics 

(4", A':\ ..., 4L"'5rr„ x,r, (Af, Af, ..., A^,^x„ x,r 

in P ; or else it may be regarded as an abbreviation for 

(Ai->Ar')(A«Ar) ... (Ai"A!f'). 

And \ A^^^A^^K,. A^^*^^ \ is the determinant of n+1 rows and 
columns formed by the coefficients of the n-\-l quantics concerned ; 
I A^^^A^^^ ... A^^'^Q I is the same determinant with functions Qo»Qi> — » Q»» 
of the coefficients of the quantics represented by A^***^\ A^*'*^\ ..., A^*"^ 
of the same character as P, substituted for the coefficients Ao"^^\ 
-4^*'^ ..., A^H*^^ I wid Pj is a function, having the same character as 

1 2 
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P, of the coefficients of the quantics represented by J.^"**^ ... ^l^"*). To 
prove (i.) we observe that F may be written in the form 

^here each of the snffixes ri, r„ ..., r^*2 is one of the n+1 numbers 
0, 1, 2, ..., n; hence in any case two snffixes mnst be equal, and 
consequently {A^^A^*) .. AC--)KP = 0. 

For (ii.) we write P = Sv4!.'Ui'^ ... 4"**^P, 

and here it is possible for the suffixes to be all different ; if this is so, 

|AWA2)...A^«*'U'^t»)^«.' ^ ^(«*') 

= ± (A^^A^) ... A""^»^}'^^^Uf ... XV," 

= ± M^'UW ... ^(**»^ I ; 
and therefore 

{A»JA=^^ ... A»*')}'P = I ^(»)^i2) ^^^ ^(»>i, I p^ 
As regards (iii.) we write 

and distinguish the following cases : — first, terms JB' in which two of 
the snffixes are equal; then terms i^o in which the suffixes r„ r,, ..., r„ 
are the numbers 1, 2, ..., n in some order ; then terms i^ in which 
the suffixes are the numbers 0, 2, 3, ..., n in some order, and so on; 
finally, terms E„ in which the suffixes are 0, 1, 2, ..., n— 1 in some 
order. Now operate with {A^^^A^^^ ... A'"^}' ; then 

{A')A=^'...A^»^}'ii' = 0, 

J (2) J (2) J (2) 

-A, -A J ... ^,4 

The other terms are found in the same way ; so that, taking the sum, 

{A^)A^«> ... A"'7'P = I A^'^A^'^ ... A^-^Q\, 
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9. As an example, consider the invariants of any number of binarf 
quadratics » ,« 

The possible invariant forms are 

{ah)\ (ah)(hc)(ca), {ah) {he) {cd) {da), ... ; 

then{bc}(a6)(6c)(c^)= {ah){hc){cd)-{ac){hc){hd) =i-{hcy{ad); 

so that, if h, c be any pair of consecutive letters in an invariant J, 
{be} I is reducible. 

Again, 

{bdy{ah){hc){cd){de) = {ah){hc){cd){de)-{ad){dc){ch){he) 

= {hc){cd){dh){ae). 

Similarly, any other interchange of letters may be dealt with. The 
number of irreducible invariants I of any degree n is equal to the 
number of linearly independent functions obtained from the function 
P by permuting the letters which it contains, when P satisfies the 
equations 

{ab}P = 0, {bc}P = 0, ..., {ac}'P = 0, ..., 

and, in fact, all the equations which I satisfies, with the right-hand 
side of each replaced by zero [Ibeing supposed = {ah) {he) {cd) . .. (^a)] . 
If n, the degree of J, be greater than 3, then by the last article 

{abed}' J = 0. 

Since {ab} P = 0, {be} P = 0, ..., {ha} P = 0, 

P={abc...h}'^=iy{abc...h}'P = 0, 

and I is reducible when n > 3: If the actual solution of the equations 
for I be carried out, it will be found that in general the expressions 
on the right-hand side have to satisfy relations ; these relations will 
be the syzygies degree n for the quadratic invariant types. In regard 
to these equations, it should be noticed that in each separate equation 
for quadratic types, of the form 

where i2 is a given reducible expression, it is obviously true that U 
possesses the substitutional properties involved in the operator on the 
left. The syzygies arise from the fact- that I satisfies more tljan 
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one equation of this kind. Hence U is subject, owing to the system 
of equations, to more conditions than those implied by the operator 
on the left-hand side. Exactly the same remark applies to the 
equations for quartic invariant types of degree greater than 6. 
The equations in their complete form for degree 7 are given in my 
paper, " On the Invariant Syzygies of Lowest Degree for any 
Number of Binary Quartics," already quoted. 

As has been pointed out at the commencement of this paper, the 
invariants of any number of quartics give another illustration of sub- 
stitutional equations. Thus, the invariant type (ahcde), degree 5, 
satisfies the equation 

{abc} (ahcde) = B, 

and is of group {(abode), (be)(cd)}. It has been shown that there 
are only six independent irreducible forms (ahcde). If, now, the 
theorem of § 7 be applied, we find that, if Mhe the number of the 
functions obtained from {^ahcde'] by interchanging the variables in 
terms of which all the functions obtained by every possible inter- 
change can be linearly expressed, where l_abcde'] is defined as being 
of group {abc} and as satisfying the equation 

{(abode), (be)(cd)} [abcde] = 

then if-6 = 5! (i-^) = 8 

and 3f = 14. 

10. In what follows repeated use will be made of the symmetric 
group ; it is convenient, then, to note that the sum of its substitutions 
may be factorized in a variety of ways. For instance, 

{a^a, ... 4} = {(aiaa ... a„)} {aia, ... a^.J 

= [l4-(aia„)H-(a,a„)-i-...-f (a„.ia„)] {aja, ... a„.i} 

= {a^a,} On, 

where 0^ is the alternating group of the n letters. 

Now, any purely formal relation between functions of substitutions 
will still hold good if the sign of every transposition be changed, 
Hence the negative symmetric group may be factorized in the same 
way, thus 

{aia,... a„}'= [l— (aia„)-(aja,.) — ... — (a,._ian)] {a^an ... a„.,}'. 
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Again, the product of a group by itself is the group multiplied by a 
constaut factor equal to its order. The product of a group by a sub- 
group is equal to the whole group multiplied by the order of the sub- 
group ; for, if G be the whole group, and S a substitution belonging 
to the sub-group (t„ then 

Again, if {a^ajaj ... a,,} be any positive symmetric group, and 
{ajajbs ... b,„}' a negative symmetric group, 

{&iB^&i ... a„} {aiagbg ... b„J' 

= {aiaja, ... a,.} (aja,) [ — (a^a^) {aiajb, ... b„.}'] 

= — {aiaaag ... a,,} {si^B^\ ... b^}' = 0. 

Let 5 [ajbibg ...b,„] be any substitutional expression affecting the 
letters a„ fej, b^, ..., 6„, and only these; then 

{a^a8...a„} /S[aibiba ... b«] = 5[aibib, ...b,„] {agaj ... a..}. 
Hence {ajaj ... a„} 8 [aibib^ ... b,„] {a-iaj ... a„} 

= [l + (aia8)-f(aia,)+... + (a,a„)] {a^aj... a„} /Sf [a^bib, ... b,„} 

X ja^aj ... a„j 
= («-l)! [l + (aia2) + (aia,)+... + (aia„)] /S^[aibibj ... b«]{a,aj ... a„} 
= (n-1)! [8 [a^bib, ... K-] + 8 [a^b^b, ... b^] + ... + S [a,6i ... b„.]] 

xjaiag... a„} ; 
or, as may be proved in the same way, 

= (w-l)!{a,a,...aH}[/8f[a,b,...b„]4-S[a,bi...b^]H-... 

... + fif[a„bi...bj]. 

11. As certain results, due in the first place to Capelli, are to be 
obtained in this paper by means of substitutional analysis, some 
account of the remarkable paper, " Sur les Operations dans la Theorie 
des Formes Algebriques," * in which they occur, is given here. In 
this paper Capelli considers functions rational, integral, algebraic, 

• Math, Ann.y Bd. xxxvii., pp. 1-37. 
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of n sets of variables 
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Ua, 



Um 



there being m variables in eacb set, and Homogeneous in the variables 
of each set. Such a function is written 

He regards the polar operation 

as fundamental, and proceeds in the first section to develop a theory 
of operations which can be expressed as rational integral functions 
with constant coefficients of operations of this kind, and proves that, 
if bjr A be understood some operation which can be thus expressed, 
every function /(aj, y, ..., u) of the above sets of variables which is 
homogeneous and of degree ai in the variables whose index is i, for 
all values of i from 1 up to m, can be obtained in the form 

/(aj,i/,...,ti) = Aa^^»i/^. ..!;«-, 

there being the same number of sets expressed in the term on which 
A operates as there are variables in each sefc, A depending on the 
form of /. 

His second section is devoted to the discussion of an operation E. 
defined as follows : — 

dx dy Ou 



If m = w,. JBT = \xy, 



if m>n, 
is m<n, 



£■=0, 



^i, 2aj^ 



dm 



where \ ocy ..,u \ is the determinant formed by the variables, and 

r) S r) I 

— --...— , which is the determinant formed by the first 

Ox oy ou I 
differential operators with respect to the variables, is Cayley's 
operator fi. 

It is shown that H may be expressed in terms of the operators 
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Dry, and the form of this expression is found ; further, it is proved 
that H is commutative with all rational integral functions of the 
operators D^y, It is then proved that, if a function f(x, y, z, ..., t, u) 
of the kind considered, of n sets of variables, there being n variables 
in each set, is annihilated by each of D^, Dy^, ..., D,„, it is equal to a 
power of I xyz,..tu \ multiplied by a function of the same nature of 
the sets y, z, ...,t, u, which is annihilated by Dy„ ..., !>,„. 

In the third section it is proved that, if two functions of the same 
number of sets of variables, rational, integral, and homogeneous in 
the variables of each set, are obtainable from each other by means of 
a permutation of the sets, they are also obtainable from each other by 
means of the operators D^. In other words, an operator which is a 
rational, integral function of the operators D^y may be always found 
which will have the same effect on/(iB, y, ..., u) as any given sub- 
stitution operating on this function. In view of the importance of 
this theorem in connection with the present subject, I quote Capelli's 
illustration. Let f(x, y, z) be any rational, integral function of the 
variables 

flq, iPg, ..., Xmt 

Vv VV •••» Vmi 
Zlf Z^, ..., Zm, 

homogeneous and of degrees X, /i, y respectively in the variables of 
the three sets. Let 

VI? &» •••> Smt 
Vl^ Vi^ •••» ^m» 
Sij Sjj •••> 4m 

be three new sets of variables, independent of each other and of the 
original sets ; then 

/(f, V, i) = j^,- , DI,D:,D:J(x, y, z), 

and / {y, z, x) = ^, ^ ^^ Jf^ylKz ■D\,j (f , 17, ; 

hence /(y, z, x) = (^^-J^y Dlir^,DlDl,^^^^^ y, z). 

By means of the methods laid down in the first section of Capelli's 
paper, it is possible to reduce this to the form A/(aj, y, z), where the 
operators of which A is a function only affect the sets aj, y, z. 
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In this section it is also proved that the condition that / should be 
expressible as a sum of terms each of which is derivable by operations 
of the kind considered from functions of a smaller number of sets of 
variables than that contained in / is 

H.f = 0. 

In § 4 the following important theorem is proved : 

If/(aj, y, ..., u) is a rational, integral function offsets of variables, 

there being n variables in each set, which is homogeneous in the 

variables of each set, then 

f{x, y, ..., w) = 2 I xy..,u \ - . A, . «/», (r/, 2?, ..., w), 

where ^, (y, ;?,..., m) = D""' if' ... l/^ . 07 ; 

the 2 extending to all positive integral solutions of 

where jp is the degr6e of / in ic, and where A^ is a rational integral 
function with constant coeflBcients of operators of the form B^^ the 
form of which depends only on the degrees in which the variables 
occur in /; and, further, the coefficients of different powers of 
I xy.,,u I are unique. The last section is devoted to an extension of 
certain of the results to any analytic function. 

12. In what follows substitutions are taken as the fundamental 
operators, instead of Capelli's opiBrators D,y. Functions / (a, 6, ..., k) 
are considered which are rational, integral, homogeneous, and linear 
in each of n sets of variables 



Oi, 


fflj, . 


•- dm, 


K 


h„ . 


., b^, 


K 


K.. 


•? f^un 



there being m variables in each set. The letters a, h, ..., k are 
employed, as the applications considered are mainly to concomitant 
types of quantics. The restriction that / is to be linear in the 
variables of each set does not in reality restrict the generality of the 
results obtained; for, if ^(a, 6, ...,^) be a function rational, integral. 
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homogeneous, and of degrees a, p, ..., k in the variables of the 
difEerent sets, we may obtain a function /, such that 

f(a^'\ a(% ..., a(-\ h^\ ..., b^'\ ..„ ^^"0 

and consider, instead of F, the function 

-— ^— — , {a('>a^*^ ... a(-)} {b^^^ ... V^^} ... {k^^^ ... k^}/, 

For, if we write 

a(^) = a(^) = ... = a, b^^^ = ... = h, ..., k^'^ = ... = A:, 

this becomes F once more. There is a fairly close connexion be- 
tween the theory of substitutional and of polar operators. Thus 
any function f (a, h, ..., k) oi n sets of variables, there being 
m variables in each set, which is homogeneous and linear in the 
variables of each set, and homogeneous and of degree a^ in the 
variables whose index is ^, for ail values of i from 1 up to m, may be 
expressed in the fonn 

/(a, b, ..., k) = Sa^;^ ... a;-) 6;^) ... 6^- ... k^-\ 

where iS is a substitutional operator with constant coefficients. This 
follows at once from § 1 ; for there is only one kind of term which 
can occur here. 

The operator H may be expressed as a substitutional operator 
thus : — ^We first suppose that H is to operate on a function homo- 
geneous and linear in the variables of each of n sets, there being 
n variables in each set ; then 



H=z I ab...k I 
But in this case 



da db dk 



ab ... k [. 



Al a. 

da db dk 



/={ab...k}7. 



For, if Aa^^b^^ ... A;^,^ be any term of /, the effect of both operators is 
zeix), unless all the indices • are different, and, if this is so, both 
operators give A \ ab .,, k \ as the result, the rule for determining 
the sign being the same in each case. 
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If / is still linear in the variables of each set, but the number of 
variables in a set is w, greater than the number n of sets, then H is 
still equivalent to {ab...k}', for, if Aa^ hJ...k^^^ be any term of/, then 

=[?! "A ...'.. 1 11^ at ■■•in- 



= \%bi,-hn, I 



^tti,-*i» 



I -^^i, • • • ^fm > 



for all terms of the S, except the one first quoted, give zero when 
operating on the term chosen. 

If m<w, H =0, and {ab ... k}'/= 0; for every term of / must 
contain at least two variables with the same indices. 

Now consider any function F homogeneous but no longer linear in 
the variables of each set, having n sets and m variables in each set. 
Then we form from F a function /, as shown above, such that we 
may consider, instead of F, 

P =— jf-— ^ {a("a(^J ... a(->} {b^'^ ... b^)} ... 

... {k(^) ... k^'^}/(a(^ a^\ ..., a^'^\ U'\ ..., ¥'^). 

Then, if 2^(1)5(1) jj.(i) ^e what H becomes when we write in it the sets 
a^^\ h^^\ ..., k^'^^ instead of the sets a,h,...,k, HF heoomeB 

a,.=a Pi=p Ki=K 

this last expression being = BF when we write 

a!'>=aW=... =a<-' = o, 
j(i)_5(2)_ _ _5W_5^ 

jt(l) _ ],(2) = _ = kM _ fc. 

as we have already seen ; hence in this case 

2 {a'-'>b"<'...k"*^}' 

O-ii Pit —I *» 

is the equivalent of H, 
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Now, in the sabstitational equivalent of 5" it is assumed that there 
is a substitutional operator 

{a^«aW... aW}{b(>> ... b^>} ... {k(» ...kW}, 

of definite form applied to the operand. The same operator may 
then be attached to this equivalent of H, without affecting the result 
except as regards a constant. .Hence we may write 

H = ^y-g|^— ^S {a'*'^b^'*^ ... k^**^}' {a^^^ ... ^^'^}{W ... V^'} ... {k(^..kW} 



alfi\..,Kl (a-l)!(/3-l)! ... (k-1)! 

X {a(^) ... aW}{b(») ... b(«} ... {k<^) ... k(->} 

X {SL^W^ ... k^'^Y{a.^' ... aW} {V^^ ... V^^ ... {k(^> ... kW}. 

For {a(^^ ... aW} {a^^^ V'^ ... k^^)}' {a^^> ... a^} 

= [ 1 4- (a^*^ a^^O + (a(^) a^^O + . . . + (a^^^ a^^O ] 

X {a^^J ... a^-)} |a(»^b(^^ ... k^^^}' {sS^^ ... a^-^} 
= (a-1) ! [1 + (at»>a(^0 + ... + (a^^^a^-^] W^^^'^ ... k^'^Vis.^'^ ... a^-^} 

= (a-l)!T{a^-*^b^^^ ...k^^^}{a^'^ ... a^*^}. 

Capelli has shown in the general case how a substitution may be 
expressed in terms of polar operators ; in the case of functions homo- 
geneous and linear in the variables of each set, the effect of a trans- 
position may be obtained thus, 

I>tal>atf(a, b, c, ...) = D^/(6, &, c, ...) = {ab}/(a, 6, c, ...); 

hence (ab)/(a, 6, c, ...) = (I>6„D«6— !)/(«, &, c, ...). 

Any other substitution operating on / may be expressed as a product 
of transpositions, and so as a function of polar operators. The con- 
verse theorem is also true ; for let D„f, be a polar operator, operating 
on a function F of degree a in the variables of the set a, and fi in 
those of the set h ; then we consider instead of F the function P 
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defined as above. The effect of the operator D„b on F is the same 
as that of 

on P. For each of the sets a^*\ a^^\ ..., a^'^ in P is in reality equi- 
valent to a, and each of the sets b^^\b^^\ ... equivalent to h. Since P 
does not contain h^^*^\ 

the right-hand side being no longer a function of a^^K 

Now, P is symmetric in the sets a^^\ ..., a^*^ ; hence the function 
(a(2)b(^*i^)P is the same as (a^^^b^^^^O P, except that a^'^ and a^''^ are 
interchanged ; hence the function DatF is equivalent to 

% {b(»)b'^^ ,.. h^'^^'n (a'-)b(^*»0^> 

which does not contain the set a^'\ In this the new set h^*^' may be 
replaced by the old set a^"^ by operating with (a^*^b^^*^^), and the 
result becomes 

where now a^'^ is to be regarded as equivalent to h. 

13. If T.,o^S{a,b,}'{a,b,}'...{aAr{bib,...b45 

and/3>0, T.,^= 5{a,b,}'{aA}'... {aA}' {a„-^,i ... a,.b, ... h„,} S, 

where 8 = {a,a3 ... a„}{b,b2 ... b„,}, 

then Ty^Q = -4^„ a^»4--4i^,j_i 2|^,»_i + ... +-4^o 2^n,o> 

if m <t w; but, if m<7i, the series must stop with ^,„,„-,„T,„,„.,„, and 
the coefficients A are given by 



""-'^ \ P I (m+iS + l)! • 



(m+/8 + l)! 

The theorem to be established is purely formal, an identity 
between certain substitutional expressions. 

When a<A<w — /3-hl, the expression 
^{aibj'lajbj}' ... {a.bj' (aA&i){a„_^^i ... a^bibg ... h,„}S 

= S (a;,b,) {aia^'jajbg}' ... {a.bj' {a„_^,i ... a^b^b^ ... b,„} S, 
for it is well known that, if s be any substitution, (a^bj) s (a^b,) is 
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the same as that substitation obtained from 8 by the interchange 
of af^ and bj ; and hence, if U be any snbstitutional expression, 

(a,b,)^^(a,bO = C^„ ^ 
the expression obtained from U by the interchange of % and h^ ; and 
^^"""^ E7(a,bO = (a»bOZ7.. 

Now, no one of the factors {ajb^}' ... {a.b.}'{a„_^^.i ...a^bjbj... b,„} 
contains either of the letters a^ or o^ ; hence 

^(aAb,) {a^HkYi^W ... {a.bj' {a,,.^^, ... a^b^bj ... b„.} S 

= S (a^bi) {aabj' ... {a.bj'{a,._^,i ... a^bibj ... b„.}{aia4;8 
= 0; 
for {a,a4'{aia2 ... a„} =0; 

and therefore 

^{aibj'la^bg}' ... {a.b^' (a^bj) {a„.^^i ... a^b^bj ... b^} S = 0. 
Hence 
2a.>9 = S l&ihiY {a^bj' ... {a,bj'{a„.^^.i ... anbibg ... b,,.} 8 

= fif{aibi}'...{a.b.}'[l + (a,._^+ia,..^^2) + (a„.^+ia„.^^3)+... 

+ (a...5^ia„) + (art_^+iti)+... + (a„-^*ib,«)] 
x{a„.^+2...a„biba... h^} 8 

= 5{a,bJ'...{aAK[/3+(a,._^.ib.,0 + ... + (a„-^.ib„.)] 
x{a„^tf^2...anb,bj ...b„,} 8 

= 8{&,h,y.,. {aA}'[-(m-a){a„.,,ib.,i}'+(m+/3~a)] 
x{a„.^^2 ... a,»b,ba ...h„,} 8 

therefore T^, = ^ T.,,.,+ J"^^^, r.,,,. 

By repeated application of this formula, we obtain 

-^ rp _i_ "^ rp 

m+1 m+1 
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except when i>m, in which case the series ends with -4„^,_„T„,,_„, ; 
* being supposed to be not greater than n, and the A' 8 being numerical 
coefl&cients. 

To find these coefficients a recurrence formula is obtained by pro- 
ceeding from the last line written down a step further. The co- 
efficient of Tj^i.j^i in this will be 

It follows from this that, if 



A — /a+/3\ m! (m-f l-»-/3— g) 



when a<ai, and also when a = Oj so long as P<fii, it is true when 
a = a, and /3 = /Sj. Henqe, on this hypothesis it is true whenever 
a<ai + l. But this form of -4^/9 is correct, as it is easy to verify, 
when a = 0, and also when /3 = and a<n-f 1. Hence it is true 
always when a<« -h 1. And the theorem is proved. 

14. As has been pointed out, the theorem just proved is merely a 
substitutional identity. If the two sides of the identity be made to 
operate on the same function, the results must be equal. This 
operand may be taken to be any function of m-f-n variables 

tti, Oj, ..., a,„ hj, &2, ..., &„, ; 
or else any function of m-f-n sets of variables 

^lj''^2,2j 1 ^,p> 

^«,1> ^n,2j > ^tifpy 

\u ^1,2j J ^l,|»j 



Om, l» 0„|^2> 1 ^, 



m,P> 



a substitution (aibi) interchanging two sets, just as in §§ 10 and 11 
a substitution on the functions there discussed interchanged two 
sets. In this case, as has been seen in § 11, when the operand F is 
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linear and homogeneous in the variables of each set, the expression 
{aibj}' is equivalent to H„^^i,^, where 



ir„.,,. = 2K,,6,,j 



9^1, i. 3&i,t. 



(1) Let us take for operand 

F=a^^a^^ ... an,&iytjy ... &«.y , 
where the factors of F are binary symbolical factors, thus 

Kj = ^. 12/1 + ^1,2 2/2- 

Then To!o^={aia,...a,.}{bjb,...b4{bi...b„.}{a^...a,.}{b,...b,}2^' 
= (niy(miyF. 

Denote by I) and A polar operators, such that, being homogeneous 
and of order 7i in a?i, x^, and homogeneous and of order m in y^, y^y 

^ ^ 3yi 92/2- 

^ \ da?! die/ 

also let n^ = — ( - — ^ l.-]\ 

'rnn \dxiOy^ Ox^^yJ 

these being the operators used by Clebsch {Binaren Formen, pp. 13, 
14, et seq.). 

Then B'-F = a,^a,^ ... a„^h,^h,^ ... &„.,, 

and the effect of operating with A"* on this function is to change it 
to the sum of all possible terms obtained from D^'F by writing y for 
X in 7n of its factors, divided by their number. But this is the 
same as 

Hence 

ro,„i^={ai...a„}{bi...b„,}{ai...a,.bi...b„.}{ai...a,.}{bi...b„Ji^ 
=^ (niy (miy {&,... a,,h,...K} F 
= (n\y (miy (m-hw) ! ^'''IrF. 

VOL. XXXTII. — NO. 746. K 
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Again, 

And A'"~^D'""^OFis equal to the sam of all possible terms obtained 
by substituting y for a? in m— 1 of the factors of each term of 
D^-^OF divided by their number 

= / ^.^ 9U — -S (a<6){ai...a..,ai,i...a„bi...b,.ib„.i...b,„} 

Hence 
T|,„.iF=S{aibJ'{a,...a«b,...6,„}/^^F 

= w! m!5jaib,}'{a2...a„b,...b,4a,^...a„^&,^...&,„j, 

= ti! m! ^{aibi}'[ma,^&ij^{aj...a,,b2...b„Ja2^...a«^&2v-^ 

+ (n - 1) tti 6j^ {a, . . . a„ bg . . . b„»} ag^ . . . «(«-!), ^Hy ^2„ • • • ^»»y ] 
= n!m! mS (oifti) C«y) {a^...a»b,..!b„,} a,^...a„^ &, ...ft^^, 
= (a;y) (w!)2 (m!)* (m4-n~2) ! mA""^D"'-^QF, 
Proceeding in the same way, 

n»j;.= iBzlMI«z:MJ2(<»^6,)(a,6,)...(a,6,)a,,,,...o,.,6,.,^...6„,, 

ml ti! "^ 

1 1 



{aia2...a,.}{bi...b„.}(ai&i)(aj6,)...(%6;^) 



(m+n— 2^)! m! w! 

x{a^+i...a„bA+i...b„.} a^+i,...an,feA+iy...^« 
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And hence 
'A.«-.i^=5{aibJ'{aAr...{a,b,K{a,.,...a,.b,...b4>^F 

where P contains the product ai^hi^ for some value of i between 1 and 
h inclusive, and hence is annihilated by the product {aibi]'... {a^b^}'; 
therefore 



= {xyf {n\y (m!)2 {m-\-n-^2h)l -- "%-- A'»-"i>'«-'*n'^i^; 

[m — Ji)l 

and hence ^a,«-a 2\, ,._a F 

= \^y) \ I. —7^ 1 — Tvr- (w-) (mir (m + ti— 2/i)! , ^--, 



/n\ / m\ 

= (w!?(m!)» \^/-A.f_Z (xyfA'"-''D"'-''n''F. 

[ • h ) 

Hence we obtain Grordan's series 



X A"*~^i)'""*12'*F 



F=I - (^i^i 



I h ) 



(aj2/)*A"»-'^D"-'^n'^i'', 



if n ^ m ; if 7i < m, the summation must be taken from h = to 
h = n, 

(2) Let jP' as before = a,^a2^...a„^6iy6j^...6,„j^, where the factors of 
F are now ternary symbolical factors, thus 

^Ix ~ ^1. 1 ^1 + ^, 2 ^i + ^1, 3 a^8- 

Then To^oF == {niy {m\f F, 

and Tcn^ = (n!)'(m!)»(m+n)! A^i)"»JP, 

K 2 
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just as when the factors of F were binary ; the definition of A and D 
being that, if ^ is a function homogeneous and of order n in x-^, x^^ x^^ 
and homogeneous and of order m in y^, y„ y„ then 






Let 1*1, «2» **8 t)e three quantities defined by 

Wj = a^,yi— aJi2/5, 

then o,x^y--(iyhje = (a&w) ; 

and, just as in the former case, 

X {aA^i...a,. b,,+i...b„.} »*+!,... a„^6/k+ij^... fe„,^ 

(?R — h) ! 

Let us now suppose that F = a"6y', and that we may write 
aj = ttj ==...:= a„ =: a, &j = 6j = . . . = 6,„ = &, 
after all the substitutional operations have been performed on F] then 

and, as in the case of Gordan's series, we obtain 



n 7 rn 



fi)(T) . 



if w ^ m ; if ?z < m, the summation must be' taken from h=zO to h = n. 
The same series may be established in exactly the same way if a^, 6^ 
are P'2iry symbolical factors, provided we write instead of (dbu) the 
difference a^hy—ayhj,. 
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(3) The series furnishes information concerning those functions F 
which satisfy the substitutional equations 

{aibib,...b4 JF'=0, 
[a,bib,...b«,} JP = 0, 

{a„bib,...b„.}JF' = 0. 

For in this case T^ ^ F = 0, provided /3 > 0. 
Hence 

n!(m!)'{a,a,...a.}{bA...b»}i^=2'o.,-F' = '^^r,..„2?' or = 
-^ ^ -' w + 1 

according as m-fl is or is not greater than n. When 7i is gi-eater 

than m, ^ ^r,, ,-i-r, /^ 

[aia, ... a„,^i] {b,b2 ... b,„j F = 0. 

15. Let the letters a^ a^, ..., a„ be arranged in any manner in 
horizontal rows, so that each row has its first letter in the same 
vertical column, its second letter in a second vertical column, and so 
on, and so that no row contains more letters than any row above it ; 
then form the substitutional expression 

such that r{ is the negative symmetric group of the letters of the 
first row, Fj that of the letters of the second row, and so on, T^ being 
that of the letters of the last row ; and that G^ is the positive 
symmetric group of the letters of the first column, G^ that of the 
letters of the second column, and so on, Gk being that of the letters 
of the last column (it being understood, in case a row or column con- 
tains only one letter, that the positive or negative symmetric group 
of a single letter is unity).. Then, if ^a^, 02, ..., a;^ l>e the sum of all 
expressions 8 formed as above from all possible tabular arrangements 
of the letters, so that there are Qj letters in the first row, 04 in the 
second, and so on, the a's satisfying 

and «! < cia < «8-- < «*, 

it is possible to uniquely determine numerical coefficients J-a,, a^ ..., a,, 
so that 



■*• — ^^o-u <*^i •••> <*^h ^°-u 02. ••.. o-h^ 
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where the 2 extends to all possible positive integral values of 
aj, CI,, ..., a/i which satisfy the two conditions just laid down, the 
number h of as not being fixed. 

Let us suppose the terms T to be arranged in order, so that 
^ai, 02, .... a;^ will come before Tp^, p^, ..., p^„ if ai<A. or if ai = /3i, but 
a2</32, or if tti = /3i, oj = )8j, ..., a^.i = /3i.i, but a<<|8,. 

Consider one of the expressions 8 of which Ta^, oa, ..., a^ is the sum, 
and the table of letters from which 8 is formed. Let N be the pro- 
duct of the negative symmetric groups of 8, and P the product of 
its positive symmetric groups, so that 

8 = NP. 

The degrees of the groups in N are a^, a^, ,.., a^ ; the degrees of 
the groups in P depend solely on these numbers, as may be seen from 
the table, for these groups are formed by the vertical columns in the 
table. Thus there are only h rows, so that there cannot be more 
than h elements in any column ; in the first a^ columns there are 
exactly h elements, since the number of letters a^^ in the last row is 
not greater than that in any row above. Next, there are a,^_l—a^ 
columns containing exactly ^—1 elements, and so on. Hence in P 
there are first a^j groups of degree h, then a^.i — Oj^ groups of degree 
h—1, and so on, there being n^ groups altogether. 

Let r' be any negative symmetric group which contains a pair of 
letters out of some one column in the table for 8 ; then PV = 0, for 
P contains this pair of letters in a positive symmetric group ; and 
always, as has been seen in § 10, 

{abcd...]{abc'd'...} =0. 

Again, if F be of degree greater than a,, then it must contain a pair 
of letters out of some one column in the table for 8, for there are 
only tti different columns. Hence, if the degree of F' is greater 
than a,, PF' = 0. 

Now, let 8i be one of the expressions of which Tp^,p^, ..., ^^, is the 
sum, where Tp^^ p^^ .,., p^^, is a term which comes after the term 
2\x„ 02, ..., a^i when these terms are arranged in order ; and let 

6', = N,P„ 

where N^ is the product of the negative symmetric groups of 8^ and 
P, that of the positive symmetric groups. Then 

PN, = 0. 
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For, if /3i > ttj, ^1 contains a negative symmetric group T' of degree 
greater than Oj ; and hence, as we have seen, 

Fr = 0, 

and therefore FN■^^ = 0. 

Now, since T^^^ p^, ..., ^,^, comes after Ta^, ou,, ..., a,^ then i8i>ai ; or ^j = a, 

and /33>aj ; or A = «!, A = ^2, ..., A-i = «<-b but /?,>ai. 

the degrees of the different groups being equal to their suffixes. 
Suppose that fi-^ = aj, and that T'^^ contains no pair of letters which 
occur in any one column of the table for 8 (otherwise FN^ = 0), and 
that/33>a2. Then r^'^ contains one letter belonging to each of the 
columns, that is, one letter belonging to each of the 13^ = a^ groups 
of P. We will for the moment suppress all these letters belonging to 
r^^. When this is done, let F become F\ ^i become N{ ; then P' and 
N{ are related in exactly the same way as P and Ni are. Thus there 
are only a^ groiips in F\ and a^ columns in the table which gives P', for 
one letter from each group or column has been suppressed, and thus 
Oi— ttg groups have gone altogether. But all the 0^ letters of 1'^^ occur 
hi the table for P' ; and, since 0^ > a^, some one of the a^ columns of P' 
must contain more than one of the letters of T^^ ; hence 

But P is obtained from P' by adding a^ new letters to its groups ; and 
hence, if one of the groups of P' has a pair of letters in common with 
r^^, the same is true for P ; and therefore 

and FN, = 0. 

The argument is exactly the same in the general case 

The letters of each of the groups T^^, T^^, ..., T^. are suppressed, it 
being supposed that 

pr.ri .:.ri 

PI P2 Pi-1 

does not vanish. Then, if P and N, become P' and N{, these products 
are related to each other in the same way as P and N,, and the 
necessary consequence of 0i > a^ becomes 

F'N{ = 0, 
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for there is a group in ^i which contains more letters than there are 
different colnmns in the table for P', and hence it must contain a pair 
of letters from the same colamn. Then P and N are obtained from 
P' and -^^1 by adding new letters and new groups ; but the letters in 
P' and ^1^ are left undisturbed. Hence, if 

then PN^ = 0. 

Hence, provided Tp^,^ ...,^y^, comes after Ta,, a,, ...,af^y when the terms 
are arranged in order, 

and hence PSi = PN^P^ = 0, 

and PTft.p,.....p,, = P.SS. = 0; 

therefore NP. T^,, p^ .... p,. = 0, 

and Ta„ a^ .... a, Tft. ft, .... p„ = itNP) Tp,. ft. .... p,, = 0. 

I^6t ^ai, ojb ..., af, represent the sum of all those substitutions of the 
group { 8*1 a, ... a,,} which are formed of h cycles of orders a,, a,, ..., a^ 
respectively. Then, from the way in which Ta,, o^, ..., a^^ is formed, 
viz., as the sum of the expressions obtained when the letters in the 
table are permuted in any way, but so that the number of letters in 
any row or column is unchanged, it follows that Ta^, oa, ..., a/^ is a 
function of the expressions tp^^ ^^ , ., ^j^, only. That is, if it contains 
any one substitution s multiplied by some constant, it contains every 
substitution similar to s multiplied by the same constant. Hence 

2^ai, as, .... a^ = ^ V, /Sg,. ..., ^h'^^i, Piy ..., ^/^o 

where the \'s are constants. 
Consider the coefficient of the identical substitution in the product 

rp rp ==z T^ 

-toi, oa, ..., a^ • J-ai, oq, ..., a/^ — -taj, a^ ..., a^^' 

To obtain it we have to multiply each term \s of the first T by the 
term X's"\ involving the inverse substitution, in the second factor. 
But every substitution is similar to its own inverse, and therefore, 
if 5 is a term of ^/3„/32, ...,j8/,/, s~^ is also a term of this expression. It 
follows from the form just found for Ta^, og, ..., af^ that the coefficients 
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of 8 and 8'^ are the same. Consequently the coefficient of the 
identical substitution in Tai, «„ ..., a^ is 

where fi is the number of different substitutions in the sum 

Now, every term of SftX^„/i2, ...,^;^, is essentially positive, for no 
unreal quantities can occur in the formation of T; this coefficient 
cannot then be zero. Consequently T;„ 03, ..., a^ does not vanish 
identically. 

We can now prove that no relation exists between the T's ; for, 
suppose that one such exists, of which the first term when the T's 
are arranged according to their proper order is XTa^, 04, ..., a^. Multiply 
this equation by Ta^, a^, ..., a^^ ; then every term but the first vanishes : 
for TT' = if T' comes after 1\ Hence 

X T'^ — . 

A-I.aj,a2, ..., af^ — V/ , 

and therefore, by what we have just proved, X = 0. Hence Taj, cu,, ....a,, 
cannot be the first term, and the relation is impossible. 

The expression <«!, a^..,aj^ has been defined as the sum of all the 
substitutions of the group {aia,...a„} which are formed of cycles 
whose orders are ai, a^, ..,ah respectively; if cycles order 1 are taken 
into consideration, the condition 

ai + as+.-.+a,, 

may be introduced. Further, the order of the a's in the suffixes of 
tai, aa, ..., a;^ is immaterial, so that they may be supposed to be in 
descending order of magnitude. Then ta^^ 03, ..., af^ thus defined depends 
on exactly the same numbers as Taj, a^ ..„ a^ ; hence there are the same 
number of expressions t as expressions T. Moreover, every T can be 
expressed in terms of the ^'s, and no relation can exist between the 
T's alone; so that we have the same number of independent linear 
equations as unknown quantities ^ai, ou,, ..., a;^. It is then possible to 
solve ; hence in general 

tai, 05, ..., af^ = S/A^i, /Sj, ..., /3^, . T/5„ ^3, ..., /j^, , 

where fi is numerical ; and therefore in particular 

1 = ^1, 1, 1, ..., 1 = S-4ai, 03, ..., ttA • ^ai, oa, ..., ay 
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16. For w = 2, 3, 4, the work of finding the coefficients of the 
series by direct calculation is not too laborious : the results are 

n = 2, l = |{aiaj-h^{a,a,}'; 

^ = 3' 1 = 3T {aia^aa} + -^ 2 {aiaj'laiaj} + — {&,a.i&^Y ; 

^ = ^' 1 = 41 ^^1^**^*} "^ 32 ^ ^^^'^' {ajaga^} 

+ 3g 2 {aia^l'lasaj' {ajaJlaiaJ 

+ 32 2{9'ia2aJ'{a5aJ + — {a^ajajaj'. 

It is worthy of remark too that, if N be the product of the 
negative and P that of the positive symmetric groups of one of the 
expressions of which T is the sum, then 

r = SJVP = 2PJ^. 

For T = ^NP = \1,PNP = 1,PN, 

since PNP is equal to a numerical multiple of 

(2i\^) P, 

where 2^ is the sum of the different expressions obtained from N by 
operating on J^/^ with all the substitutions of P; for it was shown in 
§ 10 that, if S [aib^bj ... b,„] is any substitutional expression affecting 
the letters aj, 61, h^, ..., &,„, 

{aiaj... a„} S [ajbi ... b,„] {ai ... a„} 

= (n-l)![28[a„b„...bj]{a,...a,.}, 

the result stated here being an extension of this. In the same way, 
PNP is the same multiple of 

P (SiV^). 

It is easy now to show that, if T and T' be any two different terms 
of the sum of § 15, then 

T,r = 0. 

For, let T = 2 NP, T = IN'F ; 

then, if T comes before T' in the series, it has been shown already 
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Suppose, then, that T comes after T' ; then 

= [2PAT [SP'JV] ; 
but in this case 

hence TT = 0, 

whenever T and T' are different. 
Multiply now the series of § 16 by 

T 
we then obtain Ta^, «„ ..., a,^ = Aa,, «», ..., a^. 2"^, o^, ... a^- 

17. The theorem of § 15, like that of § 13, is purely a substitutional 
identity; algebraic theorems may be deduced from it by suitably 
choosing the operand. 

(1) CapelWs Theorem. — Let the operand be the function 
f (oj, ttg, . . . , a„) of the n sets of variables 

^2, 1> ^2,2» •••» ^2,»nj 



^M, 1> ^J 



'n, 2? • • • J "'tt, Mij 



homogeneous and linear in the m variables of each set, such as was 

under discussion in § 12. 

Let {aiag ... a.} be the positive symmetric group of a of the sets ; 

then , . . 

{ajaj ... a.}/ (%, aj, ..., a„) 

may' be obtained by means of polar operations only from the function 

/(»!, tti, ..., ai, a,+i, a^+2, ••., ««)• 

For, if Xa,,,.^ a2,r. ... ««,».«..], r.+i ... a«,r„ be any term of ^, then 

{aiaj ... aj Xai,,.^a2,r, ... aa,r. ... «»,»•„ 

= D«^o, D„,^3 ... I)„^„^\ O], ,.^ aj, ,.,... 0-1, r^ a.^1,^^^1 . . . a,,, ,.„, 
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where D,p is Capelli's operator 

Hence {a^a, ... aJ/= D„^,,i)«,„. ... !>«,«. i>..,,-D.... ... Da^aJ^ 

And in the same way, if P be the product of /3 positive symmetric 
groups no two of which contain the same letter, and which between 
them contain all the letters Oi^cLi, ..., a^, groups of degree unity being 
taken into account, then Pf is a function which may be obtained by 
means of polar operations only from a function f^ which contains 
only /3 variables, and /j is obtainable by means of polar operations 
only from/. 

Again, it was shown in § 12 that 

{aia3...aJ7 = ^aia,...aJ. 
Hence T,,, a,. ..., a J = Slfa.Ha, ... Ha, A/ 

= :iAHa,Ha,,..HaJ, 

where, if T=1,NP, 

H.^ is that H which affects the letters contained in the negative 
symmetric group degree a^ of N, H^ that which affects the letters 
of the group degree Oj, and so on, and where A is the polar opera- 
tion corresponding to P the form of which we have shown how to 
find. 

If it is required to expand a function F {x, y, ..., u) of m sets of 
variables, there being m variables in each set, which is homogeneous 
but not linear in the variables of the different sets, we may obtain 
from this a function 

/(«!, ^2, ..., a«) 

homogeneous and linear in the variables of each of n sets, there being 
m variables in each set, such that, when we put 

tti = ag = ... = a^, = X, a^^^i = ... =: a^ = y , a„ = u, 

/becomes F; this was shown in §12. Now, / may be expanded as 
we have just seen ; in the result, the variables of F may be sub- 
stituted for those of/, and the expansion becomes that for F. This 
expansion is the same as that obtained by Capelli, and quoted in § 10. 
For, if Oi<m, the function Ta^, a^, ..., a,^f may be obtained from f^ by 
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means of polar operators only, where /j is a function of a^ sets of 
variables, obtained from / hy means of polar operators only. If 
«i>m, then j? _ n 

And, if tti = a, = ... = «< = m, a,+i <m, then Tai, a^ ..., a;^ / gives rise 
to a term | xy ... u\* <p^ where 9 is a function obtained from a func- 
tion of not more than m— 1 variables by means of polar operations 
only, which is itself to be obtained by means of polar and O opera- 
tions only from either/ or F. For, in the expression P, where 

there are only 0^+1 groups which affect the letters of 

Ha, Ha,... 12a,/, 

where by 0. is understood the O operator which affects the letters 
contained in H,. 

The expansion might otherwise be obtained, viz., by considering 
the function 

F=a,^a,^...a^^^a^^,,^...a,,,, 

where the factors of / are m-ary symbolical factors, and then pro- 
ceeding in a similar manner to that in which Grordan's series was. 
obtained in § 14. 

(2) Peano's Theorem.* — Starting from Capelli's theorem, Peano has 
proved the following : — " The complete system of concomitants for 
any number of binary «-ics may be obtained from that for n n-ics by 
polarization alone ; with the one possible exception of that invariant 
which is the determinant of n + 1 rows formed by the coefficients 
of n-\-l n-ics.*' He then deduced that the number of concomitant 
types of a binary n-ic is finite ; and proceeded to find the types for a 
binary cubic, showing that they all give irreducible forms for two 
cubics because the invariant determinant type referred to above is 
reducible for the cubic. I have quoted his results for the cubic in 
my paper, already referred to, on " The Irreducible Concomitants of 
any Number of Binary Quartics." Peano's theorem may be deduced 

* Atti di Torino, t. xvn., p. 580. 
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directly from that of § 15 : — Let ^ be a type of a binary m-ic of 
degree n, linear in the coefficients of each of n m-ics ; then 

-^ = 2-^ai, oa, ..,, a}^ • -^aj, o^, ..., ay^ -^ • 

If ai>m+l, Ta,,a2,...,a,l^ = 0; if ai = m4-l, Ta,, a,, .... aj, F is the 
snm of terms each one of which has for a factor the determinant of 
m + 1 rows formed from the coefficients of m-\-l of the 7M-ics, and is 
in consequence reducible. If a, <m -1-1, then 

where P is the product of a^ positive symmetric groups, no two of 
which contain a common element, and which between them contain 
all the letters a^, aj, ..., a„; it being possible that one or more of 
these groups is of degree unity. In this case PNF is a function 
obtained by polarization from a function F^ of only a^ sets of 
variables, where Fi is a function obtained by polarization from F, as 
has been proved already. Hence Ta^ og, ...,a^F is reducible, unless F 
gives an irreducible concomitant for a^ m-ics ; for concomitants 
obtained by polarization from reducible concomitants are themselves 
reducible. Hence, if i'^ is a type of a binary m-ic, which gives no 
irreducible concomitant for m m-ics, it is reducible, unless F is the 
determinant of m-f-1 rows formed by the coefficients of m-f-1 of the 
m-ics. Now, if a, = m, then 

Ta^, ai, .... a^ -^ = [S^./S,] F, 

where T^^ is the negative symmetric group degree aj in each of the 
expressions F^^ Si of which T is the sum. But it has been shown, 
§ 8, that, if ^ be a concomitant type of a binary m-ic, and if 
{aj, Og, ..., a^}' be the negative symmetric group of the letters 
Oj, Og, ..., a„„ each letter referring to a different quantic, then 

{aia2...a«}'<>= | a^a^ ... a„,Q \ , 

where Q refers to the coefficients of a concomitant type of order m, 
viz., (Qo, Qi, ..., Qwjaa, x^y\ Hence, as T^ is a negative symmetric 
^oup degree aj = m, in this case 

And it follows that every rational integral concomitant of any 
number of m-ics can be expressed as a sum of terms each of which 
is a product of concomitants of types which give irreducible forms 
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for m— 1 m-ics, and of types of the form 

I a^a^ ... ctmQ I , 

where (Q^, Qi, ..., Q„,][a;i, x^)*" is a covaiiant type order ???. If 
I ttj, ttj, ..., a,„+i I is reducible as in the case of the cubic, it follows 
at once that | Oia^... a„^Q \ is reducible; and hence that all types 
which give no irreducible form for m — 1 m-ics are reducible. 
, Similar results follow for ternary forms, and, in fact, for forms 
with any number of variables. Thus, for types of the ternary m-ic, 
we suppose, as before, that each letter refers to one m-ic, and that 
the coefficients of the m-ic a^ are 

Thus we are dealing in reality with functions of n sets of variables, 
there being ^ (m4-l)(m-l-2) variables in each set. Every type 
which gives no irreducible concomitant for ^ (m+l)(m+2) — 1 
m-ics is reducible, with the single exception of the determinant of 
^(mH-l)(m + 2) rows formed by the coefficients of this number 
of m-ics. 

Moreover, the proof has nothing to do with the fact that the func- 
tions are invariant ; except that none of the operations employed 
destroy the property of invariance. Similar results might be deduced 
for other kinds of algebraic functions. 

Again, if -F = be a syzygy between types of a binary m-ic, then 
eveiy term of VF vanishes when F' is a negative symmetric group 
of degree greater than m4- 1. Hence, expanding F by the theorem of 
§ 15, it follows that every syzjgy between types must give at least 
one syzygy, when not more than m-f 1 m-ics are under discussion, 
which does not reduce to a mere identity ; with the exception of 
syzygies which are wholly due to the fact that 

TQ=0, 

where T' is a negative symmetric group degree greater than m + 1, 
and Q is any prodacfc of m-ic types. For, suppose that F =0 is a 
syzygy which always reduces to an identity when less than m-f 2 
binary m-ics are under discussion; then, if «i<m4-2, each of the 

is identically zero. Further, if Oj > m-f 1, each of the terms 

T F 

is zero, being the sum of terms such as VQ mentioned above. Hence 
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F, which is = 2-4a„ ...,^;^. rai,...,a7, -^, is the sam of such terras, and 
i'' = is a syzygj of that natare. As an example of a syzygy of this 
nature we have that between quadratic invariant types 

[a6] = a^ 62 -f ttj 6,, — 2ai 6i , 

viz., {bdfh}' [ahjcd] [e/] [gh] = 0. 

(3) To find the system of concomitants for r binary w-ics. Let F 
be any type, then, if V^+i be any negative symmetric group degree 
r+l, of the letters Oi, a^, ..., a,„ 

for there are not more than r different qu antics represented by the 
letters, so that amongst r+l letters at least two must refer to some 
one quantic. This is necessary ; it is also sufficient, for 

F = 2-4ai, ..., a;, 'Ta^, ..., a;, ^, 

and, if cij > r„ Ta,, .... a,, -^ = ; 

but, if Oj is equal to or less than r, the term is obtainable by 
polarization from a concomitant of not more than r m-ics. Hence 
in this case we take the ordinary relations for the type F, coupled 
with all possible equations of the form 

r;,,F=o. 

(4) The complete solution of the simultaneous system of equations 

t:.,,f=b, 

where r,'.+i is any negative symmetric group of degree r+1, of the 
letters a,, a.^, ..., a„, and there is one equation for every combination 
of these letters r-hl at a time, is 

F^^O,G,„.GJ-hB\ y<r-i^l, 

where G^, G^, ..., G^. are positive symmetric groups no two of which 
have a common letter, but which between them contain all the 
n letters, and B' is a function obtained from the J^'s by means of 
substitutions alone. This is evidently a solution, for, provided that 
B' is chosen so that 

it satisfies each of the equations. Moreover 

J^ = ^-^tti, 02, ..., Oft • -^aj, 02, ..., a-f^-tf, 



Digitized by VjOOQ IC 



1900.] Quantitative Substitutional Analysis. 145 

and Tai, fluj, ..., a;i^= -Rij if ai>^» where R^ is obtained in a definite 
manner from the given functions 7?, since Ta^, oa, ..., a^ = 2P.^, where 
N contains as a factor a negative symmetric group degree a^ And 
further, if n^ ^ r^, rp _ v j>tst 

-ttti, og, ..., a;^ — ^xrx\, 

where P = G,G^...G,, 

V being <r4-l, and the groups (ti, G^, ..., (5^, having the character 
laid down above. The solution is then the complete one, and we see 
further that, in each term of the sum ^G^G.^ ... (r,/, / is such that it 
may be obtained from F by means of the operation of the product N 
of certain definite negative symmetric groups. 

Conversely, the complete solution of all possible equations of the 

^"^^ G,G,...G^F=B, v<r + l, 

wh^e the groups Gi, Gj, ..., G^ are positive symmetric groups, no 
two of which contain a common letter, and which between them con- 
tain all the letters o^i, aj* •••» <*h> is 

where F^^j is a negative symmetric group degree r+l, and B' a 
function obtained from the B's by means of substitutions alone ; and, 
further, the / for each term may be obtained from F by means of 
substitutions alone. 

(5) In exactly the same way it may be shown that, if (r^+i is a 
positive symmetric group degree r-fl, the solution of all possible 
equations of the form 

Gr^^F = B 

is jP = 2r;r^,.r:/-fE', v<r+i. 

(6) Suppose that Gr is the alternating group of certain r letters, 
that Gr^ is the positive symmetric group of the same letters, and 
that Gf^ is the negative symmetric group. Then, if 

GrF=:0, 

it follows that Gr^F=0 and G^r^F=0. 

For, if a and h are any two letters affected by G,., then 

Gi"=[l + (ab)]G, 

and Of =[l-(ab)]a• 

voL. XXXIII. — NO. 747. L r^ I 
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Consider, then, the simaltaneous system of equations 

where the r letters affected by (?,. are chosen in any manner from the 
letters a,, a,, ..., a„, there being one equation for each combination 
of these letters r at a time ; then 

and all terms of this expansion vanish in which T possesses either 
positive or negative symmetric groups of degree > r. Hence, if 

is not zero, «i<r and liKr; for a, is the degree of the greatest 
negative symmetric group, and h that of the greatest positive 
symmetric group contained in T. Now 

and hence »i = ai + a._, •+-... + «* I^ feoi; 

and therefore, in order that both h and a^ may be < r, we must have 

n> (r-1). 
If therefore n> (7- — 1)', every term 



T F 



is zero, and F itself is zero. 
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In a series of memoirs published in the Berliner Sitzungshertchte 
("Uber aruppencharaktere," 1896, pp. 985-1021 ; " Ober die Prim- 
factoren der Gruppendeterminante," 1896, pp. 1343-1382 ; and 
others) Herr Frobenius has developed a theory of group-character- 
istics which must have a far-reaching importance in connexion with 
groups of finite order. For Abelian groups, an admirable account 
of the theory will be found in the second volume of Herr Webei^'s 
Lehrhuch der Algebra. The extension of the theory to non- 
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Abelian groups, is, however, quite a new departure. The present 
paper has been written with the intention of introducing this new 
development in the theory of groups of finite order to English readers. 
It is not original, as the results arrived at are, with one or two slight 
exceptions, due to Herr Frobenius. The modes of proof, however, are, 
in general, quite distinct from thbse used by Herr Frobenius. It will 
facilitate the reading of the paper to state what a group-characteristic, 
or, rather, a set pf group-characteristics, actually is ; though this state- 
ment is not, in fact, taken as the starting-point of the theory. 

A group of finite order g is said to be represented as an irreducible 
group of linear substitutions on m variables when g is simply or 
multiply isomorphic with the group 'bf linear substitutions, and when it 
is impossible to choose m (<m) linear functions of the variables which 
are transformed among themselves by every operation of the group. 
Any two conjugate operations of the group when brought to canonical 
form have the same multipliers. The sum of these multipliers is 
called the characteristic of the set of conjugate operations, or of any one 
of them, for the mode of representing the group in question ; and the 
characteristics of the different sets of conjugate operations for one and 
the same mode of representation are called a set of characteristics. If 
g is multiply isomorphic with the group of linear substitutions, every 
operation of the self -conjugate sub-group of g which corresponds to 
the identical operation of the group of linear substitutions has m 
(the number of variables) for its characteristic. In particular every 
group is multiply isomorphic with the group 

£C' = £C, 

constituted by the identical operation only ; so that among the 
sets of characteristics of any group there is always one set in which 
each characteristic is unity. 

1. Let ^i(=l), ^„..., ^« 

be the operations of a group g of finite order n. Also let r be the 
number of distinct conjugate sets of operations contained in the 
group, and hi(=l), h^, ..,, h,. the number of operations in each set, 

The first set consists of the identical operation only. Represent by 
d the totality of the operations of the i-th conjugate set, each opera- 
tion taken once. The product 

Ci Gj 
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consists of hihj operations of g, whicli are not in general all distinct. 

^^^^® S-'CiCj8 = C,Gj, 

whatever operation S may be of g, the hihj operations of GiGj can be 
divided into a number of conjugate sets. Hence we may write 

o,Q = Tc,,o„ (1) 

where each coefficient c^, is a positive integer or zero.« 
If Bj is any operation of (7,, then 

B/G,Uj=C, 

or GiBj = BjGi. 

Hence G^G = (7,(7, 

and Cij, = Cji,. 

Again, the product GiGjGk is shewn in a similar manner to be 
independent of the sequence of its factors. But 

Gi Gj (7* = 2 Cij, GtGk=- 2 c^,c,ut Gf 

» »,t 

Hence, for each t, the symbol 5 Cy,c,« 

< 

is independent of permutations of i, j, and k. If GtEj contains r 
operations of the s-th set, so also does Gi Bj, where Bj is any other 
operation of the j-th set. Hence the number of operations of the s-th 
set in Gi Gj is a multiple of hj and also of hi. This number, however^ 
is Cy,^, ; so that Cij,h, is equal to or is a multiple of the L.C.M. of hi 
andV The equation hih, = ^c^,h, 

8 

expresses that the number of operations on either side of equation (1) 
is the same. If E., E„ ..., Ea, 

are the operations of the i-th set, then 

B{\ B2\ ..., Bj^^ 

constitute a conjugate set. This is called the invense set of the 
previous one. These two sets may be identical, in which case the 
i-th set is called a self -inverse- set. In any case the index of the in- 
verse set of the i-th. set will be represented by i; so that the i-th and 
i'-th sets are inverse, wliile i and i' are the same for a self -inverse set. 
The number of operations in two inverse sets is obviously the same i 
so that j^^ ^ ;^., 
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With this notation, it follows at once from the definition of r.y, that 

and c^j,h, = Ci^j^hj. 

A group of even order necessarily has self-inverse conjugate sets, 
in addition to that constituted by the identical operation alone, since 
an operation of order 2 is the same as its inverse. 

2. Let X = ^XtSfi X = ^x'tSt, x = %Xt8u 

where a;,, «<, Xt are variables, and the symbols ^t are subject only to 
the multiplication table of the gix)up gr. The product xx is another 
definite expression of the same form as x or a?'. If this is x\ then 

Xt = 2,XiXi, 

where the summation is extended to all suffixes such that 

Hence, if the suffixes of the oj's combine according to the same laws 
as the operations of gr, so that 

when SpSq = /S^„ 

then x'i = '%x\.-\Xi (^ = 1, 2, ..., w) 

are the conditions that x' should equal xx. These are the finite 
equations of the continuous group (r, considered in § 2 of my second 
paper " On the Continuous Group defined by any given Group of 
Finite Order" {Troc. Lond, Math. 8oc. , Vol. xxix., pp. 555 e^ se^.). 
It is there shewn that the sub-group H, constituted of the self- 
conjugate operations of G, arises by making 

Xp ^^ Xqy 

if 8p and Sg are conjugate operations of g ; and that, if 

^p ^^ ^«j 

when 8p belongs to the s-th conjugate set of g, then the characteristic 
determinant of H is of the form 

II (^ + f 1 + <^i2 e.2 + . . . + a.v e,.)'** , 

where the r expressions 

ei-f-a,2e3+...+a,,e,. {t = 1, 2, ..., r) 

or, in other words, the r multipliers of H, are linearly independent. 
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The parameter group of H will be the linear homogeneous group in r 
variables which results by making 

X^f — Xq^ Xp — Xq^ Xp — Xq , 

when Sp and 8q are conjugate operations of g. With this limitation, 
X, X, x' become e, c', e", where 

and e" = e'e = ec', 

if SC^O* = 2 €p€qGpGq = 2 Cpqt€p€qGt 

t Pf9 p,q,t 

or if ^ €'/ = 2 €p€qCpqt (^ = 1, 2, ..., t). 

The linear homogeneous group in r variables given by these equations 
has therefore the r lineai'ly independent invariants 

Cj-f a.2ej f ... -f-a„er (i = 1, 2, ..., r). 

I introduce now the notation used by Herr Frobenius, and write* 

so that the invariants of the gioup of the c's are 

2^,X;^ (^ = l,2, ...,r). 

The r quantities xi» Xa* •••» x' 

are called by Herr Frobenius a set of group-characteristics (Gruppen- 
charaJctere), and there are r such sets corresponding to the r values of 
thtJ upper index. 

^ intinit^flflMjpperators of the group of the e's are 

Ej^:^c,^.,^ (i = l,2, ...,r); 
le group, then 

the upper suffix and representing by 

iTXa» -'■> Xr 
, ^h.Xu^i is an invariant of the group. 

, but iti u»*ed to avoid a double suffix. 

} 
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But Ej 2 A, X* «* = S c^, h,x, €.• = Kj S h,x. €., 

and, therefore, comparing the coefficients of Ci, 

a 

Now, from its definition, Cy, is zero, unless 8 = j, and c^, is unity. Hence 

fyXi = ^Xj^ 
80 that hjXj S ^.x**« = Xi 2 Cy, A,X«*« 5 

and, therefore, equating coefficients of e*, 

hKx'jXi = x{^c^J^X CO 

is true for all values of j, Jc, and *. These equations are homogeneous 
in the x's, and the coefficients are integers depending on the multi- 
plication table of the group. Moreover, if for a moment we write 

— r ~ '^■'■» 

the form of the equations is 

which is identical with that of equations (i) of § 1 giving the product 
of the conjugate sets. It is then an immediate consequence of what 
has been proved that, if in equations (i) of § 1 the O's be regarded as 
symbols of quantity, the equations admit exactly r sets of solutions,* 
and that these solutions are linearly independent. Consider now the in- 
finitesimal operation 2x-/^j. We have 

*.. x; ^«* 
= ^s^*x;e,2x;,|-. 

Xj * * de. 

This operator, therefore, either annihilates a linear function of the 
e's, or changes it into a multiple of 2 ^^XA^jk- 

♦ In fact, if there were more than r solutions, H would have more than r 
inyariants. 
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or 



Hence, if j is different from i, 



(ii) 



Since the r invariants are linearly independent, the determinant 



Xi» X'jj 



xJ . 



Xi> Xv' •••» X,. 



Xi» X'i} •••» Xr 

of the x's is not zero. Hence, from the equations (ii), it follows that 
the r quantities ^^^^ (^ ^ ^^ 2, ..., r) 

are proportional to the minors of the r terms 

Xl («=1,2, ...,r) 
in the 2-th line of the determinant* If the ratio is yj, so that 

where X^ is the minor of \) in X, the determinant of the x's, then 

x = riX}xl + y2XiXi + -.- + y,XiXi» 
= ViXlx2 + VjXiX2+--+'yrX;'x;» 



= 7iXlXr+r2x'iX'+--+nxX- 

Another similar set of equations is obtained by considering the char- 
acteristic determinant of G. In the undeveloped form (loc. cit., p. 656) 
each term in the leading diagonal is X+^i ; so that when expanded in 
descending powers of X it has the form - 

X"4-nci\**"^-i- terms in X'*'*, &e. 
On the other hand, the characteristic determinant is 

n x+A ^hx^r- = ^"+x"-'2e.x;x:+.- • 



Hence 



^ = xlxl+XiXi+...+xX' 

o = x;x;+x!x:+...+x;x;. 



o = x;x:+x;xH...+x;x:. 
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Comparing these equations with the preceding set, it follows that 





71 = rj= ••• -yr = 


X 

n 










and that the minor 


of xi in X is 












The determinant whose elements are the first 


minors 


of X 


is 


X->; 


and therefore 


X'=(-l)*-^, 













where k is the number of pairs of inverse sets. 

Since — ^ Xx^, is the minor of x^ in the determinant of the x's, the 

following systems of relations hold among the group-characteristics, 
viz., 






2^.xixi, = (i^i), (iv) 



i = r 



SxlxL =f, (v) 

t-i 

These relations are capable of being presented in a slightly different 
form. Among the invariants of the group of the c's the function 
2^,xi'€« must occur. In fact, 

^y-2A.X>. = S<',Axk 

h * 

Hence there must be a set of characteristics 
Xj» Tfy •••> X«» •••' Xr' 
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which are proportional, t6nn for term, to 

Xi» X'i'' •••» Xif'» •••' X/^ > 
and, since n = 2 fe,X]()d. = 2 A^jdxi > 

k k 

the two sets must be equal terra for term. If 

x: = x; 

for each s, the two sets are the same. Such a set is called a self- 
inverse set. If, however, the relation 

x;=x^ 

does not hold for all suffixes s, the two sets of characteristics are 
distinct. They are called inverse sets, and will always be represented 
by Upper suffixes i and i\ so that 

x:=x:: 
aiid xi. =x:'- 

Witt this notation, equations (iii) — (ri) may be written in the 
alternative forms : — 

!2>.xix;=o (i^o, (iv)' 



km\ 






(-1 



A.' 



'^k 



Sxixl' =0 di^h). (yi)' 

3. Returning now to the continuous group (r, it is shown (loc. cit., 
p. 560) that its characteristic determinant 2) is expressible in the form 

i-r i 

»-l * 

where Pi is an irreducible homogeneous functiot of ^+yi, y^, ..., y„ 
of degree x* > ^-^d that to each irreducible factor P, of D there corre- 
sponds an irreducible component of O in Xj variables of which P, is 
the characteristic determinant. Moreover, *;he n operations of this 
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irreducible component of G, given by 

2/1 = 2/2 = ••• = y-i = 2/-+1 = ... = 2/« = ^1 2/« = 1 

(s = 1, 2, ..., 71), 

constitute an irreducible group y of finite order in the x variables, 
with which g is simply or multiply isomorphic. The leading term 

in Pi written in descending powers of X + ^i is (A. + y,)'^i, and we may 
write 

a -2 

The characteristic equation of the operation of y which corresponds to 

2/1 = .- = y-i = 2/»+i = ••• = 2/n = 0, y,= l 

is therefore = \^i-t- 6,\^'"^ + .- , 

and hence h, is the sum of the multipliers of this operation. Now 
two conjugate operations have necessarily the same multipliers. 
Heiice, if Sp and 8q are conjugate operations of g, then 

h^ = hg- 

If, now, in P„ y^ is replaced by €< when Sp belongs to the ^-th con- 
jugate set in g, then (lac. cit., p. 501) P, becomes 

On tte other hand, P( may then be written 

tm'l 

where ht is the common value of the 6's which occur in connexion 
with these y's that correspond to operations of the ^-th conjugate set. 
Comparing these two expressions for Pj, it follows that xj is the sum 
of the multipliers of any one of the «-th set of conjugate operations of 
^, when represented as an irreducible group in xj variables of the form 
under consideration. Hence, if m is the order of the operations of the 
5-th set, then xj is the sum of x* ^-th roots of unity. 

Moreover, the r sets of characteristics give the sums of the multi- 
pliers of the operations of g for the r distinct irreducible groups 
that correspond to the r distinct irreducible factors of 2) ; and (loc. 
Ci^., p. 565), conversely, the sums of the multipliers of any irreducible 
representation of g are given by one of the sets of characteristics. 



/ 
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To the factor ^ + yi + 2/2+... + 2/« 

of D there corresponds the set of characteristics each of which is 
unity. This will be taken as 

Xi» X'i^ •••» X*-' 

If w, <o\ w", ... are the multipliers of 8 in any representation of the 
group, then a;"\ w'"^, ^'^ "\ .•• are the multipliers of 8'^, Hence xl 
and xi' are either real and equal, or they are conjugate imaginaries. 
Eaoh of the members of a self -inverse set of characteristics is there- 
fore real, while corresponding members of two inverse sets are either 
real and equal or are conjugate imaginaries. 

Every group-characteristic, being a sum of roots of unity, is an 
algebraic integer, while the Xi'^ are real positive integers. . Now 
equation (i) of § 2 becomes in a particular case 

= x$sc^„\x: 

and, summing each side with respect to k, 

Hence — j is an algebraic integer, and, being a rational number, it 

must be a real integer. If, then, a group of order w can be represented 
as an irreducible group of linear substitutions in m variables, m must 
be a factor of n. 

From equation (i) of § 2 an equation may be derived whose roots 
are the r values of (x*)*- Thus 

gives Kxi'^xK' = x; 2 %^x;x^, 

= (x;)'Sc^.c^,,x;. 

Therefore, samming with respect to q. 
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There are r distinct equations of this form, con-esponding to the 
r values of p, whatever i may be. Hence, on eliminating the ratios 
of Xj, X*- •••> X*' ^^ equation of the r-th degree for (x*)^ results. 

4. The characteristics of a group may often be classified in sets. 
more extensive than those given by pairing inverse sets. Each of the 
r characteristics of a set being a sum of roots of unity, there must 
exist, unless the characteristics are all rational, and therefore in-' 
tegral, some algebraic integer o satisfying an irreducible equation with 
rational coefficients, in terms of which each of the characteristics of a. 
set can be rationally expressed. If P is the irreducible factor of the 
determinant D, which corresponds to the set of characteristics, some at 
least of the coefficients in P are rational functions of a. I^ow the 
coefficients in D are rational integers. Hence, if P becomes P' when 
a is replaced by any other root a of the irreducible equation which it 
satisfies, P' must be a factor of D. This is equivalent to the statement 
that, if 

Xi» X2> •••» Xr 

become Xi'» X2» •••» Xn 

when a is replaced by a\ then this latter set of quantities is a set of 
group-characteristics. The number of sets of characteristics in such a. 
system is clearly equal to, or is a factor of, the degi'ee of the equation 
satisfied by a.* 

The considerations thus applied to a set of characteristics may also 
be used in connexion with the coefficients of the individual sub- 
stitutions of any group of linear substitutions of finite order. In the 
most general case these can be e;xpressed as rational functions of somo 
algebraic integer a, satisfying an irreducible equation with rational 
coefficients, and of a finite number of arbitrary constants. f li A,B, O 
are any three substitutions of the group, such that 

AB= G, 

and, if A\ B', and C" are the three substitutions that arise on replacing 



* In fact, a is a cyclotomic function, and therefore the order of the group of the 
equation it Katisfies is equal to its degree. 

t That puch constants may occur will be evident from a simple instance. Thus, 
the group generated by 

a/ = coXy i/ = «2y, zf = w^z, and a?' = ay, y' = fiz, t! = ~ x, 
w^'^'e a>^ = I is a group of order 21. 



/ 
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a by a', any other root of the equation for a, then, because the equa- 
tion is irreducible, 

A'B' = C. 

Hence, the original group and the new group that arises on replacing 
a by a' in all the coefficients are simply isomorphic in such a way that 
A and A' are corresponding operations. 

Suppose, in particular, that the group is an irreducible group ex- 
pressed in such a form that one of its substitutions of S of order m is 
in canonical form. If bi is a primitive m-th root of unity, the co- 
efficients in S are powers of w. Hence, if w is replaced by any other 
primitive m-th root w' in all the substitutions, the group is re- 
presented as simply isomorphic with itself. If in the original form 



are the multipliers of 8, then, in the new form 

are its multipliers. Unless the m-th roots contained in these two series 
are the same, the second form of the group cannot be the result of 
transforming the first form ; so that the characteiistic 

belongs to a distinct set of characteiistics from 

X = cu'' + a>*+... 

though in particular cases x and x' niay be equal to each other. For 
instance, if )S is a substitution of order 9, and if, o> being a primitive 
ninth root of unity, the group has a set of characteristics for which 
Xi is 3 and the characteristic of /S is 

X == w-f w*-|-w' = 0, 

then the group must have a second set of characteristics in which 
Xi is 3 and the characteristic of S is 

X' = w'+w^-hw* = 0. 

If 8 is an operation of order m, and if 8 and 8" are conjugate 
operations, then in every representation of the group the character- 
istics of 8- and 8" are the same. Hence, if w is a primitive m-th root 
of unity, and x is any characteristic of 8, x must be unaltered wl? ' ^^^ 
(!>'* is written for w in each of the roots of unity whose sum is x* j 



Conversely, if each of the characteristics of an operation 8 isj 
altered when in it w'* is written for w, m being the order of iS^ a} 
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being a primitive w-th root of unity, then 8 and /S* must be conjugate 
operations. For suppose, if possible, that thej were not so ; then in 
each set of characteristics those of 8 and /S'* are the same, and 
therefore those of S and 8'** are either equal or they are conjugate 
imaginaries. Moreover, since 8 and S*" do not belong to the same 
conjugate set, no more do 8~^ and 8~'*; so that ;S and 8'" do not belong 
to inverse sets. If they belong to the A;-th and Z-th sets, then, since 

.» 

But, since xi ^^d X; are conjugate imaginaries, this is impossible. 
The supposition that 8 and 8'" are not conjugate leads therefore to a 
contradiction. In particular, for a group of. odd order, all the 
cbaracteristics >/i ^2 ^r 

of the same conjugate set of operations cannot be real. For, if they 
were, 8 and 8'^ would be conjugate operations, 8 being any opera- 
tion of the set. 

5. I consider now the relations between the characteristics of a 
group g and those of a group /, with which g is multiply isomorphic. 
If gr is simple, every irreducible representation of g, except that given 
by the first set of characteristics, is simply isomorphic with g. If g 
has a self -conjugate sub-group h, and if the factor-group g/h is simply 
isomorphic with g\ I have shewn {loc. czt., pp. 563, 564) how to con- 
struct, corresponding to any irreducible factor P' of the determinant 
of g\ an irreducible factor F of the same degree of the determinant 
of g. If T'i is any operation of g\ and 

the corresponding operations of g, the process consists in replacing 
in P' the y that corresponds to T,- by the sum of the y's which cor- 
respond to T„ Ti82, ..., Ti8^. In the set of characteristics of g which 
correspond to this irreducible factor P each operation of h has the 
same characteristic as the identical operation ; and any two opera- 
tions 8 and 8' of g which are such that 88"'^ belongs to h have the 
same characteristic. 

If g' is Abelian, the irreducible factors of its determinant are all 
linear, and so also are the corresponding irreducible factors of the 
determinant of g. Conversely, if the determinant of g has a linear 
factor other than the first, g is multiply isomorphic with a cyclical 
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group. Hence the necessary and sufficient condition that g shall 
have a set of characteristics other than the first, for which x* is unity, 
is that g has a self -conjugate sub-group h, for which g/h is 
Abelian, or, in other words, that g shall not be a perfect group. 
Moreover, the number of such sets, including the first, is the ratio of 
the order of ^ to the order of its derived group ; for this is the order 
of the greatest Abelian group with which g is multiply isormorphic. 

6. Let X, = 2arf,„aj,, 

(.,^ = 1,2, ...,x;), 

(m= 1,2, ..;, n), 
be an irreducible representation of the group g with characteristics 

Xi» X2' •••' Xr » 
and y', = ^l^a,nyt, 

(.,^ = 1,2, ...,x,), 

(m = 1, 2, ..., n), 

another in^educible representation of the group with characteristics 

Xj' X2' •••» X,' 

Then the xIXi products x,yt are transformed linearly among them- 
selves by every operation of the group. In the representation of g 
thus arrived at, the sum of the multipliers of any operation of the 
A;-th conjugate set is xlx*- ^^^^ is seen at once by supposing the 
group of the a;'s and the group of the y's so transformed that 
the operation in question appears in canonical form. Let the XiXi 
(=/Li) products be represented by z^, z^, ,,,, z^; so that the z'b are 
transformed by a group 

(8,t = 1,2, ...,/x), 

(m = l, 2, ...,w). 
The determinant A = | Sy,«,„ttm | x 

m 

of this group must (loc. cit, p. 564) be the product of irreducible 
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factors of the original group determinant of gr ; so tliat we may write 

where each index d^, is either zero or a positive integer. Hence, 
equating coefficients of u^' u^ on either side of this equation, 

y^yi = "}J^xl (i) 

(A; = l,2, ...,r). 

This system of equations among the group -characteristics is 
analogous to that given by equation (i) of § 2, where, however, 
the sign of summation applies to the lower index. If either side of 
equation (i) is multiplied by ^^x*? *^^ *^^ sum taken for all con- 
jugate sets, it follows that, since 

and f^»Xixi = 0=5^0. 

= s^vxi.xi.x:;=2/^xi'xfx;- 

Hence d^, = d^.-, = d^^y = di.y^. . 

It is clear, from the definition of dy,, that 

dm = 1, 
and d<y = 0* zfz i), 

the first set of characteristics being that in which each characteristic 
is unity. Hence j ^ __ -j^ 

and ^01 = (i:?fcO. 

If the group has a set of characteristics, say the A;-th, other than the 
first, for which ;(* is unity, then of the integers d,*, (« = 1, 2, ..., r) 
one must be unity and the rest zero In fact, 

so that diut is zoro, unless ^J = xj • Hence, if 

Xi? Xa' •••» Xr 
VOL. XXXIII.^^NO. 748. M 
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is any set of characteristics, and 

AV A2' •••» Ar 

a set for which x\ is unity, then 

Al Al» A2 A2' • • * ' Ar Ar 

is a set of characteristics. 

Returning to the irreducible representation of the group in the 

the ^x* (xi+ 1) homogeneous products of the second degree of the x's 
are transformed linearly among themselves by every operation of the 
group ; and, for this representation, the sum of the multipliers of 
any operation is equal to the sum of the homogeneous products two 
together of the multipliers in the above irreducible form. Hence, by 
similar reasoning to that employed above, there must be positive 
integers e„, such that 

>/'i = 2e.xi (fc,i = l,2,,..,r), (ii) 

« 

where \pi is the sum of the homogeneous products two together of 
the multipliers whose sum is xl- In this way it may be shown that, 
if any symmetric function be formed of x! symbols, a system of 
equations of the form (ii), in which the e's are positive integers, 
must hold when i/r* is the symmetric function formed from the multi- 
pliers whose sum is xl' ^^ particular, the products of the multipliers 
for each set of conjugate operations in any representation of the 
group constitutes a set of characteristics for which Xi is unity. 



On some Properties of Groups of Odd Order. By W. Buenside. 
Received and communicated November 8th, 1900. 

This paper consists mainly of applications of the theory of group- 
characteristics given in the preceding paper to groups of odd order. 
It is shewn in the first section that a group of odd order has no self- 
inverse set of characteristics. From this it follows at once that such 
a group when represented as an irreducible group of linear sub- 
stitutions must contain substitutions whose coefficients are not all 
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real. In other words, a group of linear substitutions of odd order 
the coefficients in which are all real is necessarily reducible. Another 
consequence is that the order of such a group and the number of sets 
of conjugate operations which it contains are congruent to each other 
(mod. 16). 

The chief result of the second section is that a group of prime 
degree which is not doubly transitive must be metacyclical. It 
follows that there are no simple groups of odd composite order and 
prime degree. 

In the third section I have extended from degrees not exceeding 50 
to degrees not exceeding 100 the result obtained by Dr. Miller,* viz., 
that corresponding to such degrees there are no simple groups of 
odd composite order. The method used is such that in only four cases, 
namely, for degrees 57, 81, 91, and 99, is any detailed discussion 
necessary ; and I have no doubt that by it the lower limit for the 
degree of possible simple groups of odd composite order might, with- 
out much labour, be carried considerably beyond 100. 

The results obtained in this paper, partial as they necessarily are, 
appear to me to indicate that an answer to the interesting question as 
to the existence or non-existence of simple groups of odd composite 
order may be arrived at by a further study of the theory of group- 
characteristics. 

I. 

1. A doubly transitive permutation group has obviously only two 
quadratic invariants, viz., the sum of the squares of its symbols and 
the sum of their products two together. 

Let (t be a simply transitive group in the symbols 

a?i, a^j, ..., Xm 

and let G, be the sub-group of G which leaves x^ unchanged. G, will 
interchange the remaining n — 1 symbols in m(^2) transitive sets. 
For each suffix s these sets will be denoted by 

^«2,lj ^«2, 2> •••> ^«2, AaJ 
•*^«m, 1 J •^»»M, • • • > ^»m, A„j 1 

where one or more of the Jc*s may be unity. 

♦ Froc. Zond, Math. Soc, Vol. xxxin., pp. 6-10. 
H 2 
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Suppose that 8 and S' are any two sabstitutions ea<3h of which 
changes Xi into a:,, so that 

The set of symbols a^n, i, i»ii.2» -.•» ^n, *» 

which are interchanged ti^nsitively by G^ must be changed by 8 into 
a set, equal in number, which are interchanged transitively by G,. 
Hence it may be assumed that 

Suppose, if possible, that 

S'(xn,u a?,,, a, ..., a?ii,0 = (2/i» 2/2> •••» 2/*,)' 

where the y's constitute some other set which are interchanged 
transitively by G,. Then 8'^8' changes the set 

into the set i/i, y,, ..., y*^. 

But 8'^8\ leaving x, unchanged, belongs to Gg ; and the former set 
are interchanged transitively among themselves by G,. Hence 

^'(ii'i.iii »ii,2» ...» ^11,0 = (a^«i,i> i».i,2» ...» i».l,0' 

It follows that a correspondence may be established among the- 
transitive sets in which the different sub-groups G, interchange the 
symbols such that for all values of the suffixes s and t every 
operation of G which changes x, into Xt also changes the set 

into the set x^p^i, Xt^^, ..., a;^^,*^ 

(p=l,2, ...,m). 

Consider now the quadratic function 

«■» 

It is clearly invariant for every operation of G ; and, apart from a. 
possible numerical factor, it is the smallest quadratic invariant of G 
which contains x^x^i^ i. No one of the n brackets contains a repeated 
symbol, and every one of the n symbols must enter in the brackets 
the same number of times, viz., \, Hence, gathering together those 
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products which have. the same second symbol, 

«-i 

and every operation of G, must interchange among themselves the 
symbols in the bracket multiplying x,. These symbols must, there- 
fore, constitute one or more complete transitive sets for G, ; and, since, 
from the first form of /, there are substitutions in G which change 
any one product x,Xgi^i of/ into any other, the y's must constitute a 
single transitive set of G,. Suppose, first, that 

(y$u 2/«2j ...» y»0 = (a;,i,i, i»,i,2, ..., i»«i,0- 

Then every product of two symbols must occur twice in /, and there- 
foi-e nki must be even. If (r is a group of odd order, this is im- 
possible, and tli3 two sets must be distinct. Hence, for a group of 
odd order the /c's are equal in pairs and m is even. Further, m is 
clearly congruent to or 2 (mod. 4), according as n is congruent to 1 
or 3 (mod. 4) ; and the number of independent quadratic invariants is 

1-f -— -. For a group of even order 

iy,u y$2, ..., 2/,0 = (^.i,!, aj,i,2, ..., ^.i,kX 

if the group contains a substitution of order 2 which transposes x, and 
Xgi^ 1. In this case no statement can be made as regards the parity of 
m, and the number of independent quadratic invariants is greater than 

2. The result thus obtained for groups of odd order will now be 
applied to a particular case. Let gr be a group of odd order n, repre- 
sented as a regular permutation group in n symbols ; and let g' be the 
simply isomorphic permutation group* in the n symbols, each of 
whose substitutions is permutable with every substitution of g. The 
group {g, g*}, whose order is n^/n, where n is the number of self- 
conjugate operations of g, is such that its sub-groups which leave one 
symbol unchanged interchange the i*emaining ri— 1 in r— 1 sets (lac. 
czt), where r is the number of conjugate sets in g. Since n is odd, 
r is odd, and the number of independent quadratic invariants of 
{<7,9r'}is^(r + l).^ 

The group {g, g'}, being a permutation group, is reducible, and it is 



• Theory of Groups, p. 146. 
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shown in my paper " On the Continuous Group defined by any given 
Group of Finite Order " (Froc. Lond. Math. Soc, Vol. xxix., pp. 558, 
559) that the r sets of linear functions of the original variables, 
there denoted by 

^.1, ii2, ..., ^.«i. (**= 1, 2, ..., r), 

are each transformed among themselves by the operations of {gr, /}. 
The total number of these linear functions is n ; they are shown 
(loc. cit.) to be linearly independent. Since the original form of 
{gr, gf'} is real, it follows that, if 

%»l> %i2j •••» Cj/Hj- 

are transformed among themselves, so also are 

where ^ and ^ are conjugate imaginaries. 

Moreover, these 2mi functions either must be linearly independent 
or each of one set must be linearly expressible in terms of the other 
set. In fact, if 7n\<m^ linear functions of the second set were 
expressible in terms of the first set, these m functions would be 
transformed among themselves by all the operations of {gr, gf'}, and 
therefore also by all operations of the continuous group {(r, G'} ; and 
this is shown {loc. cit., p. 558) not to be the case. 

Now, for every group of linear substitutions of finite order in 
m variables, at least one Hermitian form, 

exists which is invariant for the group.* Let such a Hermitian 
form be constructed for each of the r sets of variables in which {g, g'} 
has been expressed. If 

%«1> fc«2? •••> Ctmg- 

and 1,1, lia, ..., ii„,. 

are linearly independent, the Hermitian forms for these two sets are 
identical, and the two sets so give rise to a single real quadratic 
invariant for {g, g'}. If, on the other hand, 

Ctli fci2> •••» %r«m^ 

are expressible in terms of 



* This theorem was given independently by Prof. A. Loewy {Comptes ItenduSy 
Vol. cxxm., pp. 168-171), and by Prof. E. H. Moore {Math. Ann., Vol. l., 
pp. 213-219). 
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then this single set gives rise to a real quadratic invariant for {g, g'}. 
Since, in any case, 

V»l > %l2| •••> %»»»,•» fcib •••> V»Wj 

are linearly independent of the variables 

ijii ij-i^ "•, ijmj 

belonging to any other distinct set, the quadratic invariant of {gr, g'} 
which arises from this latter set is essentially distinct from that which 
arises from i i £ 

Now, when ^ is unity rrii is unity, and the corresponding ^i, is real, 
viz., the sum of the original variables. This set by itself gives rise 
to one quadratic invariant, and therefore, unless the remaining r— 1 
sets occur in pairs, such as 

Cil? ^(2) 'X) Ctmj 

and f,-x, |i2, ..., 1..,^., 

so that each pair gives rise to a single real quadratic invariant, the 
number of independent quadratic invariants would exceed ^(r-i-l). 
But^(r-l-l) has been shown to be the number of such invariants. 
Hence for each value of i except unity 

vTilj 4ri2? •••> feiMJg-j 
%r»l J fct2 > • • • > fcf m^ 

are linearly independent ; and therefore, with the same limitation, 
y-S^xis and ■^SZ^.x:*., 

Al • Al 

the multipliers of these two sets of functions in H, are distinct. 

In other words, a group of odd order has no self-inverse set of 
group -characteristics except the first ; and therefore in each such 
set some at least of the characteristics must be imaginary. 

This involves that when a group of odd order is represented as an 
irreducible group of linear substitutions some of the coefficients must 
be imaginary ; or, that a group of odd order cannot be expressed in a 
form which is at once real and irreducible. 

3. This* result appears to me of such importance for the theory of 
groups of odd order that I give a second independent proof of it. 
Suppose, if possible, that every characteristic of a set, other than the 
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first, is real ; and let the characteristic of an operation 8 of order m be 

Xi = ao + ai(iu + w-^)-f a, (w'-f «-*) + ..., 

where w is a primitive m-th root of nnity, and a^^ ch* Oj? • . . are positive 
integers or zeroes. Thenxiis also the characteristic of /S"\ which belongs 
to the inverse set to that containing S. Moreover, if S* (x prime 
relatively to m) does not belong to the same set as either 8 or 8'^, no 
more does 8~' -, and, if the set containing 8' has Xi f^^ i*s 
characteristic, so also has the set containing 8'', Hence, of the 
conjugate sets containing powers of 8 whose indices are relatively 
prime to m, an even number 2.a must have Xi foi* characteristic. 
Suppose, now, that when w is replaced by each primitive m-th root in 
turn Xi takes the 8 distinct values 

Xn Xsj '-mX** 
Then for each of these as characteristic there are 2/a conjugate sets 
containing powers of 8 whose indices are relatively prime to m ; and 
the conjugate sets which contain such powers of 8 are thus exhausted. 
Moreover, the number of operations in each such set is the same. 
Hence 2 h\ for these sets is an even multiple of 

Xi+Xi+---+X.. 

and this latter quantity is a rational positive or negative integer (or 
zero). Hence, for this system of conjugate sets S hx is even. Now all 
the sets except the first may be arranged in such systems, and therefore 
2/ix for all conjugate sets except the first is even. Since the group is 
of odd order, the characteristic of the identical operation is necessarily 
odd ; and the equation 

*2 h,xk = 0* 

km 1 

would involve that the sum of an even and an odd number is zero. 
This contradiction shows therefore that the supposition that all the 
characteristics of the set were real was incorrect; and hence that 
a group of odd order can have no self -inverse set of characteristics 
except the first. 

From this result a relation between w, the order of the group, and 
r, the number of sets of conjugate operations, maybe at once deduced. 

* This relation is the particular case of the relation 
which results from taking / = 1. 
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In fact, for two inverse sets 

;({ = Xj' = 2JC+1, an odd number. 

Hence (xD' + CxlT = 2 (27^ + 1)'^ = 2, mod. 16 ; 

and therefore, since ;(} = 1, 

n=^^ (xi)' = r, mod. 16. 

Similarly, it may be shown that, if every factor of n is of the form 
2A;m+l, where m is an assigned odd integer, then 

w ^ r, mod. 16rH.* 

4. The relation S xlxj = 0, Z ^t k\ 

becomes for a group of odd order, by taking k for Z, 

* 

and, combining this with ^ XaX*' ~ "I~> 

* "-* 

As an application of these formulse, I consider a group whose 
order is divisible by 3, and I suppose the order of the operations of 
the A;-th set to be 3. Then 

where w is a primitive cube root of unity and aj, aj, a^ are positive 
integers or zeroes, 

xi-x*. = «-o ^^. 

and therefore 32 (a^ — a^)^ = — = 2^*, 



• For the smaller values of r the determination of all groups of odd order with 
a given number of conjugate sets presents no difficulty. Thus for values of r less 
■ than 16 the only groups of odd order which have no self- conjugate operations are 
the following :— For r = 6, w = 7 . 3 ; r = 7, « = 11 . 6, 13 . 3 ; r = 9, w = 19 . 3 ; 
r = 11, w = 52 . 3, 31 . 0, 29 . 7, 19 . 9 ; r = 13, « = 31 . 3, 41 . 5, 43 . 7, 37 . 9, 
23 . 11, 3-* . 13 ; r = 15, « = 37 . 3, 3^ . 13. These groups are all metacyclical with 
the exception of those of orders 52. 3, 3^ . 13, and 3^* . 13. This list is in marked 
contrast to the corresponding one for groups of even order. Again, omitting 
groups with self- conjugate operations, the latter is : — for r=.3, « = 3.2: r = 4, 
« = 6 . 2, 22 . 3 ; r = 6, w = 7 . 2, 6 . 22, 2^. 3, 2^ . 3 . 6 ; r «= 6, « = 32. 2, two 
types, 32 .22, 2* . 3 . 7. In this h'st two simple groups appear, though the number 
of conjugate sets does not exceed 6. 
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where m^ is the order of the greatest sub-group which contains one 
of the operations of the Jc-th set self-conjugately. Hence, unless Wj 
is a multiple of 27, there must be at least one pair of inverse sets of 
characteristics for which a*j — a* is not a multiple of 3. The product 
of the multipliers for such a set would be w^i""*, that is w or a>* ; and 
the group therefore would have a self-conjugate sub-group of index 3, 
formed by those operations for which the product of the multipliers 
is unity. In particular a group of order 3m or 3*m, where m is odd 
and prime relatively to 3, has a self -con jugate sub-group of order m. 
Suppose now that 5 is a factor of the order, and that the A;-th set is 
of order 5. Then 

where e is a primitive fifth root of unity and 

x-xi = («;-a:)(*-«o +(«-«;)(«'-*')• 

If this is not zero, there must be a second set for which 

and (;^-;^;,)H(xi-xi)^ = -5 ((a;-a;r + (a*-a;)n . 

Hence 5S { (a\-a*^y+ (^a-^)*} = ^m*, 

where the summation is extended to all pairs of sets such as the i-th 
and ^*-th. If -m* is not divisible by 5^ there must be at least one 
set for which 

and therefore aj — a* + 2 (a*— a^) ^ 0, mod. 6. 

For such a set the product of the multipliers of an operation of the 
Ar-th set is a primitive fifth root of unity. Moreover, if 6 is an un- 
repeated factor of the order, wi^ cannot be divisible by 25. Hence, a 
group of order 5m, where m is odd and prime relatively to 5, has a 
self -con jugate sub-group of order m. 

TI. 

5. In his memoir " Cbei* die Darstellung der endlichen Grruppen 
durch lineare Substitutionen " (Berliner Sitzungsherichte, 1897, 
pp. 994-1015) Herr Frobenius has proved the theorem that, if two 
groups of linear substitutions in the same number of variables are 
simply isomorphic, and if the sums of the multipliers of correspond- 
ing operations in the two groups are the same, then the one group is 
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the result of transforming the other by some substitution of non- 
vanishing determinant. This theorem is clearly of fundamental im- 
portance in dealing with groups of finite order. In any representation of 
a group as a group of linear substitutions the sum of the multipliers for 
every operation of the k-th conjugate set is of the form 5 <^iXl» where 
Gi is a positive integer (or zero) which is the same for all the sets, 
and Sa-Xi ^^ ^^® number of variables (Proc. Land. Math. Sac, Yol. xxix., 
pp. 564, 565) . Hence, by taking a^ sets of xj variables for each suffix i, 
and forming in each set the irreducible group which has the character- 
istics xj? Xo? • • • ? Xr» ^ group of linear substitutions is set up simply 
isomorphic with the given group, and having the same total number 
of variables and the same sum of the multipliers for each operation 
that the given group has. The theorem therefore shows the possibility 
of transforming any group of linear substitutions of finite order in 
such a way* as to represent it as the result of an isomorphism 
established among a number of irreducible groups in independent sets 
of variables. These irreducible groups will here be spoken of as the 
irreducible components of the given group of linear substitutions. 
Apart from transformations of the irreducible components themselves, 
this reduction will be a unique process if no one of the irreducible 
components is repeated, but not otherwise. 

A permutation group is never irreducible. In fact, the sum of the 
variables is unaltered by every operation of the group. If 

'^li '^ii • • • > *^n 

f 

are the variables of a permutation group gr, and if 

are a set of linear functions of the aj's which are transformed among 
themselves by an irreducible component of g of which 

Xl> X2J •••» Xr 

are the characteristics, then 

feu C2» * • • > Vwi 

must be linearly transformed among themselves by an irreducible 
component whose characteristics are 

Xi» X2» •••» Xr- 

For a group of even order this may be the same component as the 
previous one, but for a group of odd order it is necessarily distinct. 
For a transitive group of odd order the number of irreducible com- 
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ponents is therefore odd and congruent (mod. 4) to the degree of the 
group. Moreover, since the coefficients of a permutation group are all 
rational, it follows that, if it has an irreducible component for which 
the characteristics are 

Xi» Xsj •••> Xrt 
it must have irreducible components whose characteristics, 

Xi» X2» •••» Xo 
are derived from the previous set by replacing any irrationality that 
occurs in them by one of its conjugate values. 

6. Let gr be a transitive permutation group in the ti symbols 
When the reduction of g is completely effected, let 

V21J ^22> • • • > ^2MJa » 
&!> Cifc2> •••> ^kmjt 

be the sets of symbols which are transformed, each among themselves, 
by irreducible components of gr ; so that the ^*s form a set of n inde- 
pendent linear functions of the a?'s. Every operation of the continuous 
Abelian group H, t' -^ t 

(^= 1, 2, ..., m.), 

(5=1, 2, ..., fc), 

is permutable with every operation of g. This continuous group B" 
is not, however, necessarily the most extensive group every one of 
whose operations is permutable with every operation oi g. In fact, 
if two (or more) sets of the f 's, such as 

%tl> Vt2) • • • » Vt/Mf 

and ^1, 4^2, ••, tjmp 

contain the same number of symbols (so that m, = 7%), and if these 
two sets undergo identical transformations corresponding to the same 
substitution of gr, then 

[ (^ = 1, 2, ... m,) 
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is a linear substitution not contained in JET, and permutable with every 
operation of g. No such linear substitution, however, is permutable 
with every operation of H; and therefore, if such substitutions 
exist, the most general continuous group G each of whose operations, 
is permutable with every operation of g is not Abelian. 

Conversely, if the most general continuous group G whose 
operations are permutable with every operation of g is Abelian, it 
must be the group H ; and each set of functions which occur in con- 
nexion with the same multiplier in H are transformed among them- 
selves by an irreducible component of g. 

The form of G, in terms of the oj's, may be obtained as follows. Let 

x', = x,. (r = 1, 2, ..., w) 
be any operation of g. The linear substitution 

< = n 

<.= 2 a„x, (r = l, 2, ..., n) 
will be permutable with this operation if 

a?; = 2 a„x,, \ 

::; [ (»•= 1.2, ...,«) 

and Xr= ^ O'r'iX, ] 

»-i 

^re the same substitution ; that is, if 

a,, = a,v (r, s = 1, 2, ..., n), 

x^ and a?^ being the symbols in which x,. and x, are changed by the- 
operation of g considered. Hence the necessary and sufficient con- 
dition that »=« 

X, = 2S ar,Xs (r = 1, 2, ..., n) 

should be permutable with every operation of gr is that the coefficients 
a„ should be equal in sets ; any two a,., and a^q being equal if g con- 
tains a substitution which changes x^ and x, into Xp and x^ re- 
spectively. 

Since g is transitive, an = a^j = ... = ««», 

and no one of these symbols is equal to a,.„ if r and s are different. 
If g is doubly .transitive, _ 

where r, s and^, q are any two pairs of distinct symbols ; and the 
general operation of G takes the form 

n 

aj,'. = (a--6)aj,. + 6 2aj, (r = 1, 2, ..., w). 



1 
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If g is not doubly transitive, the general operation of G, witli the 
notation of p. 163, will be 

tmtn 

(« = 1,2, ...,«). 

The order of G is, therefore, m + 1, where m is the number of 
transitive sets in which a sub-group of g that leaves one symbol un- 
changed interchanges the remaining w — 1, and the number of irre- 
ducible components of g is equal to or is less than 1-f-m, according as 
G is or is not Abelian, It may be noticed that the necessary and 
sufficient conditipn that G should contain a permutation is that at 
least one of the numbers ^'i, Ajg, ..., A;,„ should be unity; i.e., that a 
sub-group of g which leaves one symbol unchanged leaves more than 
one. If G is not Abelian, g must have at least three irreducible com- 
ponents ; and, if G is Abelian, the number of irreducible com- 
ponents of g is equal to the order of G, Hence, ^must hav^e more than 
two irreducible components, unless it is doubly transitive ; and, if g 
is doubly transitive, it has just two irreducible components. One of 
these is the component of order unity corresponding to the sum of the 
variables, and the other may be represented as a group of linear 
substitutions in the n — 1 differences 

3*1 aJ„, X^ iU„, ..., Xn^i Xn. 

It is not difficult to show that, if g is primitive, then G must be 
Abelian. 

7. Let gf be a simply transitive substitution group of prime degree 
p containing the operation P or 

(XqXi ... Xp.i), 

and let g be resolved into its irreducible components in such a way that 
in each of them P appears in canonical form. In the first component 
corresponding to the sum of the variables the multiplier of P is unity. 
Hence, in any other component the multipliers of P must be distinct 
primitive j)-th roots of unity. Let 

^/<= Wi«f« (t — 1, 2, ..., ?w,) 

be the operation corresponding to Pin the (iH-l)-th irreducible com- 
ponent (i = 1, 2, ...,5). There is only one linear function of the 
variables which P replaces by w,< times itself, viz.. 



ajQ-fw^ c'Ui + wii aJ3+. ..-!-«•/* a;^-i. 
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This therefore must be ^u^ and the 2? — 1 f's of this form, correspond- 
ing to the J?— 1 primitive j?-th roots of unity, are transformed linearly 
among themselves in s distinct sets by the irreducible components, 
other than the first. The coefficients in these linear substitutions 
are rational functions of any assigned ^-th root of unity co. If w is 
replaced by any other primitive root w', the sets of linear substitutions 
giving g in its reduced form is unaltered as a whole, but individual 
components may be interchanged. 

Consider now the characteristic of P (i.e., the sum of its multi- 
pliers) in one of the components, viz.. 

When oi' is written for ta this is either unchanged or it becomes 
another characteristic of P. Hence, since P has no repeated multi- 
pliers, this expression must be a " period " in the cyclotomic sense ; 
and rrii must have the same value r for each of the irreducible com- 
ponents, where 

rs = J? — 1. 

Also, if g' is a primitive root of the congruence 

5*' = 1 (mod^), 

and if f . = a^o + ^^'^^i + ^''^'^j -f • . . + w^"'^^ •'aj^.i , 

the form which any operation of g takes when expressed in terms of 
the f 's is 

(<= 1,2, ...,«)• 

Since the f 's are linear functions of the aj's with powers of w as co- 
efficients, the coefficients c*„ in this substitution are rational functions 
of w. Moreover, since by writing u>* for w, 

become &, ^<j, ..., ^^^r-i, 

<^ij must be the same function of w' as c\ is of w. 



* The t in c^. is not an index, but merely an affix. 
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Consider now any operation of g whose order, q, is different from 
and iiecessarily prime to p. Its characteristic in the ^-th component, 

Cii -r C22 -r . . . + CfT, 

is the sum of r q-th. roots of unity. But this sum is also a rational 
function of w. Hence it must be a rational number, and therefore 
independent of t Moreover, this sum, being a characteristic, is an 
algebraical integer ; and therefore, being a rational number, it is 
a rational integer. Represent it by x- Then l + ^x ^^ the sum of the 
multipliers (i.e., the number of unchanged symbols) of the operation 
in g. If this were zero, x could not be integral ; if it is unity, x is 
zero ; and, if it is greater than unity, x ^s a positive integer. Hence, 
the only operations of g which displace all the symbols are the 
operations of order p, and every other operation of g leaves 1 + «x 
symbols unchanged, where x is zero or a positive integer. In each of 
the 8 irreducible components, other than the first, that arise from the 
reduction of g the characteristic of any conjugate set whose order is 
prime to |9 is then the same positive integer ; and the characteristics 
of a conjugate set whose order is p are the s values of 

when for ta each ^-th root is put in turn. Let x be the number of 
conjugate sets whose charactei-istic in any one irreducible com- 
ponent is ^ ,._, 

and V the number of operations in each set. Also, let v^ be the 
number of operations of g which leave just t symbols unchanged, so 
that vt is zero, unless t is of the form l + ^x- Then the equation 

connecting a set of characteristics becomes 

Also the equation SA^xlxi = ^ (^ ¥^j)i 

becomes 

+ ''1+.+ 2^1+2.+ ... +r'vi+„, 
where the sum is extended to the s different values of the product. 
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To the condition i^ j corresponds the condition that the " periods " 

01 +!•»' + ... -l-w''^" 
and ai'+w'«-f ...+IU''*-' 

are distinct ; and with this limitation the sum is easily shown to be 
equal to — r. Hence, eliminating xv between the two equations, 

^(''i+*-l-2i'i+2. + 3i'u3,+ ...+ri'i+„) = vu, + 2Vu2.+3Vi^.3g+...+rVn.,.,. 
This relation can only be satisfied by 

»'i+« = ''l+2« = ••• = y\*{r-\)a = ; 

or, in words, the substitution group g has no operations, except 
identity, which leave more than one symbol unchanged. The order 
of such a group must be pr^ where r is a factor oip — \^ and it con- 
tains a single sub-group of order p, 

A transitive group of prime degree must therefore be either 
doubly transitive or metacyclical. 

In particular, a group of odd order and prime degree is metacyclical. 

8. Let ^ be a group of odd order and degree p^, where /» is a prime, 
and suppose that g contains an operation P of order p^. If oi is a 
p^-ih root of unity, the characteristic x of P in an irreducible com- 
ponent of g, other than the first, is a sum of powers of w, none being 
repeated. 'Suppose, if possible, that \ contains both w and w''. Since 
<ii'' is unaltered by writing w^*^ for w, ^ must also contain w^*^, 
w^*2;>^ ..., cu^^(''-^)^ If this does not exhaust all the ^'-th roots 
entering in x? and if x contains w', then it must also contain ai'^^'*'''^ 
a>'(^+=^'), ..., w'f^*^"-')^', and w'^ The total number of roots of unity 
entering in x would, therefore, be a multiple of jp + 1, which is im- 
possible, since this number must be odd. Hence, that characteristic 
which contains w cannot contain w''. There must, therefore, be a 
characteristic in which all the multipliers are^-th roots of unity. The 
group therefore must be composite and isomorphic with a group in 
which P is represented by an operation of order p ; in other words, g' 
is imprimitive, and therefore, by the foregoing result, soluble. 

A similar result may be proved for a group of odd order and degree 
pq^ where p and q are primes, which contains a regular substitution S' 
of order ^Jg'. Let w and w' be primitive jp-th and ^-th roots of unity. 
Then, if x is the characteristic of S in one of the irreducible com- 
ponents of the group, w and w' cannot both occur in x- ^or, if 
they did, since w is unaltered on replacing w' by any other primitive 
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q-th. root, w', w'^, ..., u)'«"^ would all occur; and this is impossible, 
since the roots composing x, the inverse characteristic, must all be 
distinct from those composing x- If ^^' ^^^ *** occur in x, then in 
the characteristics derived from x on replacing w' by any other 
primitive ^-th root every primitive pq-th root and every primitive jp-th 
root occur. Hence there must then be other characteristics which 
consist solely of q-tla. roots. So also, if ww' and w' occur in x» there 
must be characteristics which consist solely of ^-th roots. The group 
is therefore composite, and isomorphic with a group in which S is 
represented by an operation of prime order ; in other words, g is im- 
primitive, and therefore soluble. Hence : — 

A transitive group of odd order, and degree p^ or^g^ where jp and 
q are primes, which contains a regular substitution of order equal to 
the degree is imprimitive and soluble. 

It appears highly probable that this result may be extended to any 
group of odd order which contains a regular substitution of order 
equal to the degree of the group ; but I have not yet succeeded in 
proving this. 

III. 

9. In conclusion, I propose to determine all the primitive groups of 
odd order and degree not exceeding 100. Dr. Miller sent me a paper 
four months ago for communication to the Society, in which an 
investigation, almost equivalent to this, was carried out for degrees 
not exceeding 50. The method I follow is, to a considerable extent, 
distinct from Dr. Miller's, and I have therefore allowed myself to 
repeat the investigation already given by him for degrees less than 50. 
This occupies but a small space, and serves to make the nature of 
the process clear. 

In consequence of the theorem proved above for groups of prime 
degree, it is only necessary to consider those groups whose degrees 
are not primes. The method of the enumeration is as follows : — It is 
assumed that corresponding to a giVen odd number n as degree a 
primitive group g exists. Then a sub-group, gf^, which leaves one 
symbol unchanged must (p. 165) interchange the remaining w— 1 
symbols in 2m transitive sets, the numbers in which are equal in 
pairs. These numbers are represented by 

«1, /fc2, ..., /fcg,,,. 

Moreover, 2m ^ n—1 (mod. 4). 

Corresponding to each available value of m there will be a number 
of sets of values of the k's which may be written down. 'No k can be 
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unity, for the group would tlieii be imprimitive. Now Jordan has 
shown (" Traite des Substitutions," p. 284) that every prime which 
divides the order of one of the transitive constituents of Qq must 
divide the order of each transitive constituent. On this ground, a 
large number of the sets of values of the A;'s may be put aside at once 
as impossible, including all those cases in which two fe's are equal to 
difEerent primes. Moreover, the earlier determinations increase the 
number of cases that may be so put aside in the later ones. For 
instance, it is found at once that there is no transitive group of odd 
order, and degree 9 or 15, whose order is divisible by 7 ; so that 7 
and 9, or 7 and 15, are incompatible values for two Aj's. If each k is 
the same prime, every transitive constituent of g^ is a metacyclical 
group. In this case, g^ is metacyclical and simply isomorphic with 
each of its transitive constituents. This is an immediate consequence 
of a theorem due to Dr. Miller (Proc. Land. Math. Sac, Vol. xxviii., 
p. 534, Theorem I.). When all impossible sets of values of the fe's 
have been put aside, the orders of possible groups g corresponding to 
the remainder are of known form. These are separately discussed, 
with a view to showing that they are soluble. If n is not the power 
of a prime, a primitive group of degree n is not soluble. Hence, if it 
is shown that a group corresponding to a given possible order is 
soluble, the group is non-existent when n is not the power of a 
prime. 

The number of cases which have to be thus dealt with is not con- 
siderable, but some of the more troublesome ones may be avoided by 
the following considerations : — If m = 1, the number of irreducible 
components of the group is 3 (p. 174). Suppose, now, that the group 
contains an operation of prime order ^ ( ^ 1, mod. 4) which displaces 
all the symbols. If x is its characteristic in one of the irreducible 
components (other than that corresponding to the sum of the symbols, 
for which the characteristic is unity), then x'? ^^^ conjugate of x? is 
its characteristic in the other irreducible component; and x + x' + l? 
the sum of the multipliers of the operation, is zero, since the operation 
displaces all the symbols. Hence, x cannot be real. But, if x is 
imaginary, it must be at least a four- valued function of the p-th roots 
of unity ; and the four corresponding irreducible representations of 
the group would necessarily appear among the irreducible com- 
ponents of g. This is impossible ; and, therefore, for a group which 
contains a substitution, regular in all the symbols and of prime 
order p ( = 1, mod. 4), m cannot be unity. 

I now proceed to the actual enumeration. This is given in some 
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detail for the smaller values of n ; but for the larger ones, except 
when special discussion is necessary, the results are merely stated. 

10. w = 9. There is no available value of m ; so that the group 
must be imprimitive. Its order is 3^, 3', or 3*. 

» = 15. The only available value of m is 1, and the A;'s are 7, 7. 
The order therefore would be 16 . 7 or 16.7.3, containing less than 
6 prime factors. The group, therefore, would be soluble,* which is 
impossible. Hence the group must be imprimitive. The possible 
orders are 3 . 5, 3 . 5^ 3 . 6», 3*. 5, or 3^ 6. 

n = 21. Then m = 2, and the ¥b are 5, 5, 5, 6 or 3, 3, 7, 7. The 
second case is impossible. In the first the order would be 21.5, and, 
for the same reason as in the previous case, such a group cannot 
exist. The group is therefore imprimitive. 

w = 26. If m = 2, the A;'s would be 5, 5, 7, 7 or 3, 3, 9, 9, each of 
which is impossible. If m = 4, the Aj's are all 3, and the order is 
25.3. There is such a primitive group. All other groups of this 
degree must be imprimitive, their orders being powers of 5. 

n = 27. If m = 1, the k's are 13, 13. The order, then, is 27 . 13 or 
27.13.3. Primitive groups of these orders exist, containing self- 
conjugate sub-groups of order 27. If m = 3, the A:'s are 3, 3, 3, 3, 7, 7 
or 3, 3, 5, 5, 6, 5, both of which are impossible. All other groups of 
this order, then, are imprimitive and have powers of 3 for their order. 

7i = 33. If m = 2, the k's are 7, 7, 9, 9 ; 6, 5, 11, 11 ; or 3, 3, 13, 13, 
all of which are impossible. If m = 4, two ^'s at least are 3, which 
is, again, impossible. The group is therefore imprimitive. 

w = 36. If m = 1, the Aj's are 17,17, and the order 35.17, the 
product of 3 primes. There can be no such group. If m is 3 or 5, 
two Fs must either be 3 or 5, leading, again, to impossibilities. The 
group is therefore imprimitive. 

n = 39. If m = l, the k's are 19, 19, and the order 39.19, 
39.19.3, or 39.19.9; in each case the product of fewer than 
6 primes. There can be no such groups. The values 3 or 5 of m 
lead to the same impossibilities as in the previous case. The group 
is, then, imprimitive. 

li = 45. If m = 2, the A;'s are 11, 11, 11 , 11 ; 9, 9, 13, 13 ; 7, 7, 15, 16 ; 
* Theory of Groups , p. 367. 
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5, 5, 17, 17 ; or 3, 3, 19, 19. All of these are impossible except the 
first case. In that the order would be 45.11 or 45.11.5; and the 
group again therefore is non-existent. If m were 4 or 6, two fc's 
would again be 3 or 5, leading to impossibilities. The group is im- 
primitive. 

n = 49. If m = 2, the Jc's are 11, 11, 18, 18; 9, 9, 15, 15 ; 7, 7, 17, 17 ; 

5, 5, 19, 19 ; or 3, 3, 21, 21; all of which are impossible. If m is 4 or 

6, two k^s at least must be 3 or 5, leading to impossibilities. If m = 8, 
the fe's are all 3. No primitive group of order 49 . 3 can exist ; for a 
non- cyclical group of order 49 has 8 sub-groups of order 7, two at 
least of which must be transformed into themselves by an operation 
of order 3. The group is therefore necessarily imprimitive. 

w = 51. Ifm=l, the lea are 25, 25. The order of the sub-group 
that keeps one symbol fixed is of the form 3*. 5^, and the group miist 
contain an operation of order 17 which displaces all the symbols. It 
has been shown (p. 179) that this is inconsistent with the condition 
m = 1. If m = 3, the ¥r are 7, 7, 7, 7, 11, 11 ; 7, 7, 9, 9,9, 9; which 
are impossible, or two A:'s are 3 or 5, leading to impossibilities. If 
m = 5, the /c's are all 5, or two at least are 3, and, if m = 7, two fc*s 
at least are 3. All these cases are clearly impossible. The group is 
therefore imprimitive. 

w = 55. If m = 1, the k[B are 27, 27, and the order of the sub- 
group that keeps one symbol fixed is of the form 3". 13^. The group 
therefore has operations of order 5 which displace all the symbols, 
and this is inconsistent with the condition m = 1. If m = 3, the Jc'h 
are 9, 9, 9, 9, 9, 9 ; 7, 7, 7, 7, 13, 13 ; 7, 7, 9, 9, 11, 11 ; or two /.;'s at 
least are 3 or 6. The only possibility is the first, in which case the 
order of the group is 8'*. 5. 11. Such a group contains a self-conjugate 
sub-group of order 3*"^ or 8"'^ and could not be expressed as of 
degree 56. If m is 5, 7, or 9, two A:'s at least are 3 or 5, leading to 
impossibilities. Hence the group is imprimitive. 

n=57. If m = 2, the A;'s are 13, 13, 15, 15; 11, 11, 17, 17; 
9, 9, 19, 19 ; 7, 7, 21, 21 ; 5, 5, 23, 23 ; or 3, 3, 25, 25 ; of which 

7, 7, 21, 21 is the only set giving a possible group. The order of the 
sub-group that keeps one symbol fixed is of the form 3". 7^, and the 
order of the group itself is 3"'^^7^.19. If P is unity, there must be 
7.19 sub-groups of order 3**\ Any two of these must have a 
common sub-group of order 3", and this must be self -conjugate in a 
sub-group of order S''\7, 3**M9, or 3-*^7.19. In either case the 
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group would be soluble, and it is therefore non-existent. Next 
suppose )8>1. The sub-groups of order 7^ are Abelian, and of degree 
66. The greatest* sub-group, g, common to two of them must keep 
l + 7aj symbols fixed. Each of the corresponding sub-groups that 
keep one symbol fixed, and no others, has at least one sub-group of 
order 7^ which contains gr. Hence, the order of the sub-group which 
contains g self-conjugately is divisible by 1 + 7^?. Now the only 
number of this form which is a factor of the order and not greater 
than the degree of the group is the degree itself ; so that g is self- 
conjugate. Hence, again, in this case the group is non-existent. 
If m is 4, each A; is 7, or two A;'s at least are 3 or 5 ; if m > 4, two fe's 
at least are 3 or 5 ; and in all these cases the group is clearly 
non-existent. Hence the group must be imprimitive. 

n = 63. If m = 1, the Jc'b are 31, 31, and the order of the group 
63.31, 63.31.3, 63.31.5, or 63.31.15. The last is the only one 
in which the order has 6 prime factors. Now, a group of order 
«*^'. 5. 7.31 must contain a sub-group of order 3*. 5, and in this a sub- 
group of order 5 must be self -con jugate. The group then would con- 
tain 1 or 31 sub-groups of order 5 and would be soluble. If m = 3, all 
sets of values of the A;'s lead to impossibilities. If m is 5, or greater, 
two ^'s at least must be 5 or 3. Hence the group must be im- 
primitive. 

n=65. Whatever m is, all sets of A;'s are found to lead to im- 
possibilities. The group is imprimitive. 

w = 69. If m = 2, the only possible set of values of the k's is 
17, 17, 17, 17. The order of the corresponding group would be 
3.17.23, containing only 3 prime factors, and therefore necessarily 
soluble. All other values of m lead to impossible sets of values of the 
/i's. The group is, then, imprimitive. 

w = 76. If m = l, the Fs are 37, 37, and the order is 75.37, 
75.7.3, or 75.37.9. The last alone contains 6 prime factors. A 
group of order 3*. 5^37 must have a self -conjugate sub-group of order 
5 or 5*, and is therefore soluble. This case, then, cannot occur. All 
other values of m lead to impossible sets of values for the A;'s. The 
group is therefore imprimitive. 

n = 77. If m = 2, the only possible values of the /»;'s are 19, 19, 19, 19. 
The order is, then, 77.19, 77.19.3, or 77.19.9, in each case con- 
taining less than 6 prime factors. This case cannot occur, and all 
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other values of m lead to impossibilities. The group, then, is im- 
primitive. 

n = Sl, If m = 2, the only possible values for the Jc'b are 16, 15, 25, 25, 
and the order of the group is 3***.5^ (/3^ 2). The sub-groups of 
order 5^ are Abelian and of degree 80. The greatest sub-group, g, 
common to two of them must keep 1 H- 5aj symbols fixed. Each of 
the corresponding sub-groups which keep one symbol fixed must 
contain at least one sub-group of order 5^ in which g is self -conjugate ; 
and the order of the greatest sub-group containing g self-conjugately 
is therefore divisible by 1 + bx. The only factor of the order of the 
group of this form which is not greater than 81 is 81. Hence g is 
self -con jugate, and the group non-existent. All values of m greater 
than 2 lead to impossibilities except m = 8 and all the k's 5. There 
is, in fact, a primitive group of order 81.5, degree 81, and class 80. 
All other groups of this order are imprimitive. 

/J = 85. The only sets of values of the fc's which do not lead to 
impossibilities are 21, 21, 21, 21 ; 7, 7, 7, 7, 7, 7, 21, 21; and twelve 
7's. In none of these cases is the order of the group divisible 
by 5*. Hence (p. 170) the group contains a self-conjugate sub-group 
of index 5, which is intransitive. For a primitive group this is 
impossible. The group is therefore imprimitive. 

w = 87. If m = l, the A;'s are 43, 43, and the order is 87.43; 
87.43.3; 87.43.7; or 87.43.21, in each case containing less than 
6 prime factors. All other values of m lead to impossible sets of values 
for the A"'s. The group, then, is imprimitive. 

n = 91. Ifm = l, the k's are 45, 45. The order of a transitive 
constituent of degree 45 cannot be divisible by 13 ; and the group con- 
tains operations of order 13 which displace all the symbols. This has 
been shown (p. 179) to be inconsistent with the condition m = 1. If 
m = 3, the only possible values of the Aj's are 15, 15, 15, 15, 15, 15 
and 9, 9, 9, 9, 27, 27. If m is 5, the only possible values for 
the k^B are ten 9*s. In the two latter cases the order of the 
group is 3*. 7. 13. Two sub-groups of order 3* would have 
a common sub-group of order 3""'^ at least, and this would be 
one of 1, 7, 13, 21, or 39 conjugate groups. Groups of degree 
21 and 39 have been shown to be imprimitive. Hence this 
case cannot occur. In the first case the order of the group is 
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3*. 5^. 7. 13. The groups of order 5^ are Abelian and of degree 
90. If /3 is unity, the group may be shown, as in the previous 
case, to be non-existent. If fi is greater than unity, the 
greatest sub-group, g, common to two groups of order 5* must keep 
1 -I- 5aj symbols fixed, and the greatest sub-group which contains g self- 
conjugately must interchange the l + bx symbols transitively. The 
only possible value of 1 + oaj is 81 ; and the group can contain no sub- 
group with a transitive constituent of degree 81. Hence this case 
cannot occur. No value of m greater than 5 gives a possibility. The 
group, then, is imprimitive. 

n = 93. The only possible values for a set of k's are 23, 23, 23, 23. 
The order of the group is then 93.23 or 93.23.11; in either case con- 
taining less than 6 primes. This case, then, is impossible, and the 
group is imprimitive. 

ti = 95. If ,m=l, the fe's are 47, 47, and the order contains less 
than 6 prime factors. No ^ other value of m leads to possible values 
for a set of k's. The group, then, is imprimitive. 

w = 99. If m = 1, the A;'s are 49, 49, and the order of the group is 
3***. 7^. 11, where /> is equal to or greater than 2. If /3 were 2, the 
group would contain 7 or 49 sub-groups of order 3^**. 11, and would be 
soluble. If )S>2, let gr be a greatest sub-group of a group of order 7^ 
which leaves more than one symbol unchanged. Then g must leave 
1 + 7a; symbols unchanged; and the greatest sub-group, h, in which g is 
self -conjugate must interchange the 1 + 7a; symbols among themselves. 
Moreover, the order of the constituent of h which affects these 1 + 7x 
symbols is divisible by 7, and no one of them is left unchanged by 
every operation of h. Hence, for some value of x' equal to or less 
than a;, 14-70;' must be a factor of the order of the group. No such 
factor exists other than 99, and this case therefore is impossible. 
The only other possible values of a set of A;'s are two 7's and four 21's; 
eight 7's and two 21's ; or fourteen 7's. In each case the order of the 
group is of the form 3^*".7^.11 ; while the sub-groups of order 7^ are 
Abelian and of degree 98. If )S = 1, the group would obviously be 
soluble ; and, if )8> 1, the method used for degrees 81 and 91 will show 
that the group cannot exist. The group is therefore imprimitive. 

To sum up, the result of this enumeration shows that : — 
Apart from metacyclical groups of prime degree, the only primitive 
groups of odd order whose degree is less than 100 are (i.) a group of 
degree 25 and order 25.3; (ii.) two groups of degree 27 and orders 
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27.13 and 27.13.3 ; and (iii.) a group of degree 81 and order 81.5. 
All groups of odd order whose degree is less than 100 are soluble. 

[^ote, January Ibth, 1901. — Since the above enumeration was 
made, I have succeeded in showing that a group of odd order and 
degree 3p, where p is an odd prime, is necessarily imprimitive. This 
result, of which I hope to give the proof in a subsequent paper, would 
materially lessen the number of cases that have to be considered.] 



Oonformal Space Transformations. By T. J. PA. Bromwich. 
Eeceived November 6th, 1900. Bead November 8th, 1900. 

The basis of the following note is a very suggestive method given 
by the late Prof. Sophus Lie,* by which he found the expression for 
a rigid-body displacement, assuming only that the distance between 
consecutive points of the body remains constant in the displacement. 
A slight extension of the same method is applied here to find the 
oonformal transformations of space ; and we are led to Liouville's 
theorem that the most general oonformal transformation is due to an 
inversion, a uniform magnification, and a rigid-body displacement 
(combined in various ways).t 

Liouville's theorem was extended by Lie (in 1871) to space of any 
number of dimensions and to non-Euclidian spaces ; Lie's methods 
differ entirely from Liouville's and from what follows. J Lie has also 
given a determination of the infinitesimal oonformal transformations 
of ordinary space, by connecting points in space with circles in a 

* Oeometrie der Beruhrungtiranaformationeny Kap. vi., § 3, p. 206. A similar 
method was used by Beltrami for finding rigid-body displacements in a space of 
constant curvature; my authority is an abstract given in Darboux's Bulletin 
(t. XI., 1876), where it is stated that the original paper was presented to the Roman 
Academy (dei Lineei) ; but I have not been able to find it. 

t' Liouville, Journal de Mathematiquesy t. xv., 1850, p. 103, where the theorem 
appears without proof ; which will be found in his notes to Mongers Applications dt 
V analyse a la geometrie (Paris, 1850, p. 609). Another form of the proof is given by 
J. N. Haton de GroupiUi^ {Journal de VEcole Poly technique ^ t. xxv., 1867, p. 188). 
The theorem was rediscovered in 1872 by Clerk Maxwell {Proc, Zond, Math, Soc, 
Vol. IV., p. 117; Works, Vol. n., p. 297), whose method differs but little from 
Liouville's. 

t Math, Annalen, Bd. v. ; and Oott. Nach., May, 1871. 
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plane ;* the final results are obtained from the properties of contact- 
transformations of the circles. Still another proof is given by Lie 
(l(jc. cit., Kap. X., § 1, p. 419), starting from the fact that lines of zero 
length (for which dx^ + dy^ -\- ds^ = 0) remain of zero length ; it then 
follows that spheres must be transformed into spheres— in particular, 
point-spheres become point-spheres. Lie refers to a note of Liouville's 
of earlier date (1847) than that quoted above ; but Liouville's remarks 
in 1850 seem to indicate that his former investigations were not quite 
satisfactory. 

Since my work was completed, I have found that (for the case n = 3) 
Mr. J. E. Campbellf has used the same analysis to solve a somewhat 
different problem ; he investigates the groups which leave unaltered 
the differential equation 

©■^(|)*-(f)"=»' 

and remarks that these must be the same as the groups for which 

dx^ + dy^+dz'^O 

is invariant. The latter are, of course, the transformations investi- 
gated here. Mr. Campbeirs method of deducing the inversion-result 
differs from mine, and is, perhaps, less direct. Prof. TaitJ has also 
obtained Liouville's theorem by the aid of quaternions. 

First consider ordinary space (n = 3). Let an infinitesimal con- 
formal transformation be defined by 

Bx = X^t, ly = Yh, h = Zct, 

where X, Y, Z are functions of a;, y, z to be determined. By definition 
of conformal transformations, the magnification is a function only of 
ic, y, 2?, and not of the direction of the line-element ; thus the ratio 

cds \ ds 

is independent of the ratios dx : dy : dz, 

Now ds.^ds ^ dx,ldjC'\-dy.ldy-\-dz.^dz 

= (dx,dX-\-dy,dY+dz.dZ)^t, 

. ., .. dx.dX+dy.dY-hdz.dZ 

and so the ratio r^— ,- — r* 

dx^+dy^ + dsr 

* Loe, cit., Kap. x., §2, p. 441. 

t Messenger of Mathematics, Vol. xxvni., 1898, p. 97. 

I Trans, Roy. Soc. Edin., Vol. xxvn., 1874, p. 105 ; FrocRoy, See, Edin,,Yol. ix., 
1877, p. 527, and Vol. xix., 1892, p. 193 ; reprinted in Fapers, Vol. i., pp. 176, 
352, Vol. n., p. 329. 
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is to be independent of dx : dy : dz. But 

dX = -^-dx-i- ^--dy-\- -^^-dz, &c., 
ox dy dz 

and so we find the conditions 

dx dy dz 

say, and .;:^ + — - = 0, 

Oy dz 

^-f?^ = 

dz dx 

dx dy 

J. •+ /3 dz dx , dY 

If we write ^ = — — , 9=——, ,/,= —_, 

. dy dz dx 

we shall have, by our conditions, the table of differential coefficients* 



X 


y 


z 


X ' f 


+f 


-0 


Y [-^ f 


+6 


' z \+f^ -e 


/■ 


ing down the nine conditions 




3»Z c 


)'X 


<fec„ 



dxdy dydx 

we find, first, the three ^- = -^ = ^ = 0, 

dx dy cz 

and, second, three pairs, one of which is 

dz dy dy dz 



(A) 



(B). 



♦ Here the entry given by a row Y and a column x means the differential 



7\ V 

coefficient — ; and bo on. 
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F«,m(B) f^=#|-. 

OzCx CxCy 

9V 

and so, using (A), we find • =0. 

czcx 

By symmetry, ^- = 0, ^ ^ - = 0. 

oy(^z oxoy 

Aga.n,fromcB), g^, = -^g"^ = "gj • 

Comparing this with the symmetrical forms, we see i^at 

dx^ cy^ dz'^ 

Hence / is a linear function only of x, y, z, and so let us put 

/=2(aar + /3y + y2; + 8), 
where a, fl, y, 8 are constants.* 
Then, from (A) and (B), we have 

ox Cy oz 

so that d =2 (yy—flz) -\-p, 

where p is a constant. From symmetry, 

f=2 (oz— yaj)+5, 
i/r = 2(/3j5-ay)+r. 
Then we have dX = fdx -\-\ffdy — ^dz 

= 2(aa; + i3y + y2;+^) <iaj 

-H [2 (/3^-at/) +r] di2/+ [2 (yo;— a^;)— g] (i^, 
or ' X-=2x{ax-k'liy-¥-yz-\-l)—a{x^-\-y^-\'!^)-\-ry^qz-\-a^ 
where a is a new constant. Similarly, 

r = 2i/ (cub + /3y + 75? 4- 8 j - /3 («' + 2/' + «') +i?«-raj + 6, 
Z = 2z (aaj + /3y-|-yj2; + S) — y {x^ -^ y^ -\- s^) -\- qx — py -{■ c . 



• Lie's method for the rigid-body displacement differs from this only in the 
point that/ may be assumed zero at first, so as to make Seis = 0. 
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Thus the group of infinitesimal conformal transformations is a ten- 
parameter group ; which is a familiar result.* 

It is not difficult to give a geometrical interpretation of the forms 
X, Y, Z, For the terms in p, g, r, a, 6, c correspond to the six- 
parameter group of rigid-body displacements. To interpret the 
others, consider the two spheres 

[a5-(aJo+dajo)]'+[2/-(yo+^2/o)]'+[^-(^o-l-^^o)]' = (^ + ^^)'. 

and invert with respect to these two (in this order). It is found 
that the point (x, y, z) receives a displacement ^x, Sy, Bz, where 

&c. 

It will be readily seen that {x^y^z^ may now be taken to be the 
origin,t and then the displacements so obtained form a four-parameter 
group which is exactly equivalent to the terms unaccounted for in 
Xht, YU, Z^t. 

Passing to the case of a- finite displacement, it is clear that the 
most general conformal transformation of space is made up of two 
inversionsj and rigid-body displacements ; and it also follows that 
there are no infinitesimal conformal transformations of a type 
different from these known finite ones. 

As remarked above, this result (for finite transformations) was 
found by Liouville and Maxwell ; but their proofs indicate a con- 
formal transformation by means of one inversion ; which is not, of 
course, entirely correct from our present standpoint. For by one 
inversion an elementary volume is changed to a volume which is 
similar, hut perverted ;^ we can illustrate the point by a reference to 



♦ See Lie (foe. ci^., p. 443). 

t For the retention of the other terms is only equivalent to a rigid-body dis- 
placement. 

J If we choose to suppose the radii of the two spheres of inversion the same, it 
wiU be necessary to add a imiform magnification (which is the same as two in- 
versions at concentric spheres). 

§ Or has its left and right sides interchanged, as by a single reflection in it 
mirror. 
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the proposition in two dimensions, that the conformal representation* 

is equivalent to two inversions, or to one inversion and one reflection 
in a line.f 

Consider next the problem in space of n dimensions with a line- 
-element ds given by 



Repeating our argument for the case n = 3, we find the following 
equations ^(n—l)(n-\-2) in number : — 

and ^^+^ = ^,.s = l,2, ....n\ 

dx, CXr' ^ ^^« / 

These are the conditions that the infinitesimal transformation J 

Sx,. = Xr^t (?' = 1, 2, ..., n) 
may be conformal. To solve them let us write 

a„ = -— ^ (r,s = 1, 2, ..., n), 

OX, 

find note that in general a^, z^ a,,., if s ^r. 

Our differential equations now tell us that a,.,, is the same for all 
values of r, = 0, say ; and that 

From the definition of the a's we have 

dors __ 9^X,. __ da,„ 
dxp Sxgdxp dxg 

* z = x + iy; o, /3, 7. 5 are complex. 

t It may be asked if oiir method applies to two-dimensional problems. It is 
readily seen that, if 5:r = XSt^ By = Ydt give a conformal transformation, then 

djc dy ^ dy dx 
or {X + iY) is a function oi z (= x + iy). Thus 

dz = {X + iY)dt=f(z)dt, 

and so the finite conformal transformation is 

z' = c{>{z), 
a fact which is well known. 

I As before, the X^s are functions of the x^b to be found by the differential 
-equations. 



Digitized by VjOOQ IC 



1900.] Confovmal Space Transformations. 191 

and, in the same way, 

dXp dXr Sx, CXr 

Hence, ii p z^ r z^ s^ we have 

dxr Sxp dxp dx, dx, dx, dx^ 

where we use alternately the differential conditions and the conditions 

Hence %^ = 0, 

OXr 

and it follows that a,p contains only x^ and Xp, Again, 

8a!y 9a?, dx, 
anjd, similarly, ^'^ = ^— . 

Thus, as ar,-\-a^ = 0, 

This will hold for every pair of sufl&xes (r:^s), and so 

1^ = (r = 1, 2, ..., »). 
Furtlier, a„ does not contain Xp {p^r, p ^i) ; 80 

a»6i a /aa., 






dxpdx, dxp ^ dxr * 
Hence 6 is linear in the^aj's, and so we may write 
tf = 2(ZiaJiH-Z2a^+ ... + ^««„-l-fe). 

It follows that 1^ = |i = 2Z., 

OXr 8^, 

3".r = ^ = 2Z 
dx, Sx,. 

and so a^., = 2 (Z,ajy— Z,.aj,) + a^„ 
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where the a's are constants subject to the conditions* 

Or. + a^ = 0. 
It now follows that dX^ = ^aL^^dx, (& = 1, 2, ..., n) 

or Xr = Xr6—lr^xl-\'^argXt-\-mr. 

Thus we have a group of ^(n-|-l)(n+2) parameters, where the m's 
are new constants. 

Just as before, we consider now two consecutive transformations of 
the type (J) given by 

x'r = Cr-^1^ (xr-c;)l [S (x.-^c,)'] (r, * = 1, 2, ..., n), 

and it will be seen that the values of the X's can be produced by two 
transformations of the type J, together with a rigid-body displace- 
ment, f It is then obvious that the most general conformal finite trans- 
formation can be made up in the same way. Transformations of the 
type / may be called generalized inversions ; they have the property 
that hyperspheres are changed by them into other hyperspheres.J 

Another extension may be made by introducing Riemann's idea of 
a space of constant curvature (4X) for which the line-element is 
expressed by the equation§ 

ds' = i,dxi/[i-\-^^o(^.y. 

If we apply to this line-element the methods already indicated, it 
will be found that the same differential equations appear again ; and 
so our analytical results will hold good in this case also. The geo- 
metrical interpretation may be left to geometers. 

\Note, May Srd, 1901. — M. Gaston Darboux has recently published 
a simple proof of Liouville's theorem ; see Archiv der Math. u. Phys., 
Series 3, Bd. i., 1901, p. 34.] 

* These conditions arise in order to give a,« + agr = 0. 

t If the quantity k is the same in the two (/) displacements, we must also add a 
uniform magnification. 

X It may be asked what is the reason for the distinction between the conformal 
types f or w = 2 and those for w > 2. On going back to the analysis it will be seen 
that our proof that 6 must be linear really depends on the fact that 

and clearly such conditions can only exist if there are at least three variables. 
§ Kiemann, Uebei' die Sypothesen welche der Geometrie zu Orunde liegen. 
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On a Glass of Plane Curves. Bij J. H. Grace. Communicated 
November 8th, 1900. Becpived November 13th, 1900. 

1. The well known chain of theorems establislied by ClifFord in his 
" Synthetic Proof of Miqnel's Theorem" has been lately obtained by 
M. Paul Serret* in an outwardly very difEerent manner. Whereas the 
fundamental consideration in Clifford's proof is a curve of class n 
touching the line at infinity (n—V) times, the corresponding idea in 
M. Serret's papers is a curve of the w-th degree, having its asymptotes 
concurrent and parallel to the sides of a regular polygon. In the one 
the locus of the foci plays the same part as the locus of the point of 
concurrence of the asymptotes does in the other. In the following 
paper, by following out the ideas of M. Serret, I have established 
an infinite series of propositions regarding lines and circles in a 
plane. After I had obtained the results hereafter explained a paper 
was published by Morleyf in which the same results are obtained by 
purely analytical and shorter methods. 

2. M. Serret considers, as a generalization of the rectangular 
hyperbola, curves whose asymptotes meet in a point and are parallel 
to the sides of a regular polygon. I make use of a somewhat similar, 
but less restricted, class of curves. In fact, the asymptotes are 
parallel to the sides of a regular polygon without being concurrent. 
A slight difference occurs according as the degree of the curve is odd 
or even. For example, when the degi'ee is 3 the polygon is an 
equilateral triangle ; but when the degree is 4 the polygon is a 
regular octagon, and not a square ; for we require four different 
directions for the asymptotes. Uniformity is secured by saying that 
the curve of degree n has its asymptotes parallel to the sides of a 
regular polygon of m sides, and, for brevity, such a curve will be 
alluded to as an isogonal curve. 

3. To discuss such curves we use axes of coordinates 01^ OJ, where 
is an arbitrary origin and J, / are the circular points at infinity. 
The equation of n lines through the origin parallel to the sides of a 
regular polygon of m sides will be of the form 



* Comptes Mendus, 1894, 1895. 

t Froc. of the Amer. Math. Soc, Vol. i. 

VOL. xxxiii. — NO. 760. o r^ T • 
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And hence the general equation of an isogonal curve of degree n is 

... n (n-1) CiOJi/^-H d,y^^^-\- ... = 0, 

the only restrictions being that n coefficients in the general equation 
vanish. Bj suitably choosing the origin, t.e., so as to satisfy the 
equations 

aj+tti = or 






y+a, = or |^ = 0, 

the terms in a;""^ and y'*"^ can be made to disappear. On the analogy 
with conies we are tempted to call this new origin the centre of the 
curve. As a matter of fact, if we bear in mind that the centre of a 
curve coincides with the mean centre of the points of intersection of 
its asymptotes, it can be verified by a short calculation that the point 
in question is actually the centre in the standard sense introduced by 
Chasles. 

4. By using the equation written above some of the well known 
properties of rectangular hyperbolas can be extended to all isogonal 
curves. Thus, if S and /S' be two such curves of the n-th degree, then 
all curves of degree n through their common points are isogonal 
curves, and the centre locus is a circle. But for our purpose the 
following theorem is of more importance : — 

The first polar of any point at infinity with respect to an isogonal curve 
of the n-th degree is an isogonal curve of the {n—V)'th degree^ and the 
locus of the centres of these curves is a circle concentric with the original 
curve. 

In fact, taking for origin the centre of the curve, we have 

ai = c^i = 0, 

and the equation of the first polar of a point ab infinity is 

Ox Cy 

or a!.{a»"-'+(M-l)(«-2)M-V+... + («-l)c,a-'+-} 

+yi (fcy-' + C**-!) M""'+- + («-l)('»-2)c,a^-'+...} = 0, 
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and tlie centre of this isogonal curve is given by 

(zx^x-^b^yi = 0, 

&yi2/ + ^«i = ; 
so that when ajj, y^ vary the centre locus is the circle whose equation 

dbxy = &i Ci. 
This proves the theorem enunciated above. 

5. Consider now three lines whose equations are Pj = 0, Pj — ^5 
Ps = 0. 

Included in X^ P' -f Xg i^ + X^Pj = 

there is a pencil of isogonal curves, for, in general, (7^—l) linear condi- 
tions ensure a curve of degree n being isogonal. These curves are, of 
course, the rectangular hyperbolas self-conjugate with respect to the 
triangle formed by the three lines, and their centre locus is the 
circumcircle. 

But included in /^i ^i + /^ 2 ^2 + A*« ^s ^ ^ 

there is just one isogonal cubic, and, as all its first polars are of the 

those of the points at infinity must be the rectangular hyperbolas 
above. Hence, by the theorem of § 4, the centre of the single isogonal 
cubic is the centre of the circumscribing circle of the triangle. 

6. Next consider four lines Pj = 0, Pg = 0, P^ = 0, P4 = 0. 

Included in KP^-^K^I-^^PI-^KK = ^ 

there is a single isogonal curve, and the first polars of points at infinity 
are isogonal curves of the form 

Wow, if we take the first polar of the point at infinity on P4, we see 
that /i^ = 0, and the pencil of polars includes the single isogonal 
cubic which we have seen to be included in 

The centres of all the polars lie on a circle, and, by § 5, this circle 
passes through the centres of the circumcircles of the four triangles 
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formed by the four lines. Further, its centre is the centre of the 
isogonal curve included in 

We call this the centre circle of the four lines. Its defining property 
as here given is well known in elementary geometry. 

7. Next consider five lines Pj, Pj, P„ P^, Pj. 
There is a single isogonal curve included in 

X,Pt+A,P^+A,P;+X.P:+A.i^ = 0, 

and among the first polars of points at infinity is the single isogonal 
quartic defined by any four of the lines. Thus the centre locus is a 
circle containing the centres of the centre circles obtained from the 
lines by leaving out each one in turn, and its centre is the centre of 
the isogonal quintic. We call this the centre cii'cle of the five lines. 

8. In just the same way, by considering the isogonal sextic in- 

dudedin X,P?+A,P:+...+A.P:=0, 

we see that the centres of the five centre cii^les obtained by omitting 
the lines in turn lie on a circle whose centre is the centre of this 
sextic, and so on for seven, eight, ... lines al inf. ; belonging ton lines 
we have a circle called the centre circle. Then, taking (n + 1) lines, 
we obtain (n + 1) of these circles by omitting each line in tui*n, and 
the centres of these (w 4- 1 ) circles are concyclic. 

9. It is easy to see that the (n + 1) circles also meet in a point. In 
fact, take the case of six lines : the centre circle of five lines P„ Pg, 
P,, P4, Pj is the locus of the centres of isogonal quartics included in 

X,P|+X,P;+X,P; + X,P*+X,2^, = 0, (A) 

and consequently, when the centre circle belonging to F^F^F^P^T^ 
meets that belonging to F^F^P^P^Fq, we have a centre of a quartic 
S included in (A), and of a quartic S' included in 

KP\-\-x,fUkpI+Kp\+\pI = 0. 

But kS-^kS' = 

will then be an isogonal quartic having its centre at this point for all 
values ol" k and k\ and, by suitably choosing k and k\ we can make 
this quartic belong to the set derived from any five of the lines, un- 
less Xg = Xg = 0. Hence, if a point lies on two of the centre circles, 
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it li08 on each of them, unless it be the centre of an isogonal quartic 
included in v ^4 v , 4 . ^4 ^4 ^ 

In the case above the centre circle belonging to PiP^P^P^P^ meets 
that belonging to PiP^P^P^P^ in two points : one is the centre of the 
unique isogonal quartic included in 

and the other is the common point spoken of above. 

10. The greater part of the above reasoning can be put into the 
language of synthetic geometry without difficulty. 

In an isogonal curve the polar line of I always passes through /, 
and vice versa, while the two polars meet in the centre of the curve. 
For a pencil of isogonal curves corresponding polars L'orm two pro- 
jective pencils through I and J, and hence the centre locus is a circle. 



Applications to Dynamics of some Algebraical Results, By 
T. J. FA. Bkomwich. Received November 6th, 1900. Com- 
muuicated November 8th, 1900. Received, in revised form, 
January 9th, 1901. 

The problem considered in this paper is that of the small oscilla- 
tions of a dynamical system about a state of steady motion. In § 1 
the Hamiltonian equations are used to determine the principal co- 
ordinates of an oscillation in the neighbourhood of a state of steady 
motion ; the suggestion of using the Hamiltonian function instead of 
the Lagrangian was made to me by Mr. E. T. Whittaker, and, so far 
as I know, the results obtained in this way are novel. In § 2 an 
approximate method for dealing with gyrostatic systems is given ; 
this method has been used by Thomson and Tait, but their work can 
be abbreviated by using the algebraical results quoted. 

It is proved below that the problems in §§ 1, 2 both depend on the 
algebraic reduction to a canonical shape of two bilinear forms, one 
being symmetric and the other alternate ; this reduction has been 
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carried out in various papers, but these are somewhat lengthy.^ It 
seemed, therefore, worth while to indicate briefly a method which 
(though not exhaustive) will cover many of the cases met with ; this 
method is given in § 3. 

1. Principal Coordinates in Small Oscillations. 

When we have to consider the problem of small oscillations of a 
dynamical system about a position of equilibrium, it is well known 
that the determination of the principal (or normal) coordinates de- 
pends on the reduction of two quadratic forms to sums of squares ; 
these quadratic forms being the kinetic and potential energies of the 
system. But, if we are dealing with small oscillations about a state 
of steady motion, the problem of finding principal coordinates is not 
so simple ; and, if we use the Lagrangian equations of motion, there 
is apparently no method of solving the problem. For (see Routh's 
Advanced Rigid Dynamics [1892], Art. Ill), if we choose the co- 
ordinates so as to vanish in the steady motion, the Lagrangian 
function* can be reduced to the form 

where Q, Q' are quadratic functions of the velocities and coordinates 
respectively and 5 is a bilinear function of the two. We must notice 
that B must not be assumed to be a symmetrical bilinear form ; for, 
if so, B would be a perfect differential with respect to the time, and 
would not afEect the equations of motion. On the other hand, B may 
always be replaced by an alternate bilinear form ; this point will be 
considered later (in § 2). Now it is in general quite impossible to 
reduce the three forms Q, J?, Q' to canonical forms, the velocities and 
coordinates being, of course, necessarily subject to the same sub- 
stitutions ; and this is why the determination of principal coordinates 
is, at first sight, impossible. In the case of oscillations about a state 
of equilibrium, B vanishes identically, for the coefficients of B depend 
on the velocities of the steady motion and vanish with them ; hence, 
in this case, the difficulty just pointed out does not arise. 

But it will be proved that, if we use the Hamiltonian equations of 
motion, the Hamiltonian function can be reduced to a canonical form ; 
for, in this system, it is not necessary to keep the coordinates and the 
momenta distinct. That is, we can take as a new coordinate some 



* This is, of course, the first approximation only ; we shall, throughout, make 
the customary assumption that the disturbance from the steady motion is small. 
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function both of the coordinates and of the momenta, with a cor- 
responding change in the momenta. It is, of conrse, necessary that 
the transformation should be subject to certain conditions in order 
that the standard Hamiltonian form of the equations of motion may 
be retained. The conditions on the transformation can be expressed 
in the following form : — 

Let (^1, ..., q„), (pj, ..., p„) be the coordinates and momenta of a 
system having n degrees of freedom; and let (q[, ..., g,'), (^J, ..., p'^^) 
be the transformed coordinates and momenta. Then, in order that 
the Hamiltonian equations may remain unchanged in form, we must 
have equations of the type 

dW , dW . ^ ^ . 

Pr = -^y ^r = -;r-; (r = 1, 2, ..., tj), 
Cq^ , vpr 

where TF is a function of q^, ..., q^, p[, ..., j?i. Other forms of the 
conditions may be given, say, for instance, 

i'r = ~5— , i'r = -^— (r=:l, 2, ..., n), 
Oqr Oqr 

Z7 being a function of g^i, ..., ^„, gj, ..., gi; and, of course, there is a 
similar, form giving g„ q^, in terms of the /?'s. 

We shall now prove that these conditions can be put in another 
form. Let ^, A be any two commutative symbols of variation ; then 



'-=^(5r^"-^«) 



= ^(Pr^qr-\'q'Jpr), 

by our first set of conditions. Hence 

/^^W-^(Apr.dqr-\'^qr.Ep'r-^Pr.ASqr-\-qr^^¥r)' 

Similarly, aATF= 2 (^.Aqr+^r'^Pr+Pr^^^qr-^-qr^^^Pr)' 
Now these two expressions must be the same, and so 

2 (^Pr.Aqr-hr^Apr) = 2 {^^ • ^^ K ' ^Pr) ^ 

It is readily seen that the other conditions lead to the same result ; 
and it is easy to see the correctness of the condition when written in 
this shape. For the original Hamiltonian equations are 



dqr _, gH dpr _ __ 3H" / _. "i. 2 n) 

dt 3p/ dt 9g^ 
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in virtue of the condition just obtained, and so 

dqr _ dH dpr _ _ 8g 
dt dp'/ dt dqr' 

or the Hamiltonian equations remain of the same form after the 
transformation, provided that 

remains unaltered ; and it is not necessary (contrary to what might 
possibly be expected) to alter H except by the substitutions. 

We turn now to the consideration of the special problem originally 
contemplated. In a steady motion all the momenta will be constant, 
say that they are ai, ..., a^ respectively (of course some of these con- 
stants may be zero) ; some of the coordinates will be constant too, say 
that q^, ..., g;fc=6i, ..., 6* respectively; while the other coordinates 
will vary uniformly and will not appear in the Hamiltonian function 

except through their momenta, say that -^^^, .;., -^ are in the 

dt dt 

steady motion Cj^+i, ..., c^ respectively. Then let us put 

Pr = ar + ir (t = 1,2, ..., w), 

qr= hr-\-Xr (t = 1,2, ..., A?), 

^^=c.+ %- (r = fe + l,fe + 2, ...,n), 
at at 

and R will become, on expansion, 

where H^ is a homogeneous function of degree m in the x's and f's, 
the coefficients depending on the a's and 6's. 

Then, since the steady motion given by the equations 
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is supposed possible, we shall have from the Hamiltonian equations 
of motion ^-n 

0=^ (r= 1,2, ...,*), 

<Jir 

"'--^ (r = fc + l,A:+2, ...,«), 

0=^ (r= 1,2, ...,«). 

Hence H^ contains only ^^+1, ..., ^„, and no a's at all. Assuming now 
that the motion is slightly disturbed from the steady state, and never 
differs much from it, all the aj's and f 's will be small ; so that the 
approximate equations of motion are 

So for the problem in hand we can ^x our attention on JTj only, and 
we can consider B, as the Hamiltonian function, the aj's and ^'s 
being treated as the coordinates and momenta respectively — since 
3*+ij ...» gn appear nowhere in H^ x^^i, ..., aj„ will not appear in H^; 
this fact will not, however, affect the algebraic problem. 

The problem, then, is to reduce H^ to a canonical form by linear 
substitutions on the a;'s and |'s, which are such that 

remains the same. But, since the substitutions are linear, the 8a;'s 
and 8f's are transformed by the same substitutions as the x's and 
f s, and so, too, the 2ia;'s and Af's. Hence our linear substitutions 
are to be such that 

2 (XrVr—yrir) 

remains unaltered, where y^, i?^ are any variables which must be 
transformed by the same substitutions as aj„ (r respectively. 

The investigation is now reduced to one covered by previous 
papers,* namely, the simultaneous reduction of a symmetric and an 
alternate bilinear form. For we can replace H^ (a quadratic function 
of the aj's and ^'s) by a bilinear form symmetric in the a;'s, |'s and 
y's, ly's ; thus, if 

Bj = ^^ar,X,X.-\-%hr.Xri.-^^^C„U., 

I>roe. Lond, Math, Soc, Vol. xxxn., 1900, p. 321 ; Atner. Jour, of Math., Vol. 
-., 1901. 
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where a« = a^ ^rt^^^n c„ = c,„ 

we consider the equivalent form 

Then we have to effect the simultaneoas redaction (by congruent 
substitutions) of A and J9, where B is the alternate form 

and our transformations are to be adjusted so as to leave B unaltered. 
It will be observed that the detenninant 

I B I = (—l)"* [where m = w (n+1)] 

= + 1; 

so that three of the six cases considered in the papers quoted do not 
occur : namely, there are no zero roots of | Ail— 5 | =0 (which 
accounts for two of the six), and, further, | \A^B \ ^ 0. For our 
present purpose it is preferable to write the determinantal equation 
in the form | A—fxB \ = 0, for \ B \ ^ 0, though | A \ may be 
zero. We have then the reduced parts corresponding to — 

(i.) A pair of invariant factors (^— c)*, (ft+c)* (^¥^^)^ 

(A) c (aJii7i-f yi^i) + ... +c (a;,i7,+y,^*) 

+ («i'7i + yi^:)H---- + (^*-i1* + y-iO» 

(B) ix^-ni-yiii) + ... + (25,1?.— 2/*^0. 

where we have written ^^ instead of a^+i-r (^ = 1» 2, ..., e) in the 
notation of my last paper ;* this change is, of course, to retain the 
proper form for B, 

(ii.) If c = and e be odd, we still have a pair of invariant- 
factors, and the results are as in (i.). 

(iii.) If c = 0, and e be even (= 2p), we have 

{A) (a;ii?, + 2/if8) + ...H-(a;p_ii7p + 2//»-i^p)+^pyp» 
{B) {x^rn-yiid + ... + («p»7p-yp^p), 
where, again, we have changed the notation, writing ^^ instead of 
a52p+i-r (*•=!> 2, ..., p), in order to retain the form of B.\ There are 



* See Proe. Lond, Math, Soc, Vol. xxxii., p. 336 ; the order of the suffixes is 
rather different in the paper printed in the American Journal. 
+ Loc, at., p. 340. 



Digitized by VjOOQ IC 



1900. J Dynamic of some Algebraical Results. 208 

special cases of these results, namely : — 

If e = 1 and cz^O, we have the typical terms 

(A) c(a;i7;i+t/ifi)» 

(B) aJi^i-yifi, 

and, if (5 = with e = 1, we have a pair of invariant-factors ft, ft, and 
the typical terms are as in the last case with c = 0. 
If c = and e = 2, we have the terms 

(B) aj,77i-yifi, 

and this will be in general the part of the reduced forms correspond- 
ing to a coordinate which changes uniformly in the steady motion. 
Thus we have the corresponding terms in fl, : — 

(i.) Two invariant-factors (/a— c)', (/* — c)* (c ^ 0), 

and, if e = 1, we have simply 

(ii.) Two invariant-factors /i*, fx' (e odd) give the same as (i.), but 
with c = 0. 

(iii.) One invariant-factor /a*'*, 

and, if j3 = 1, we have ^. 

The invariant-factors just referred to are those of the determinant* 
[ A—fiB I , which is, when written out at full length. 



1 ail. 


aw 


..., a,,,. 


^ii-A', 


&«, 


..., bin 


ttsi* 


Ojj, 


.., Chn, 


^1, 


K—t^^ 


..., 62„ 


a»i, 


a«2, 


.-, a„„. 


6„i, 


hfa, 


..., &„„-/^ 1 


&ii + /^, 


K^, 


••J &nl> 


Cii, 


Cw 


..., Ci„ 


K. 


K+f', 


.., 6„2, 


^21, 


^22, 


..., C2„ 


bm, 


hm 


..J &««+/*, 


C«l, 


C»2, 


... i 
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Here the a's, &'s, c's are the coefficients in the quadratic form H,, and 
are defined by 

It may be well to point out that, as proved by E[ronecker,* the in- 
variant-factors of the type ft*'*^ always occar in pairs, while those of 
the type /jl'^ may appear singly. Of course, if c ^fc 0, we always have 
pairs (fi — c)', (fi + c)' whatever e may be. 

A simple method of reducing A and B applicable when the 
invariant-factors are linear is indicated in § 3 below. 

The Hamiltonian equations of motion 

will now take various forms corresponding to the different types of 
invariant-factors. Thus we have : — 

(i.) Invariant-factors (/n— c)', (/i + c)', and c^O, 



These give a.. = [a^^, +^,^^ +...+^] exp (^^^ 

(r = 1, 2, .,., e). 
In particular, if e = 1, we have 

Xi = A exp (ct), (i = B exp (—ct). 

(ii.) If c = and e is odd, we get the same results as in case (i.) 
with c put zero. 



» Berliner Monataberiehte, 1874, p. 441 ; GesammeUe Werke, Bd. i., p 477 ; see 
also Stiokelberger, Crelle, Bd. lxxxvi., 1879, p. 20, § 5, and Muth's Ulementartheiler, 
p. 140. 
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(iii.) If c = and e = 2jp, we find 



f=«- 






dx. 


dt- ^" 




d^o _ „ di„_ 

Tt -"'-'' dt- ""• 




Then a, = A^ ^"' +^5 
(r— 1)! 


'(/_2)!+-+^' (^=^'2' 


...,P). 


In particular, if e = 2 or j? = 1, 


■ xr-2 

(r=p+l, p + 2, .. 


M 2p). 



From these results it follows that, if the coordinates are to contain 
only periodic functions of the time, all the quantities c must be pure 
imaginaries and all the indices e must be unity. Weierstrass* has 
shown that a sufficient condition for this is that H^ should be positive 
for all real (non-zero) values of the x's and ^'s ; it is easy to see, by 
taking special cases, that this condition is not necessary .t Weier- 
strass's investigation starts from the 2n differential equations 

-dt^Bi/ '-dt=-B^^ (r = l,2,...,n)., 

but he does not reduce the quadratic H^ to a canonical form ; the sug- 
gestion of making this reduction is due, I believe, to Mr. E. T. 
Whittaker, who proposed it to me as an algebraical problem. 

It is clear, however, that, if some of the values of c are zero, the 
coordinates cannot be expressed entirely by means of periodic terms. 
This will usually be the case if the disturbance is such as to alter the 
momenta corresponding to those velocities which vary uniformly in the 



, , p. 430; cf. Taber, Proc. Land, Math, Soc.y 

Vol xxn., 1891, p. 449, and the author, Vol. xxxn., 1900, p. 92. 
+ An example is worked out by the author {loc. cit., p. 98). 
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steady motion. Thus, if «„ is a coordinate of this type, we know that 

P = o - 

(see above, p. 201), and hence 

dt~'^' 

or, if in the disturbance from the steady motion f„ be altered, that 
alteration will persist in the subsequent motion. To illustrate the 
point, let us take the simple case of a particle describing a circle of 
radius a under a central force varying as r". 

Here we have, using ordinary plane polars, for the Lagrangian 
function L, 

and so, for the Hamiltonian function, 

r=Pi, ^^'=i's, 
and 2fir =2?'+ —pl+hr''^'^ 

In the steady motion we have 

r =z a, j?! = 0, Pi = const. = 6, say ; 
so write, in general, 

r = a+x, pi = i, _p2 = 6+77. 

Thus 2H=e+(^^)\k(a+xy*\ 

\a-\-xf 

and expanding, as far as the quadratic terms, we find 

La* 2 J or or 

That the steady motion may exist the coefficient of x must vanish, 
or 

(n+l)A:a»»-?^ = 0. 
a 

The coefficient of 77 g^ves — ^ for the value of 6 in the steady motion, 
which is, of course, obvious from first principles. 
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Hence, we have for H^, the following result, after substituting 
for k in terms of 6', 



2H,= e+in + 3)^^x'-^Tn+-,rf 



a-"' 



If now we write 

we find that 

(the accented letters being subject to the same substitutions as the 
unaccented) ; so that {X, Y), (^, ri) may be taken as coordinates and 
momenta respectively.* Then 

a* w+3 a^ 

which can be reduced to the canonical form already given ; t but it 
is quite easy to solve the differential equations directly. Thus, 

dY n—1 Jjl ^V A 

'di ""w + 3 a^' dt "^ ' 

Hence we have 

X= Xq cos pt-\ ( — — J sin pt ' 

p \ dt /o I J,2 

a 



— j cos_p^. 



* It is easy to see that the substitutions above can be derived from 
if 7r=irH + yH- ^''^^ 



t A substitution X^ = IX + m^, ^, = Z'Z+m'|, will give Xi^[-X{^^ = X^-X'^y 
provided that Imf—l'm = 1 ; and it is not difficult to choose I, m, l\ m! to satisfy 
this condition and to give also 
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17 = 170- 

For the sake of example, let us assnme that the initial disturb- 
ance is such that the particle is not displaced, but has its velocity 
changed by the small amounts tt, v radially and tangentially. Then. 

X — _ ^^f^Vo __ 2a'i; 

'" (n-f3)6" (ti+8)fe' 

Y = — ^^^ — _ 2a^ 
' (n+3)6"" (n+3)6' 

Hence, we find at time t 

w' a- (n^-6)h 

\ a* n + 3 a/ (w+3) (w + 3)a p ^ 

These results can be verified without much difficulty directly from 
the ordinary polar equations of motion ; they show that, if the dis- 
turbance is perfectly general, the value of y contains a term which in- 
creases with the time, and that the mean value of a; is not zero. Thus, 
speaking strictly, the disturbed motion will, in the course of time, 
deviate largely from the original steady motion ; this does not, of 
course, vitiate our approximation (provided p be real), for its accuracy 

depends on the smallness of --^, not of y. But, if p be not real, 

the method of small oscillations cannot be applied at all ; and, to de- 
termine the stability or instability of the steady motion, we must 
have recourse to the exact equations of motion * 



* The fact that these cases (commonly called unstahle) may require further in- 
vestigation is well illustrated by Prof. Klein's results in the case of the '* sleeping" 
top {American Bulletin of Math.^ 1896 ; Klein and Sommerfeld's Theorie des Kreisels, 
Kap. v., §5 4-8, pp. 316-374). Thus, the method of small oscillations leads to 
a certain condition for stability which may be expressed in the form A > 0, where k 
depends on the constants of the top. Now IQein proves virtually that, for small 
values of /»-, the sign of h does not affect the practical stability ; so that there can be no 
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It is not difficult to see tliat in general, if g be a coordinate which 
varies with uniform velocity c in the steady motion, then in a motion 
arising from a slight disturbance of the steady motion q will contain 
terms of the type (c+v) t, where v involves the initial change in p (p 
being the momentum corresponding to q) : this fact may also be 
illustrated by the nutations of a top about a steady precessional 
motion (Klein and Sommerfeld, pp. 276, 291). For, since (as already 
explained, p. 201, above) q does not appear explicitly in the Hamil- 
tonian function, we have the equation 

or p has the value which it receives just after the disturbance has 
been applied. JSTow r. 

dt dp 

and, as a rule, -^— will contain a term depending on p ; so that we 

Op 
may write 

-2= c-hv+ terms involving the disturbances of the other 
dt 

coordinates and momenta, 

where c is the value of ^- in the steady motion, and v is proportional 

Op 
to the change in p produced by the disturbance. Thus q will contain 
a term (c-\-t^) i, as already stated. 

2. Small Oscillations in Gyrostatic Systems. 

The solution obtained in § 1 for the problem of small oscillations 
about a state of steady motion, although quite general, may yet in 
some cases be not so easy of application as the following approximate 
method, which is based on the Lagrangian equations. The method is 
suggested by a consideration of Thomson and Tait's results for pro- 
blems of "gyrostatic domination" (Natural Philosophy, §§344, 345); 
in these cases it usually happens that the angular momenta of the 
gyrostats are large in comparison with the other dynamical constants 
of the system. It appears to be easier to follow out the consequences 
of this fact by using the Lagrangian equation of motion, having 

abrupt change from stability to instability, as k changes from positive to negative. 
I have proved that the same point occurs in the screw-motion of a solid of revolu- 
tion through a liquid. (See a paper accepted by the Society at the April meeting. ) 

VOL. XXXIII. — NO. 751. P 
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** ignored" those coordinates which define the rotations of the gyro- 
stats. If oj,, . . . , a;,, be the remaining coordinates, chosen so as to vanish 
in the state of steady motion from which the system is disturbed, 
then, assuming that the ar's remain small, the Lagrangian function L 
can be reduced to the form 

to the first approximation, where 

Q = i^ar,x,x, (a,, = a,,) 
is a quadratic function of ac,, ..., ac„, 

n = lK,Xrdb, (K.^h.r) 
is bilinear in aCj, ..., a6,j and x^ ... x,„ and 

Q' = i^Cr.XrX, (c„ = O 
is a quadratic function of »,, ..., x„. 

The typical Lagrangian equation of motion is 

dt \dxj dxr 
or — (Sar.«». + 26.,aj.) — (26r.«.+Sc,..0 = 0, 

or 2a„d?, + 2 (fe,;.— fe„) ac,— Sc„a;, = 0. 

Thus the coefficients of B appear only in the fonn (6,^— &«) ; and we 
shall not affect the equations of motion by taking instead of B the 
alternate form ^ i /, in . ^ , / 

2% (Or.— 0«.) XrX, = 2,br,XrX„ 

for we have K.-K, = ^ (6,^— &«)— i (&«- W = h.^—K,, 

Another way of obtaining this fact is by subtracting from the 
Lagrangian function the perfect differential with respect to the time, 

f^^i(hrs+Kr)XrX.= :ii(hrs-^h,r)XrX,', 

for it is known that the addition or subtraction of such a perfect 

differential will not alter the equations of motion. 

It will thus be convenient to alter the notation slightly, and, for the 

future, we shall drop the accents from the alternate form ^hr,XrX„ 

and write for it t> k i, • / u r 7 x 

B = zOrsXrX, (where fe„ = — 6,^). 

It is of importance now to see under what conditions the coefficients 
in B are large compared with those in Q, Q ; to make this clear, con- 
sider a single gyrostat with moment of inertia I and angular velocity 



Digitized by VjOOQ IC 



J 900.] Dynamics of some Algebraical Results. 211 

oj. Then one term in the kinetic energy is 

where <t> gives the angular position of the gyrostat with respect to 
some frame in which the axis of the gyrostat is fixed and x will be 
the angular velocity of the frame about the axis of the gyrostat ; so 
that X is some linear function of the velocities, the coefficients in- 
volving the coordinates. We assume that <^ appears in no other way 
in the Lagrangian function, and then, *' ignoring " <t>, we find the term 
for Routh's modified function 

The term ( — ^I(»f^) does not contribute to the equations of motion 
(assuming that the disturbance from the steady motion is not such as 
to alter w). Thus x niust be calculated accurately to terms of the 
second order in ajj, ..., x^, a&i, ..., a&M; if there is no initial steady 
motion except the spins of the gyrostats, x "will t)e oi the form 

and thus the first sum (l,f^db,.) will not affect the equations of motion, 
or the whole effective contribution to L from this gyrostat will be 

Iu»{'2,g,,x,x,), 

which will, accoi'dingly, form part of B. Now, by our hypothesis, the 
angular momenta, such as Jtu, of all the gyrostats are large in com- 
parison with the other dynamical constants of the system ; hence the 
coefficients of B are large in comparison with those of Q and Q' in L. 
On the other hand, if in the steady motion any coordinates other 
than the gyrostatic ones vary uniformly, x "will? ^^ general, contain 
also terms of the type 

Thus the terms Iu)(^hrXr) in the Lagrangian function will have to be 
balanced by other terms from the potential energy, so that its co- 
■efficients are of the same order as Jw, and, besides this, the terms 
Iu)(^kr,XrX,) must be included in Q' ; then it does not follow that the 
coefficients of B are necessarily large in comparison with those of Q'.* 

* To illustrate tliiB point we may consider a top (with moments of inertia A, C) 
spinning about a point on its axis with angpular velocity «, taking for simplicity the 
case of no forces. If there is a steady motion in which the axis of the top describes 
a cone of semi-vertical angle a, the effective terms in the La^angian function can 
be reduced to J [-4 {x- + y^) + 2C<axy — (Cw tan af x^jA"], But, if the axis of the top is 
-orig^ally in a fixed direction, we may simply put a = 0, and then the terms are 

\A{i^-k'f') + Cicx'j. 

p 2 
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In the following work we make the hypothesis that the coefficients 
of B are large compared with those of Q and Q' ; thus it will be only 
applicable in general if the original steady motion is confined to the 
gyrostatic spins, though there may be special cases to which the work 
applies even when there is a further steady motion. 

Now consider, first, Q and B simultaneously ; and, second, Q' and B 
simultaneously. Each pair can be reduced to a canonical form by 
known results by considering the equivalent problems of handling 

(i.) The two bilinear forms 

A = 1ar,Xry, (symmetrical), 

B = ^h,.,x,.yt (alternate) ; 

and (ii.) the two bilinear forms 

G:=%c,.,x^y, (symmetrical), 

B =.^\,x,.y, (alternate), 

the substitutions being in each case congruent. Since Q is the value 
of the kinetic energy when the gyrostats have no spins, it follows that 
Q is essentially positive ; thus Weierstrass's theorem * can be applied 
to show that all the invariant factors of the fundamental determinant 
I \A—B I are linear and that all the roots of \\A—B\=^() are 
imaginary. It is then easy to see that we can reduce Q and B by 
real transformations to the forms f 

Q = -|2(a&L+ac2r*i), 

B = 2a,. (a;2raJ2rti— a^2,..ia&2,), 

where (X' + a^.) is a typical factor of \ XA—B \ . The form of Q' will 
not, as a rule, be reduced at all by these substitutions ; and the equa- 
tions of motion become 

aJ2r + l + 2a^^2r = 2c2,.+,,,a!,. 

Now, assuming that the a's are large compared with the c's, whicb 
will usually follow from oar hypothesis regarding the coefficients of B 

* See § 1 above, p. 206 ; another (and more elementary) proof that the roots of 
I \A- -B I = are pure imaginaries is given by Prof. Elliott ( Quart. Jour, of Math., 
December, 1899), though the fundamental point of the proof is the same as that of 
those quoted before. 

t See § 3 below, and the papers referred to in § 1. 
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and Q', these equations give as an approximate solution 
QS2r = Ar sin (2a^^ -I- K^ , 

Xir^^ = J.^COS (2a,.^ + 0> 

and we can proceed to further approximations by substituting these 
values for the oj's on the right-hand side of the equations last found. 
It follows that we can obtain a first approximation to some of the 
periods (namely, 7r/a^) and the corresponding principal coordinates by 
neglecting Q and simply considering the Lagrangian function as 
Q-^B. In almost exactly the same way we can show that a first 
approximation to the remaining periods and coordinates can be found 
by taking the Lagrangian function as 5 -f-Q', rejecting Q. We find 
that, if (\^ + /?') is a typical factor of the determinant | XC—B\^ 
then the corresponding period is nearly 47r/3. The first set of 
oscillations will be extremely rapid and the second set extremely slow. 
It is of some importance to observe that our argument proving that 
the roots of | \A—B \ = are pure imaginaries can only be applied 
to the second set of periods {i.e., those given by | \G—B \ = 0) if 
Q' be definite as well as Q ; and this point may be of importance in 
deciding the stability of the system ; it is clear from what we have 
said that the instability, if it exists, will arise from the vibrations of 
long period. A special case illustrating this is given by Thomson 
and Tait (Natural Philosophy, § 345*), taking the case represented by 

2L := d:^ + if-}-N {xy—xy) -\-ax' + hy^, 

and it is proved that the system is only certainly stable if ah is 
positive, which is precisely the condition that (ax^ + hy^) should be 
always of one sign, or definite. 

The condition that Q' should be definite is certainly sufficient in all 
cases to ensure stability, though we have no information as to its 
necessity ; it is, perhaps, worth remarking that the sign of Q' may be 
either positive or negative, provided that it is always the same. 
When there are no gyrostatic spins, Q! must be negative for stability. 

Finally, it may happen that \ B \ =0, which will always be the 
case if n be odd ; then there will be certain terms in the reduced form 
of Q which have no corresponding terms in the reduced form of B. 
Suppose that the terms Qo = i (^i+ ••• +^a) belong to Q, but that 
a&i, ..., Xj^ no not appear in B\ we make the necessary substitutions 
(found in the reducing process) in Q\ and then put zero for x^^i, ..., .x„\ 
we obtain thus a quadratic Q] in x^, ..., .r*. The terms Q^, Qq can 
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now be reduced simultaneously to sums of squares ;* thus we may- 
write o 2. 

where these x's are not the same as the last oj's, but accents have 
been dropped to save complicated symbols. Thus the complete ex- 
pressions are 

Q' = -^ (d.xl-^- ...-{■d.xD-^Qu 

where every term in Q[ has one of the variables Xj^+i, ..., a;„ as a 
factor. Thus we get k equations of the type 

x, = - drXr+(gr,k*iix^k.i-^ '•'-\-g»/'e») (r = 1, 2, ..., A;), 

giving k additional periods (neither very long nor very short) of the 
approximate values 27rcZ;*. 

3. A Modified Process of Reduction. 

Let J. be a given symmetrical form and B a given alternate form. 
It is required to reduce the two forms by congruent substitutions. 
If we know that all the invariant-factors of the determinant 
I \A-\-fiB I are linear, the method due to Kroneckert takes a simple 
form, and I venture to give a short sketch of this process, hoping 
that it may be of interest to some readers who would not study a 
purely algebraical paper, such as those which I have quoted before. 
The case considered here may be regarded as the ordinary one ; for, 
if two forms are chosen at random (one being symmetrical and the 
other alternate), it will usually happen that all the roots of the de- 
terminantal equation | A—/jB \ = are different, which is a special 
case of linear invariant factors. 

Suppose, then, that /* = cis a root of | A—jxB | = ; then (A—cB) 
is a form which can be expressed in terms of (at most) (w— 1) x'b and 
(li— 1) t/'s, supposing that the general form (A—jjiB) contains n x's and 
n y's. Hence, if we are restricted to substitutions which are the same 
for the ic's as the y's, there will be at least one x (and one y) in (A—cB) 
without a cori'esponding y(x).t Let us denote the x by x^ and the 

* Weierstrass, Berliner Monatsherichte, 1858, p. 207 ; Gesammelte Werke^ Bd. i., 
p. 233 ; Kronecker, ibid,, 1868, p. 339 ; Gesammelte JFerke, Bd. i., p. 163. 

t Berliner Monatsheriehte , 1874, p. 397 ; Gesammelte Werke, Bd. i., p. 423. 

X The case when the {n — \)x*B are paired off, each to one of the (w — 1) y's, can 
occur only when J, B are expressible in terms of fewer than n re's and n y's. 
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y by 2/2 ; then we assume that the coefficient of Xiy^ in (A—cB) is not 
zero.* This assumption is really no more than the original one that 
the invariant-factors to base (ft— c) of | A—fiB \ are linear; though a 
direct proof that the two assumptions are equivalent is not to be 
obtained without going to greater detail than I wish to use here. 
Thus, the factor multiplying ajj in (A—cB) is a linear function of 
Vij 2/81 •••»2//i ; so write t/2 for this factor, and we can eliminate y^ in 
terms of yi, y^, ,.., 2/„. Thus, 

A—cB = 051^2+ terms containing x^, 0^4, ..., aj„ and y^, y,, ..., y„, 

and, collecting all the terms in ya? we may write them in the form 
x[y2, where x^ is a linear function of x^, x^, ...,aj„. Thus, 

A—cB = a?; 2/2-1- terms in a;,, ..., x„ and t/j, ..., y^ ; 

then interchange the a;'s and y's, and we get 

A-^cB = aj2 2/J+ terms of the same type. 

Hence A = ^(xly'^-^Xiy^-^^^T^^ in ojg, ..., a?„ and y^, ..., y„ ; 

cB =r i(aj22/;—aj;2/;) + terms in ajg, ..., aj„ and i/j, ..., y„. 

From this result it is clear that | A—fxB | has two invariant-factors 
(fi—c), (/u-hc), which verifies our original assumption partially. It 
does not, of course, show that, with these invariant-factors, we can 
have no other forms. Continuing this method, we finally arrive at 
completely reduced forms for A, B, except for terms which arise 
when I -4 I = and when \ B \ ^0. The complete discussion of these 
cases would occupy us too long ; but we can indicate how to deal 
with the simpler points. First take \ B \ = ; then B can be reduced 
so as not to contain at least one pair of the variables which are 
preseirt in A. Say these are x^, y^ ; then, by collecting all the terms 
in a?!, 2/1 together in A, we find (provided the coefficient of x^yi in A 
does not vanish) t 

A = a;(yi'-f terms which do not contain x^ or y^. 

* It may be well to indicate that this is an assumption by giving* a case in which 
it does not hold. Say we take 

then {A — cB) contains only x^y x^, x^ and y^i ys, ^4 ; but the term Xit/2 does not 
occur. 

t To illustrate the possibility that this coefficient may vanish, we may take the 

pair of forms A ^ Xiy3 + x^y^ + x^y^, B = r^y^ - x^y^. 

The consideration of this case will not be continued here. (Those who are interested 
in it will find details in my paper in the American Journal of Mathefnatica.) 
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Thus, we may take x{y y{ as new variables in place of «„ y, ; and these 
will not appear in B; so that | \A—B \ has an invariant-factor X. 

We can in a similar way treat the case \ A \ =0, and we shall find 
(in the simplest cases) terms of the type 

B = x[yi-^Xiy[-{-tenn.B without these fonr variables, 
and either 

A = a?jyl-f terms without these four variables 

or • -4 = terms without x{, y{, x^, y^. 

In the first case | A—juB \ has an invariant-factor /n', and in the 
second it has a pair /j, fi. 

It is, perhaps, worth while. to indicate the passage from our results 
to those used in § 2 for the special case when the roots of | A — fiB \ =0 
are pure imaginaries. In this case we change +0 to — c by changing 
-f ^ to — ^, and so {A—cB) to {A-{-cB). Hence, x{, aj2 are conjugate 
imaginaries ; for we have 

A—cB = ojj 2/2+ terms independent of x[, y[, x^, y-z, 

A-\-cB ^= aiy[ -{-termB independent of x{, y{, osi, yi. 

Thus, if we write 

iCi = f 1 + i^i, 2/1 ^Vi+ *%» 

X2 = ii—i^2, y-i =»7i— 1»?8, 

we have, if c = ta, 

A = ^ii/i-f fg^g + ^^^^s independent of fi, iji, fj, t/j, 

aB = ^1 172 ""^2^1 + terms independent of f„ ly^, ^j, ly^, 

which are the forms used above. 

It may be remarked that, in the case of linear invariant-factors, 
Jordan's methods * can be applied correctly ; though, as shown by 
Kronecker,t they are not sufficient in some other cases. The justice 
of Kronecker's criticism was (after some controversy) admitted by 
Jordan, t who adds the remark that his methods are correct in case 
the symmetric form is equivalent to a definite quadratic form. They 
are valid in all cases when the invariant-factors are linear, even if the 
quadratic be not definite. 

* LiouvilleU Journal^ t. xix., 2me ser., 1874, p. 35 (§§ 5-8). 

t JBerliner Monatsherichte, 16 May, 1874, p. 223 ; Gesammelte Wet-he^ Bd. i., p. 402. 

X Comptes Eendu»y t. xcii., 1881, p. 1437. 
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Thursday, December ISth, 1900. 
Dr. HOBSON, F.R.S., President, in the Chair. 

Sixteen members present. 

The following gentlemen were elected members : — Schuyler Colfax 
Davisson, Ph.D. Tiibingen, Associate Professor of University of 
Indiana ; Raghunath Purashottam Paranjpye, B.A. St. John's College, 
Cambridge ; Sidney Lnxton Loney, M.A. Sidney Sussex College, 
Cambridge, Professor of Mathematics at the Royal Holloway College 
for Women; David Andrew Rothrock, A.B., A.M., Ph.D. Leipsic, 
Associate Professor of University of Indiana; Balak Ram, B.A., 
Scholar of St. John's College, Cambridge. 

Mr. Basset spoke "On the Real Points of Inflexion of a Curve." 

Miss Barwell read a paper entitled " On the Conformal Repre- 
sentation of Polygons on a Half Plane." 

Prof. Elliott communicated his paper " On the Syzygetic Theory of 
Orthogonal Binariants," and gave an account of a paper by Mr. A. L. 
Dixon, entitled " An Addition Theorem for Hyper-elliptic Functions." 

The following papers were communicated by reading their titles : — 
On some Properties of Groups of Odd Order (ii.) : by Prof. 

Burnside. 
On Discriminants and Envelopes of Surfaces : by Mr. R. W. H. T. 

Hudson. 
Note on the luflexion of Curves with Double Points : hy Mr. 

H. W. Richmond. 

The following presents were made to the Library : — 

" Educational Times," December, 1900. 

** Indian Engineering," Vol. xxvm., Nos. 16-20, Oct. 20-Nov. 17, 1900. 

** Supplemento al Periodico di Matematica," Anno iv.. Ease. 1 ; Livorno, 1900. 

*' Bollettino della AsBOciazione ' Mathesis,' " AnnoA^, Num. 2 ; Llvomo, 1900-1. 

"Wiadomosci Matematyczne," Tom iv., Zeszyt 5, 6 ; Warsaw, 1900. 

Tarleton, F. A. — " An Introduction to the Mathematical Theory of Attraction," 
8vo; London, 1899. 

Williamson B. and F. A. Tarleton. — ** An Elementary Treatise on D3rnamic8," 
8vo ; London, 1900. 

The following exchanges were received : — 
" Proceedings of the Royal Society," Vol. lxvii., No. 438 ; 1900. 
" Beiblatter zu den Annalen der Physikund Chemie," Bd.xxiv., St. 10 ; Leipzig, 
1900- 
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"Bulletin de la Societe Mathematique de France," Tome xxvni., Fasc. 4; 
Paris, 1900. 

** Annalesde la Faculte des Sciences de Toulouse," Serie 2, Tome n., Fasc. 1 ; 
Paris, 1900. 

"Bulletin of the American Mathematical Society," Series 2, Vol. vn., No. 2 ; 
New York, 1900. 

"Bulletin des Sciences Mathematiques," Serie 2, Tomexxiv., Sep. ; Paris, 1900. 

" Annali di Matematica," Serie 3, Tomo v., Fasc. 1, Nov. ; Milano, 1900. 

"Atti della Reale Accademia dei Lincei — Rendiconti," Sem. 2, Vol. ix., 
Fasc. 8, 9, 10 ; Roma, 1900. 

" Berichte iiber die Verhandlimgen der Konigl. Sachs. GeseUschaft der Wissen- 
sohaften zu Leipzig," Bd. ui., No. 5 ; 1900. 

"Nyt Tidsskrift for Matematik," A. Aargang xi., Nr. 7, 8 ; Copenhagen, 1900 

"Prace Matematyczno-Fizyczne." Tomo xi. ; Warsaw, 1900. 

"Proceedings of the Royal Irish Academy," Series 3, Vol. vi., No. 1, Oct. ; 
Dublin, 1900. 



Note on the Inflexions of Curves with Double Points. By H. W. 
Richmond. Received November 27th, 1900. Read December 
IStli, 1900. 

Apart from curves of the third order, onr knowledge of the 
properties of the system of points of inflexion of a plane curve is very- 
small. The inflexions of a non-singular curve U of order m form the 
complete family of intersections of U" with a covariant curve, H the 
Hessian, of order 3m — 6. The nature of the intersection of U and H 
at an ordinary node or cusp is considered in the formation of Pliicker's 
equations. At a point of higher singularity the nature of the inter- 
section has been studied by Brill,* K5tter,t and others, and, more 
recently, in an extended form, by Segre.J But these investigations 
must be ranked as algebra rather than geometry, and deal with the 
abnormal intersections of U and H which do not count among the 
points of inflexion of U, not with the simple intersections which are 
the points of inflexion — except in so far as they determine the number 
of the latter. As to the reality of the points of inflexion, Klein, § 

* Mathematische Annalen^ Baud xni., p. 175. 

t Ibid. J Band xxxiv., p. 123. 

t Rendiconti d. R. Accad. dei Lincei^ Series 5, Vol. rv. (2), 1895. 

§ Mathematische Annaleriy Bandx., p. 199. 
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extending a result concerning curves of the fourth order due to 
Zeuthen,* has proved that in a non-singular curve only one-third of 
the total number of inflexions can be real, and as many as one-third 
may be real ; he has also given a relation which throws much light 
on the matter in the case of a curve endowed with nodes and cusps. 

In curves of the fourth order our knowledge is fuller, and I have 
therefore made an attempt to bring together the known properties of 
the inflexions of quartic curves which have one or two or three double 
points. I have not considered how the theorems are modified when 
the double point is of a special kind, as a cusp or flecnode ; on the 
other hand, I have added a few results which I have not seen pre- 
viously stated, have summed up the whole into two propositions, and 
established that a partial extension to curves of higher order is valid. 
The question of reality as regards inflexions of a quartic has been 
answered very completely in a dissertation recently presented to the 
faculty of Bryn Mawr College, Pa., U.S.A., by Miss R. Gentry,t 
which contains a catalogue with figures of possible shapes of all quartic 
curves, and brings to a worthy conclusion the task begun by Zeuthen 
in the paper already mentioned. The inflexions of a quartic with 
0, 1, 2, 3 ordinary double points number 24, 18, 12, 6 respectively.]: 

(1) Quartics with one node. — The eighteen inflexions have been 
shown by Brill § to lie on a curve of the fifth order, which cuts the 
quartic in two further points collinear with the two points where the 
nodal tangents cut the curve. These two further points are points of 
the highest importance in the geometry of the curve ; I have proved 



* Mathematische Annalen, Band vn., p. 410. 

t On the Forms of Flane Qttartic Curves^ published by Robert Drummond, New 
York. 

X The researches of Caporali should be mentioned, although they led to few 
definite results ; see Memorie di Geometria, published in Naples, 1888 (also Rendiconti 
delVAccad. delle 8c. di Napoli, Vol. xxi., 1882 ; and Segre, ** Alcune idee di Ettore 
Caporali," Ann. di Mat., Ser. 2, Vol. xx., 1892). 

G-erbaldi {Rendiconti del Circolo Matematico di Falenno, Vol. vn., 1893, p. 178) has 
remarked a special case which he describes as " notevolissimo," when the inflexions 
fall into six sets of four, any two sets lying on a conic. A little reflection shows 
that Gerbaldi's quartic may be represented by an equation 

ax^ + V + ^^ + 2/^^22 + 2^««a?2 + Ihxh/ = 0. 

His result is trivial, since, if (a:, y^ z) be an inflexion, so also are (±a;, ±y, ±z). 
Separate instances of curves of any order which possess 83m3metry of sundry kinds, 
symmetry which must be shared by the points of inflexion, might be multiplied ad 
injinitum. 

§ Mathematische Annalen^ Band xni., pp. 103 and 517. The second paper con- 
tains corrections of some unsound reasoning in the too simple proofs of the first 
paper. 
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elsewhere* that they are the intersections of the uninodal quartic 
with the conic that passes through the six contacts of the tangents 
from the node. Their importance arises chiefly from the fact that 
they form with the node the singular points of a quadric transform- 
ation by which the quartic is changed into itself. If they be pro- 
jected to the circular points at infinity, the curve is inverse to itself 
in the sense of elementary geometry, the node being the centre of in- 
version. 

(2) Quartics with two nodes. — The symbolic equations of the doubly 
infinite linear system of curves of the fourth order that pass through 
the twelve inflexions are obtained by Brill in the papers already 
cited. One such curve is the quartic itself, and a second passes 
through both nodes ; and, generally. Brill shows that any quartic 
through the inflexions cuts out on the binodal quartic four further 
points that lie on a conic with the four points where the nodal 
tangents cut the curve. A simple method of investigating the in- 
flexions is to express the coordinates of the points of the curve as 
elliptic functions of a parameter ?/.. If aj, Og be the values of n at one 
node, /3i, ySg those at the other node, the parameters, Wj, Wg, t/^, ...,W4,„ 
of the 4w intersections of a curve of order n with the binodal quartic 
satisfy three conditions : 

St*. = w (ai + a2 + i3i+^,) (r = 1, 2, 8, .., 4n), 
jj or^^g,— ?0 ^ ro- (ai— /3,)o-(a,-/7a) 1"^ 

jj Cr(/3,-t.,) ^ rcr(/3,-aOcr(/3,-«,)T* 
o-(/32-w,) Lo- {jt\-a;) (T (/32-a2)J * 

The parameters, z,, ig, tj, ..., i,2, of the twelve inflexions are given by 

P (t*— a,)-p (w— tta), p (w-/3i)— p (w— /52) \ = 0. 

I 

Therefore ^ (i,) = 3 (c + a,+/3i + /3,) (r = 1, 2, 3, ..., 12), 

n Q'(«i— O _ o- («i— A) q- (tti — /^ a) o - (2ai — / 3, — /^ g) 

n ^0^T ~O = o" 0^1 -tti) o" (/3i— a.j) cr {'li\—a^ — a^ 
a- Oh — i) o- ((^2 — tti) <^ 0^2 — "2) o- (2/33— aj — tto) 



♦ Q««r/. Jo«r. of Math., Vol. xxvi., p. 6. Compare W. R. W. Roberts, " On 
Uninodal Quartics,'* Troc. Land, Math. Soc, Vol. xxv., p. 151. 
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Now the tangents at the nodes cut the quartic in four points where 
the parameter u is equal respectively to 

We show without difficulty that (i.) the curves of ordern+3 which, 
pass through the twelve inflexions, (ii.) the curves of order n+1 that 
pass through the four points where the nodal tangents intersect the 
curve, cut out on the binodal quartic the same sets of 4n points.* 

(3) Quartics with three nodes. — The six inflexions and the six points 
in which the nodal tangents cut the curve are proved by Brill f to lie 
on two conies, which intersect the curve in the same two further 
points. To prove these theorems, we may express the coordinates of 
points on the curve as rational quartic functions of a parameter X, in 
which form, if (oj, a^) ,(/3i, fi^), (^i, 72) be the pairs of values of X at the 
three nodes, the three relations that connect the 4?i parameters 
(Xj, Xj, X3, ..., X4,,) of the quartic and a curve of order n are the three 
relations similar to 

ai—K LCoj— /3i)(a2-/32)(a2 — yi)(a2— 7s)J 
It is easy to see that the product 

a,-X\ 



-(^.) 



has the same value when X receives six values that correspond (i.) to 
the inflexions, (ii.) to the intersections of the nodal tangents with the 
curve, (iii.) to the contacts of the tangents from the nodes. Hence^ 
assuming Brill's theorem that the six inflexions lie on a conic, we see 
that the six intersections of the nodal tangents with the curve and 



* In order that the twelve inflexions may lie on a cubic, I notice {Quart. Jour, of 
Math., Vol. xxxTT. . p. 63) that only a single condition, 

P (ai - /81) + F (03- /Sa) = Ji^ («i- /32) + P («2 - iSi), 
has to be satisfied — not, as might be expected, three conditions. The one condition 
being fulfilled, the nodal tangents cut the curve in four collinear points. 

t Mathematische Annalen, Band xn., p. 90 ; Band xm., p. 175. Compare Franz 
Meyer, Apolaritdt nnd rationale Cnrven, pp. 283-287, where a notable property of 
the two further points is obtained. If the equation of the trinodal quartic be, as. 
in Salmon, Higher Plane Curves, p. 254, 

ay^z' + bz^X' + ex^g- + 2fx^gz + 2gghx + IhzHg = 0, 

the two further points are the two points where 

afgz + bgzx + chxg = . 
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tlie six contacts of tangents from the nodes also lie on conies, the three 
conies all intersecting the quartic in the same two further points. 

Having set down side by side these theorems on the inflexions of 
quartics,* we observe that they may be summed up in two pro- 
positions. The first is Brill's theorem that the inflexions of a trinodal 
quartic lie on a conic ; the second is : — 

On a curve of the fourth order which has none but ordinary double 
points, whether one, two, or three in number, the three point-groups 
formed, (i.) of the (18, 12, or 6) points of an inflexion, (ii.) of the (2, 4, 
or 6) intersections of the nodal tangents ivith the curve, are coresidual. 
Incidentally, it has been noticed that in the cases of the uninodal and 
trinodal curves the six points of contact of the tangents from the 
nodes are also coresidual with these two point-groups. f 

T proceed to establish an extension of this result, viz. : — 

On a curve of any order which has none but ordinary double points the 
inflexions and the points where the nodal tangents ciit the curve constitute 
a pair of coresidual point-groups. 

The double points must not be cusps or flecnodes, but must be 
formed by the crossing of two (real or imaginary) branches, the 
tangents at the point of crossing being distinct and having only 
normal (two-point) contact with the branch. Also the case when one 
of the nodal tangents goes through a second node must be barred out, 
or, at least, investigated separately. 

Let U he a, cui've of order m with d ordinary double points, 
Oi, Og, Os, ... ; let H be its Hessian of order 3m — 6. The two tangents 
at any one of the double points are distinct, and each cuts f7 in m— 3 
points other than the double point. Through the 2m — 6 points on 

* The inflexional tangents possess the following properties : — In the non- singular 
quartic they, form the complete system of common tangents of two curves of class 
four and six respectively enveloped by lines on which the quartic cuts out an equi- 
anharmonic or a harmonic range. The twenty lines made up of the eighteen 
inflexional tangents and the two nodal tangents of a uninodal quartic are the com- 
plete system of common tangents of two curves of class four and five respectively. 
The twelve inflexional tangents of a binodal quartic and the four nodal tangents 
touch a singly infinite linear system of curves of class four. In a trinodal quartic, 
the six inflexional tangents, the six nodal tangents, and the six tangents from the 
nodes all touch conies ; and the three conies touch one another at the same two 
points. It does not appear that these properties can be extended in any obvious 
way to curves of higher order. 

t I am indebted to the referee for notice of the curious fact, concerning which I 
had fallen into error, that the points where the curve is touched by tangents from 
the nodes and the points where the curve is cut by tangents at the nodes do not 
form coresidual point-groups in the binodal quartic, although they do so in the 
iminodal and trinodal curve. 
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the tangents at Or draw a curve F^ of order m— 3, not passing througli 
any node or inflexion of V nor any intersection of U with another 
nodal tangent, and denote by Gr the point-gronp composed of its 
(m— 2) (m — 3) other intersections with U. 

The intersections of Z7 and H are made up of simple intersections at 
each inflexion of U and six-fold intersections of a particular kind at 
each double point, Oj, Oj, 0^, .... We proceed to construct a series of 
curves K^^ K^, K^, ..., of orders which increase in an arithmetical pro- 
gression with common difference m— 5, whereof K^ has the same 
intersections with 17 as H. except that K^ does not pass through 0^, 
but has a simple intersection with U at each point of the point-group 
G^ ; K^ has. the same intersections with 17 as X,, save that K^ does not 
go through Og, but has a simple intersection with U at each point of 
the point-group G^, ... ; K^ has the same intersections with U as 
Kr.i, save that Kr does not pass through 0^, but has a simple inter- 
section with U at each point of the point-group (r,., .... Finally, we 
shall arrive at a curve of order 

3m— 6 + cZ(m— 5), 

which has a simple intersection with U at each inflexion and at each 
point of all the point-groups G^, G^, G^, .... Therefore the inflexions 
will have been proved residual to the aggregate of all the point-groups 
G-i, (ra, (t„ ... ; and, by the construction of the last paragraph, the 
point-groups G^, G^, G^, . . . are residual to the points of intersection of 
the nodal tangents with the curve. Hence the inflexions and the 
intersections of the nodal tangents with the curve will have been 
proved to form two coresidual point-groups; that is to say, if 
any curve whatever pass through all the inflexions of U and cut U in 
a further group of points G, a second curve can be constructed which 
cuts U in the points G and the points where the nodal tangents cat U, 
and in no other point. It remains to investigate the method by which 
Kr.iia replaced by Ky. 

Let x = 0, y =^0 be the tangents (whether real or imaginary) at 
Or', z = a line that does not pass through Or- With x, y, z as 
coordinates the equation of TJ is 

The coefficients a and h are debarred from vanishing by the condition 
that the branches through Or are not inflected at Or ; thus the points 
where the tangents aj = 0, i/ = cut the curve JJ are determined by 
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equations 

respectively ; and the carve V^ which is drawn through the 27n— 6 
points of U other than 0^ that lie on aj = and y = 0, has an equa- 
tion of the form 

^,«.5 being a function of x, y, z of degree m— 5. We may therefore 
write the equation of U in the form 

U=xyF^.,-^(aa?+hf) F, = 0, 

F„^.2 denoting a function of x, y, z of order m— 2, the terms is'""* and 
2f«_8 being present in F,„.2 and V^ respectively with coefficients unity, 
and a and h being difPerent from zero. 

We suppose that a curve Kr.\ of degree Z, where 

Z = 3m— 6-f (r— l)(m— 5), 

has been constructed, which has simple intersections with JJ at each 
of the inflexions of (7, and at each point of each of the point -groups 
G'l, (r„ ..., (r,._i, and has a six-fold intersection of a special type at 
each of the tZ— r-fl double points 0,., 0,.*i, 0,.+2» ••• ; ^r-ican have no 
further intersection with U. 

Now assume for the moment that Kr.i is represented by an equation 
of the form 

K,_, = xy^i^2 + (aaj'H- 62/') ^ua = 0, 

where $/_2, ^^-3 are functions of x, y, z of orders Z— 2 and Z — 3 re- 
spectively, headed by the terms \sf'^ and f4z^'^ respectively. The 
coefficients \ and /i possibly vanish, but it will appear that they 
cannot be equal and so cannot vanish simultaneously.* If, then, we 

^""^^ xyK=U^,.,-Kr,,Vr, 

the curve X^. = of order Z-fm— 5 passes through all the simple in- 
tersections of U and iT^.i, all the points of the point-group Gr (which 
contains all the intersections of TJ and Vr which do not lie on aj = 

* If A vanishes, A',.- 1 has a triple point at 0^ but the number of intersections of 
iTr-i and [7 that coalesce at 0^ is not affected. 
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or 2/ = 0, and therefore lie on ^„,_2 = 0), and has a six-fold intersec- 
tion with U at each of the double points O^^i, 0^+2» •-. • Thus Kr 
cannot cut U in any further points, and in particular cannot go 
through Or, as it would do if X and /n were equal ; the possibility of X 
and fjL being equal has, in fact, been excluded, in some way which we 
need not stop to consider, by our assumptions concerning the curves 

'^l^ '%^ •••» ^r-\' 

We assume again that in replacing Ky.^ by Kr in the manner just 
explained we have done nothing that prevents us from afterwards ap- 
plying the same treatment to anyone of the other double points in which 
TJ and JE^_i intersect. The two assumptions are not in reality different ; 
we shall justify both if we prove that H and all the curves 
Zi, ^2> ^8> •••» ^r-i introduced up to the stage at which any particular 
double point Or is singled out for treatment fall under the form 

^y^i-t-\- (ax^+hif) ^i.s = 0, 
already assumed for K^.i, the quantity I here denoting the order of the 
curve under consideration at the moment, and $/.2, ^i.z standing for 
functions of x, y, z of order Z— 2 and Z— 3 respectively, headed by terms 
Xs'*^ and fx^'^, 

Now H is well known and easily proved to be of this form, the 
values of X and /a being (m— 2) (m— 1) and — m (m— 1) respectively. 
To derive K^ we take the difference of H multiplied by F^ and TJ 
multiplied by some other function, and can reject a quadratic factor 
which represents the pair of factors at the node 0^ ; this quadratic 
factor cannot vanish when aj = and y = on account of the con- 
ditions originally imposed. Hence K^ is of the form assumed, the 
possibility of X and /i being zero being taken into account ; since the 
order in which the several double points are treated is arbitrary, we 
might consider Or next ; thus the previous proof that X and /a are un- 
equal is valid, and X and p, are not both zero. The process may now 
be applied to Og, 0,, ..., till the time for dealing with Or arrives. 

Q.E.D. 

The inflexions of elliptic curves (jj = 1) possess certain special 
properties. On such a curve, being of order m, there are in the 
general case ^m (m— 3) double points and 3w inflexions ; the double 
points lie on a curve of order m — 3, and constitute the complete 
system of its intersections with the elliptic curve. When the co- 
ordinates of the points of the elliptic curve are expressed as elliptic 
functions of a parameter u of the form 

VOL. XXXIII. — NO. 752. Q r^ T 
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fche 3m parameters of the inflexions are the zeroes of the determinant 
whose constitaents are the three coordinates and their first and second 
differential coefficients with respect to u ; the sum of the parameters 
of the 3w inflexions therefore vanishes, and a curve of order m other 
than the given elliptic curve will pass through all the double points 
and the 3m inflexions. Thus, when j? = 1, it is possible to replace the 
Hessian by a curve of order m which, like the Hessian, has a simple 
intersection with the given curve at each inflexion ; but, whereas the 
Hessian has a double point at each double point of the given curve, 
counting as a six-fold intersection, the new curve only passes through 
the double point 



The Syzygetic Theory of Orthogonal Blnariants, By E. B. Elliott. 
Bead and received December 18th, 1900. 

1. Attention has been redirected to systems of orthogonal in- 
variants and covariants of binary forms by Major MacMahon in a 
paper read at the 1900 meeting of the British Association. His 
method is symbolical. The following pages are, it is believed, quite 
independent of his work. Their aim is to show that a complete 
syzygetic theory of the concomitants in question can be based on very 
elementary and simple considerations. 

In a binary ^-ic, in fact, the complete irreducible system of non- 
absolute orthogonal concoiiiitants consists of a pair a5±/y of linear 
universal covariants andp+1 linear invariants; and for a system of 
api-ic, a^j-ic, <fec., it consists of a;±<y andpi + l, i?2+l, &c., linear in- 
variants of the^i-ic, thepj-ic, &c., separately. The theory of the com- 
plete irreducible system of absolute orthogonal concomitants for a given 
P'ic or system is, in effect, the theory of irreducible products, obeying 
a certain law of isobarism, of the appropriate linear system. 

In the relation expressive of the invaiianoy for all linear trans- 
formations of a concomitant of a quantic or quantics, the factor is well 
known to be always a power of the modulus. All proofs of this depend 
for their validity on the irreducibility of the general modulus. No 
such fact holds as to concomitants which have the property of in- 
variancy only for a restricted class of linear transformations, in case 
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the modulus for that class be resoluble into factors. Por instance, 
in expressions of invariancy for the class of transformations 
X = IX-mY, y = mZ-f lY, 

the factor may be a product of difEerent powers of l + im and l—im. 
In particular, for the direct orthogonal transformation 

JB= Zcos^— Ysin^, 1/ = Z sin ^ -f Y cos ^, 
the factor in an expression of invariancy will be a positive zero or 
negative power of e'^. 

Orthogonal invariants, &c., which are non-absolute for direct turn- 
ing are left oat of sight in chap. xv. of my Algebra of Quantics. 
They are not left out of sight in Andoyer's Theorie des Formes ; but 
M. Andoyer's direction to find them (p. 143) by first investigating all 
absolute concomitants, and then combining x-{-iy with the system 
found, reverses the order which will be seen to be the one readily 
applicable to the constipiction of syzygetic theory. 

2. From a? = Zcos^— Ysin^, y = Z sin^-f Ycos ^, (1) 

it at once follows that 

Z-hiY=e-'V«+'y) 



e''(x-iy) J 



(2) 

X-lYz 



Thus X'\-iy and x—iy, which calif and ly, are fundamental — universal 
— concomitants, of factors e~*^, e'^ respectively. f"*i;'* is one of factor 
^-t(tii-n) » ^j^y rational integral function of x and y, with numerical 
coefficients, may be given the form 

by putting J (f +>?) and — (f — ij) for x and y. It will be a universal 

concomitant if and only if for each term, when it is thus written, 
m—w is the same. 

Moreover, ;^ +* ;^ and 1^ are fundamental invariant opera- 
da; oy ox oy 

tors, of factors e~'^, e'^ respectively. If, in fact, 
be any equivalence, we have 

V3x ar/ \dx ay/ ^ 

^ox oy' ^ox oy' 

Q 2 
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For shortne'ss, write F„- and e"^^*""*^*/^, for the two sides here. A 
consequence is that 

Fr,., F.^ Fr^ ... = e-'<^'-^) V..../.^/.^. ... . (4) 

This affords us the means of writing down all rational integral 
differential equations which are unaltered in form by any trans- 
formation such as (1) applied to the independent variables, and of 
deciding whether a given equation has the property. Replace,lin an 
equation 

%Aafy^z'' . -— ^ ... = 0, 



«i y ^yi{(^+'y) "*■(*— *2/)}> 2"^(^"'"'2^^'"(^""*2/)} respectively, and 

-- y —- by the like linear functions of ^ + « ^ , -^ * ^- , thus 

ox oy dx oy ox oy 

giving it the form 

\ox oy' ^ox oy' 

dx dy' ^dx dy' 

from which the transformation (1) produces the like form in X, Y 
with each B replaced by the corresponding jge'^*'""^''*'^''"^^^. The 
necessary and sufficient condition for permanence of form is then 
that for all terms 

a'— /3' + 2r— 2s = const. 

The property common to equations with this permanence is that 
their general solutions are unaltered in functional form when in 
themaj+tyis multiplied, and x—iy divided, by any the same con- 
stant e'^. 

3. Take now the infinitesimal transformation 

x=X-Y6^, y = Xff^Y (4) 

included in (1). To express properties of invariancy for the one- 
parameter group (1) it, we know, suffices to express the facts for (4). 
For a form K associated with 

u = {%, tti, a^, ..., a;){x, yY (5) 

to have the property of invariancy for (1) it is necessary and suffices 
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that its infinitesimal increment, when X, Y from (4) are substituted 
in it for x, y, and the consequential substitutions for a^, a^, o^, ..., Up 
are made, be a multiple of O'K, Accordingly the condition is that, 
for some value of X, 

dx dyl 
^ = «o ^- +2ai ^- + ... +2>ap 



{o-0^y^^-x~-)K=\K, 



where 



3 

cap 



^ = i>«i 5- + ( ;? - 1 ) «2 ^ + • • • H- «;> 5 • 

0% da^ oap_i 



(6) 
(7) 
(8) 



We have already found the two solutions x:hiy, of equations such 
as (6), which are linear in the variables and free from the coefficients. 
Let us now consider solutions linear in the coefficients in (5) and free 
from the variables, ^.e., linear orthogonal invariants of u. 

For kQaQ-^-kia^ + k^a^-^.^.-j-kpap (9) 

to be such an invariant the equations to be satisfied by A and the 

2k,— pk^ = Xki 

Sk,-(p-l)k^=:X\ 



pkf—2k^.2 
-K 



— X/fp,! 



(10) 



and there is consequently one set of values of ratios of the A;'s corre- 
sponding to every value of \ which satisfies the equation 

0. (11) 



X -1 
p X -2 
p-1 X 



-3 



3 X -(i?-l) 

2 X — ^ 

1 X 

The direct algebraical solution of this equation presents difficulties. 
But it will be seen indirectly that the equation must, in fact, be 

(X«+l')(^'+3')...(^'+i>0=0 
or X (X« + 22)(X« + 4^) ... (X'+l>') = 0, 
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according as p is odd or even. In fact, 

a-O-y^ + r^ 
ox oy 

annihilates u = (a^, a^, a,, ..., aj,)(x, t/)", (5) 

to which apply the transformation a; = J(^+i;), y=^ (i—v) of § 2, 
and write it 

« = «,«:, a.:, ....ocf,,)". (11) 

^) ^r^'' "*'»?*' in this, — y TT- +^^ produces 
** / Ox oy 

Consequently O— must produce from it 

In other words, (O— 0)a', = —i (;>— 2r) a; (r = 0, 1, 2, ..., ^j). 

(12) 
There are then p-^1 distinct values of \ which make the equations 
(10) consistent, namely, the values —ip, —i(p—2), ..., i(p—2), ip; 
and p-^-l distinct corresponding linear orthogonal invariants (9), 
namely, the coefficients ao, a[, a^, ..., a^ in (11). 

These 2? + 1 linear orthogonal invariants are linearly independent. 
For, were the coefficients in (11) linearly connected, so would be the 
p-fl linear functions of them a^, a^, a^, ..., a^; but these are general. 

4. To find the expressions for these linear invariants, we notice 
from (11) that 9p , . 

— —^U=p\ ttry 

and we also observe that 

3 _ 1 /3^_^ 3^\ 9. — 1/^4.4 ^\ (13) 

3f wx dyl drj ^dx dy' 

rrx. ,1/3 3\''-w3 L 3 \*- 

(r = 0,l,2, ...,p). (14) 

Let us now change the notation, and write Jp_2r for 2''a„ thus 
taking for our p + 1 independent linear invariants 

if^^isodd^ and I^, I_p, J^.j? J-p+2, ..., 1%, I-2, Iq 
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if p is even, where, for every s from to the greatest integer in §p, 

= i^(a=,lp(ai ai).^. (15) 

^1 ^do? 3/// ^3aj2 3y^^ 
Now, to adopt a notation* in which all the " symbolic " theory of 
forms can be advantageously expressed without the use of any 
symbol which has not actual meaning either as a quantity or as a 
differential operator, 

u = (tto, «!, a^, ..., ap)(x, yY 
• =(x-^ydya,; (16) 

where ci = ai ^— + a2 —-+... +ap 5 . (17) 

oaQ oa^ dap. I 

Hence (16) gives 

= a^id)'-" (ao, a,, a„ ..., 0^)0-, 1)' 

= [K' «2' — ' o-i.)(h 1)', (»i. as> •■•> «2*+i)(l> I)'' • •• 

..., (S-^. «.-^u, ..., «,)(!, 1)'} (1. =F.)"-^ (18) 

a pair of expressions of conjugate imaginary form. When p is even 
the single I^ given hy s = ^p is of real form, namely, 

(a^a,,a„ ..., a^)(l, 1)*^. (19) 

The factor in the expression of invariancy of any of these linear 

* Called attention to by Mr. Kempe, Froc. Zond, Math. 'Soc.Yol. xxiv., p.- 102. 

[The kindness of Major MacMahon supplies me with a note on the convenience 
of the pure German symbolism, which he has adopted and extended in his own 
work on orthogonal systems. 

Let the quantic be {ai^i + a^x^y = aj, where ai, a^ are umbrse. Invariant umbra! 
expressions are «! — iOj = ai and aj + t^j = *2 5 «^^d Xi + 1X2 = ^1, x^ — ix.^ = I2 ^^ in- 
variant. Now 2ax = 01^1 + 02 12 =5 Of. Also all products of integral powers of oi 

and 02 are invariants in symbolic form for some value of p, so that in -— o^ all the 

2 
coefficients are linear invariants, and the variables are covariants. The form 

— o^, i.e. (22a), is canonical. 

In place of my /notation he would recommend one of double suffixes. Thus, in 
the case of the ^-ic a^, he would regard 7^,0, Ip-\ 1, Jp-2 2, ..., lop as the most ex- 
pressive notation for o^, oJ'~^a2, "T"^**!* •••» «^, or for the linear invariants (14).] 



Digitized by VjOOQ IC 



232 Prof. E. B. Elliott on the [Dec. 13. 

invariants I,u is the power of e'* whose index is the suflRx m. For, in 

(15), 5-T«^- are by § 2 invariant operators of respective factors 
ox oy 

e*'^ The doctrine of the infinitesimal substitution of §3 gives the 

same information. 

Every product J,„r_,„ of a conjugate pair is a quadratic absolute 

orthogonal invariant of real form. 

Examples. — For low values of p the linear systems are as follows : — 

(i.) For the linear form ax+hy, 

Jj, r.i = a=F«6; factors e*'^ 

(ii.) For the quadratic aa;* -f 26ajy -|- cy', 

I„ 1-2 = a=F2«6— c; factors e*^'^ 
7q = a+c; factor 1. 
(iii.) For the cubic (a, 6, c, d)(x, y)', 

I„ J_3 = a^Sih—Sc±id; factors e*^'^ 
Ii, I-i = a+c=Fi(b-j'd) ; factors 6*'^ 

(iv.) For the quartic (a, 6, c, ii, e)(a!, y)*, 

I4, 1.4 = a=F4tfe--6c±4iii+e ; factors e**'^ 
i,, 1-2 = a+c=F2i(6 + (^)-(c + e) ; factors e*^^^ 
Jq = a+2c + e ; factor 1. 
(v.) For the quintic (a, 6, c, d, e,/)(a;, y)*, 

I5, 1.5 = a=F6i6— 10cd=10«ii+5e=Ft/; factors e^^^^ 

J„ 1-8 = a+c=F3<(6 + (^)-3(c+e)±« ((«+/) ; factors e**'^ 

Ii, I_i = a + 2c-he=Ft(6 + 2(i-f/) ; factors e*'^ 

5. It must be remarked that these systems of linear orthogonal 
invariants are obtained as invariant only for direct orthogonal 
transformations 

jB=Xcostf— Fsin^, t/ = Xsin^-f-Ycostf. (1) 

A skew orthogonal transformation 

a; = Zcos^+Ysintf, y = Xsin^— Ycostf, (20) 

•i.e., the result of the sequence of a direct orthogonal transformation 
and a change of sign of Y and second, fourth, <fec., coefficients in the 
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transformed ^-ic, produces as equal to e"^I„„ not the function J^ of 
final coefficients, but the conjugate J.,„. The real quadratic product 
Iml-m is absolutely invariant for skew as well as direct transforma- 
tions. 

In like manner ^ = a? + ty of factor e~'* and ?/ = oj— ty of factor e** are 
invariant only for direct orthogonal transformations. For skew 
transformations they are interchanged as well as affected by factors. 
The product ^l7 = a''+2/^ the absolute, is, of course, absolutely in- 
variant for skew as well as direct transformations. 

A product Imln^q ' • . Cv^ involves y and the alternate coefficients 

^> <hi %j ... only to even dimensions in its real part and only to odd 

dimensions in its part affected by e. It is an orthogonal invariant or 

covariant for direct transformations, which is absolute if, and only if, 

mfjL-\-nv + qK-^ ... —a+fi = ; (21) 

and, if this be the case, its conjugate I1„J\,^r_q ... rfi^ will also be abso- 
lute. For skew transformations neither product will be absolute, or 
indeed invariant, unless the products are identical, z.e., unless their 
form be the real one (J„»I.,„)'*(J„J_ „)"... (^v)". Half the sum of the 

two, however, and — - times their difference, will, if (21) be satisfied, 
2c 

be real and invariant also for skew transformations. The former will 
be absolute and the latter will have the factor —1 for the skew case, 
though absolute for the direct. 

The systems presently investigated as systems of absolute ortho- 
gonal invariants will be absolute for direct transformations. To 
avoid repetition it may be stated, once for all, that when for any 
quantic or quantics a system of products of the I's and ^, 7, say the pro- 
ducts A, By.,.F^F'^ Q, Q'..., in which the pairs P, P', &c., are con- 
jugate has been seen to form a complete irreducible system of absolute 
orthogonal invariants, or invariants and covariants, for direct trans- 
formations, the completed facts will be that a direct absolute in- 
variant or covariant when expressed, as it can be, rationally and 
integrally in terms of 

A,B,..., 4(P+F), ~{P-r), i(Q+QO, ^(G-Q'),..M 

will be also invariant for skew transformations if, and only if, in 
every one of the products of which it consists the number of differ- 
ence factors P— P', Q— Q', ... is either odd or even. Only in the 
case of evenness is the invariancy for skew transformations absolute. 
In the case of oddness the factor is — 1. 
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6. The system of j^ + l independent linear orthogonal invariants 



lp-2-, .-., i-(p-i), ^-p->\ 
f f f i 



(22) 

constitutes the complete irreducible system of non-absolute and 
absolute direct orthogonal invariants for one p-ic. In fact, remem- 
bering how (11) was formed from (5), we recognize that every 
rational integral function of a^, a^, ag, ..., ttp can be rationally and 
integrally expressed in terms of aj, a[, a^, ..., a^. In particular, theu, 
any invariant can. The one requirement and sufficiency that a 
rational integral function thus expressed may possess invariancy is 
that the sum of the suffixes — in either the a or the I notation — ^be 
constant throughout, because 7„» is of factor e"^'^. 

The same system (22) with the addition of i and rj is the complete 
irreducible system of direct orthogonal invariants and covariants, in 
like manner. The sum of the suffixes of the I's, diminished by the 
exponent of i and increased by that of rj, is what has to be constant 
throughout a rational integral function of the system which is a 
covariant. 

Notice that the jp-ic is not one of its own irreducible system. Its 
expression by means of that system is 

^ (/„ I,.„ ..., I.,,,, I.,)(l ,)". (22a) 

Products, of one degree, of members of the system (22) cannot be 
connected by any syzygy. Indeed, no relation connects o^, aj, . . . , o^, 
which are quite independent, because the equally numerous linear 
functions aQ, Oj, ..., ttp of them are. Neither can products of one 
degree and order of (22) and i, rj be connected, for a like reason. 

This syzygetic independence of products, and the constancy of 
sums of suffixes in the terms of such invariants as are sums of pro-' 
ducts, give us means of applying partition theory to estimate the 
number of linearly independent orthogonal invariants which have 
the same factor. 

Write p for e'^. The factor which occurs in the expression of in- 
variancy of a product of powers of Jp, Jp.2, ..., I-p^2, I-p for which the 
sum of suffixes is k, or of a linear function of such products with the 
same k, is then p". If we adopt the notation oj, aj, ..., a^, the sum of 
suffixes, w say, is 2r, where *: = S (jp— 2r), so that, if i be the degree 
of the product, or of each product, 

«r = tp—2w, 
i.e., w = i(ip—K). 
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There is, then, a one to one correspondence between orthogonal 
invariants of degree i and factor p* and isobaric functions of degree t 
and weight J (*p— ic). The number of the asyzygetic invariaiits is 
then the number of partitions denoted by 

(^;,^) = (iP-;,^). (23) 

The number of factor p"* is the same. There is also the law of 
reciprocity that the number of orthogonal invariants of degree i and 
factor p* of a ^-ic is equal to the number of degree p and factor p* of 
an z'-ic. 

The facts may also be exhibited by generating functions. Thus 
the real generating function for orthogonal invariants of a ^-ic, each 
affected with the appropriate factor of its expression of invariancy, is 

{(l-I,p')(l-I,.,p''-) ... (l-I.^p--)} -•• (24) 

The expansion of this in powers of p has for the coefficient of p* in it 
the sum of all the products of the J's which are the asyzygetic 
invariants of factor p*. The numerical generating function 

{(l-ap')(l-a/-0 ... (l-ap-")} -' (25) 

has for the coefficient of a'p* in it the number of the asyzygetic 
invariants of factor p" and of degi*ee z. 

For orthogonal co variants the real and numerical generating 
functions are in like manner 

{{l-J.p") ... (l^I.,p-na-ip-'Xl-vp)]-\ (26) 

and ^ {(1-ap^) ... (l-ap-0(l-^/>"')(l-a*p)}-'. (27) 

A familiar method enables us to expand (26) in powers of a. 
Noticing that multiplying (25) by 1— op"'' is equivalent to putting 
ap^ for a in it and then multiplying by l — ap''^\ we obtain, by 
equating coefficients of a* in the two products, 

where C, meaiis the coefficient of a* in the expansion of (26). 
Repeating the application of this to (7i-i, 0,_2, ..., and observing 
that (7q = 1, we have 

6' = i (l-p""'0(l-p'""'-')-(l-p''^') ,28^ 

' p'" (i-p-)(i-p-o-(i-po ■ ^ ^ 
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Thus the number of orthogonal invariants of degree i and factor p" is 
the coefficient of p* in the expansion of (28). 



7. Systems of Absolute Orthogonal Invariants, Sfc. 

To obtain the real generating function for absolute orthogonal 
invariants (for direct transformations) of a j9-ic, we have to extract 
from (24) the part free from p in its expansion. For absolute 
orthogonal covariants and invariants the like extraction from (26) 
has to be effected. More generally for absolute orthogonal covariants 
of a number of quantics in a number of cogredient pairs of variables 
0*1, 2/i ; ajj, 2/j ; &c., we have to extract the part free from p from 

{n [(i-z^p") ... (i-i-.p-")] n [(i-|p->)(i-w)]}-. (29) 

As I do not know of a work or memoir to which to refer for the 
extractions in question, I have considered in the articles which follow 
a few early cases. I first consider only invariants, 

8. Forjp = 1, I.e., for the case of ax + hy, (24) is 

i 

(l-J,p)(l-J.,p-0' 

and the terms free from p &v6 

1 + J,I.i + (7, !.,)'+ -. 

SO that the real generating function for direct absolate orthogonal 
invariants is - 

and IJ.^ = a*+b' (31) 

is the only irredncible absolute orthogonal invariant. It is {cf. § 5, 
end) invariant also for skew transformations. 

9. For p = 2, i.e., for the quadratic ax* + 2bxy+c^, (24) is 

1 

(l-V)(l-i,)(l-I_,p-0' 

(32) 



and the real generating function is at once 

1 



(l-Jo)(l-I,I.,)' 

Digitized by VjOOQ IC 



1900.] Syzygetic Theoi*y of Orthogonal Binariants, 237 

^°*'^'^* __'"~:"" : (33) 

and 



IjI.2=(a-c)'+4&»J 



form the irreducible system. No syzygy connects them. They are 
inyariant also for skew transformations. 

10. For p = 'S, i.e., for the cubic (a, 6, c, d)(x, y)', (24) is 

1 



(i-i,/>')(i--r./>)(i--f-.p-')(i--r-.p-')' 
(i-"~ 



Hence the part free from p in the prodnct is 

(i-/.i-oa- T.x7)^-^I^^-'"^---^^-^"^? 

= . 1 l_i_ + __L__a 

(i-i,i.,)(i-i,/-3) li-i;i., i-i!,i, ) 



(l-I,I.0(l-/,/-3)(l-J'i--3)(l-lt./.) 

There are then foar irreducible direct ahsolute orthogonal invariants 
of the cubic, which are best taken as the four real ones 

I,J.3 = (a-3c)'+ (Sb-ay, 

ij., = (a+cy+{b+dy, 

i {J,J!.+I..J^} = (a+c)(a-3c) {(a+cy-3(b+dy} 

+ ib + il)(,3b-d) {3(a+c)'-(6 + d)2}, 

-^{Ij\-J.Jl] = (a+c)(36-d) {(a-l-c)'-3 (b+dy] 

-(a-3e)(b+d) {3 (a+c)'-(6 + <i)*}. 

(35) 
They are, by the numerator of (34), connected by one syzygy of 
degree 8, which expresses the sum of the squares of the last two a& 
the prodnct of the first and the cube of the second. For skew trans- 
formations they are also invariant by §5, the first three being 
absolute, and the last having the factor —1. 
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(36) 



The numerical generating function is 



(l-a^y (l-ay (l-a'y (1-a*) 

11. For ^ = 4, i.e., for the quartic (a, h, c, d, e)(x, y)*, (24) is 
1 

(1-V)(1~J,P^)(1-J0)(1-I..P-)(1-I.4P-V 

in which put z for p*. 
Now, jnst as before, 

(I— J^grXl— i.42 1— i4i.4 C m-i ; 

and -,^-,-,5 , .. = , rr {l+"2(^«"*"+J-^")|- 
(1— I,2;J(1— 1-2^? ) 1—1^1^2 V. «-i ) 

Hence the real generating function required is 

(1— J«i-0(1— ■fj-'-OCl— Jo) <■ "'-1 ^ 

y-IJ-f^lJ-i _ _. (37) 



(i-i.7..)(i-i,i.,)(i-r.)(i-V-%)(i--f-.i;) 

The irreducible system for the quartic accordingly consists of five 
invariants, best written 

7,7.4 = (a-6c+e)'+ 16 (6-d)», 

7,7_, = (a-e)«+<^(6^-(^)^ 

7, = a + 2c + e, 

i (7.7!,+7.4l'] = (o-6c + e) ((a-e)«-4 (&+<£)«} 

+ 16(a-e)(6«-(?), 

A {7ji,-7.47,'} = (a-6c+e)(a-e)(6 + d) 

_(6_d){(a-e)'-4(6 + d)»}. 

(38) 

We are also told by (37) that these are connected by one syzygy of 
degree 6, which expresses the sum of the squares of the fourth and 
four times the fifth as the product of the first and the square of 
the second. 

All but the last are absolute also for skew transformations. For 
such the last has the factor —1. 
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The numerical generating function is 

Ir-J^l ^ l + g' /QQN 

12. For p = 5, z.e., for the quintic, (24) is 

_^ 1 _ 

where, for temporary convenience, we have altered the notation. 
Now 



1 



{i-Ap'^)a-A'p->) 

ll-Bp'Xl-B'p-') 



= :; —,Tjy, ] 1+ 2 Fy"+ S £"»>-=•"' [ , 

1 — Jjli C w = l m'-l J 



1 1 r Moao n'-oo 'S • 

(1-6»(1-CV-') " 1-06" l^+,.!>^"''"+»?.,^'"'''"' j • 

In the product of the three expansions no term can contain both A 
and A', or both B and B', or both (7 and C. The real genei-ating 
function for absolute invariants which is required, i.e., the expression 
whose expansion is the sum of the terms free from p in the product 
of the three riglit-hand members, will then be the expression for 

/I— /i'^n l?R'ui rr"^)^+ ^ A'B"'G'"-+ 2 A'-B'-'G" 

+ 2 B"'G''A'"+ ^ B""'G"''A' 
+ 1 G''A'B""'+ ^ C"''A''"'B' 

n + ol- 3/n' u' + 51' ■ 3i« 

in = 1 n = I r = 1 

»i = l »i = l r-l J 

(40) 

in which the last six sums are subtracted because each is reckoned 
in two previous sums. Simultaneous zero indices in any term of a 
sum are excluded. 
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Now the simple sets of positive integral solutions of 

6Z-|-3m = n' 
are 10 5 

and 13. 

All other sets of solutions are sums of multiples of these sets. Hence 



2 A'B^C'^ ^r-.^.=. ^^^^y ^^^^^. 



and similarly 



1 



-1, 



(41) 






Again, the simple sets of solutions of 

3wi+n = bV 

are (a) 5 1, 

(6) 5 3, 

(c) 1 2 1, 

(<i) 3 12, 

which are connected by the two irreducible syzygies 

(a) + (d)=3(c), 

(6)-|-(c) = 2(i), 
all other syzygies being, in fact, consequences of these, for instance, 

(«) + (&)= 2(c) + (<!). 
The justification of these statements is involved in what follows. 

We proceed to see that every set of solutions of 3m4-w = 5Z' is 
included once in the systems of sets 

s{c)-\-t{d), g(a)4-5(c), r{h)-\-t{d), 

for positive integral (not both zero) values of the multipliers, and 
that all sets are included once only, except sets s (c), t (d), which occur 
twice. 



That every set 



q{a)-tr{h)+s{c)-{-t{d) 
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can be expressed in one of the three forms is clear, because by use of 
-(a)-f-(6) ^ 2 {c)'\-{d) it can be given one of the forms 

q{a)'{'s{c) + t{d), r{h)+8{c)'\-t{d), 

and by use of (a) + (d) = 3 (c) the first of these can be given one of 

the forms q (a)4-«(c), 8{c) + t{d), and by use of (&) + (c) = 2 (d) the 

second can be given one of the forms r(b)-^t {d), 8{c) + t {d). 

Can, however, any set of solutions be more than once included in 

the three systems ? It cannot be twice included in either one of the 

three ; if, for instance, s (c)-^t (d) and «' (c) + 1' (d) were the same, we 

should have 5-f 3^ = /+3^' and 2s + t =■ 2s-\-t\ i.e., s = s' and t = t\ 

Neither can it be included in two different systems, unless it be of 

one of the forms s (c), t (d), which occur in two. If, for instance, we 

could have 8(c)+t(d) identical with q(a)+s'(c), we should have 

satisfied ^, , ^ . ^ / r^ / 

fi-h3^ = s, 28+t = 5^+2/; 

whence 5q' = — 5f, 

which would have to be negative unless ^ = 0. In like manner the 
identity of « (c) -h^ (d) and r (b) -j-t' {d) would necessitate 

sH-3^ = 5/+3^', 28 + t = t'; 

whence 5r' = — 65, 

negative unless 5=0. And finally the identity of q(€L)+s(c) and 
r (h) -f f (d) would necessitate 

« = 5/ + 3^', 5^+25 = r; 

whence 5/ = — Ibq—bs, 

which is negative. 

Accordingly we have 

S B^C^A'^* (in which terms with one of m, n zero are included) 

= s {B(?Ay (5»o^")'-f s {(^Ay (50'^')'+s {b^a'^y {b^ga^ 

-:^{BG^Ay-l,{J^GA'^y 

.(1 -'BG'A'){1'-B'GA'') ^ {1-'G'A'){1'-BG'A') 

1 . 



{l-^B^A'-'Xl-B'GA'^) 
1 1 
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I'-BG^A' I'-B'GA'* 

B 
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1 _^ G'A' 



"^ {1-B'A''){1--B'GA'^) ■" "^^ ^^^^ 

Similarly for the fourth summation in (40). 
Once more, the simple solutions of 

n-\'6l = Sm 
are (a) 3 1, 

m 3 5, 
(y) 1 1 2, 
connected by the one syzygy 

(a) + (i3) = 3(y), 
so that all solutions are once included in 

q{a)+r{P) + siv), 
with 8 equal to or 1 or 2. Thus 

S C-^'B'"*' = {l + ^{CPBy{A'B"y] {1 + OAB'^+iOABy} -1 



^ l-(GAB''f 

(1 - G^B') (1 -^»5'«) (1-0^5'^) ' 

and similarly for the sixth summation in (40). 
The subtracted sums in (40) amount to 
fi, 1 ■ 1 , 1 , 1 , 1 



(43) 



1-50"^ l-B'tT" 1-CPA' ' l-a'»^ l-^'B" l-^''^'' 

(44) 

Consequently the desired real genei^ting function is given by 
(40) in the form 

1 



{1-AA'){1-BB'){1-GG') 

I ^ (1-^0'»)(1-B0") {1-A'G'){1-B'(r) 
+ 1 + 1 



{\-BG^A'){l-B'GA"') ' {\-B'G'''A){l--B'^G'A^) 
{\-B^A'^){\-'B^GA''') "^ (1-5"^3)(1-S''0'^«) 
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"^ {l-C''A){l-B'C''A) {1-G'A'){1--BG'A') 

l-(GABy 

(1 - U'B') (1 -A'B'') (1 - GAB'') 

l-(G'A'By 1 1 



{l--G'''B){l-A'':^){l-G'A'B^) l-BG'^ 1-B'G^ ' 

1 L_^__l L_] (45) 

1-G'A' 1-e'A l-'A'B'' l-^'«B*r ^ ^ 

This real generating function is readily written as one fraction, not 
in its lowest terms, with denominator 

(l--AA'){l-BB){l-GG'){l-Aa'){l-A'G'){l-BG''){l-BG') 

x{l-A'B'){l-A'^B'){l-'AB'G'^){l-A'BG')(l-A^B'G') 

X {l-A''B'G) {l-AB^G) {l-A'B'G') ; (46) 

and, from the examination above of the critical diophantine equations 
for their simple sets of solutions, it follows that there are no irre- 
ducible products of the absolute class which are still unrepresented 
in this denominator. Thus, reverting to our ordinary notation, the 
irreducible absolute system for the quintic consists of the fifteen 
orthogonal invariants 



-^6^-5» -^8-^-3? I\I-l ; 
-^6-^-15 -NJ-'-lJ -'fi^-aj J-b-^-^I-u -^SM-^-Sj lil-sl-^ii 
I-^J-it 1-3^11 ^-sXj* -^-6-^5^1? -^-sl-ll^^ I-5I3M' - 



(47) 



After the first three they go in conjugate pairs. Each pair is better 

replaced by half the sum and — times the difference of the pair, the 

whole system being thus given reality of form and applicability to 
skew transformations. 

Three of the fifteen are of degree 2, six of degree 4, four of degree 6, 
and two of degree 8. 

The syzygies among the fifteen would be revealed by a study of 
the numerator when (45) is written as one fraction with (46) for 
denominator. 

The numerical generating function, obtained by putting a for each 

E 2 
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letter, accented as well as unaccented, in (45), is 

1 (. 4-f2a« 2a« 2-~2a" 

(l-a^ I "^ (l-a*)(l-a«) "^ (l-a«)(l-a«) "^^ (l-a^ (l-a«) 

2 2 2_> 

l-a* l~a« l-aM 

(i-a'')»(l-a*)(l-a«)(l-a«) ' ^ ^ 

which is easily expanded ; and the number of distinct absolute 
orthogonal invariants of any degree i is given as the coefficient of 
a* in the expansion. 

If (48) be written with denominator 

(l-a2)»(l-aY(l-a7(l-a8)=, 

in which all the irreducible products (47) are represented, we find 
that the numerator is 

1 - lSa^^l8a}^+16a}' + 76a"+ 660}"^- 76a}^-208a^-lS0a^ -f 157a'* 

+ 356a^+ 192a"-208a"-422a"-208a»*+ 192a«»+366a'»+ 157a*« 

-130a«-208a**-76a«H-66a*«+76a'*^+16a"-18a'^-13a«'-f-a«*. (49) 

Thus the lowest syzygies are of degree 8, of which degree there i» 
also a " ground-form," and are thirteen in number. It will be found 
that they express in two ways, in terms of the irreducible products 
of (46) or (47), the thirteen products which consist of 

SjrOV, AA'&B^GO', AA'BB'G'G'^, ABB'^CG'^, A'&CG'^, 

ABB'ff\ AABB^G", A^B^GO'^, (50) 

and the results of interchanging accented and unaccented letters in 
the last five. Of degree 10, besides the products of these syzygies of 
degree 8 and AA% BB\ GG\ there are eighteen further syzygies. 
These are found to express in two ways the nine products 

AB^CG^, A'B^GG^, AAB'G\ AABG'G^ A'^B'GG'\ A'^B'B'G^ 

AA'^&B^G\ A''B^GG\ AA'^B'B'GC', (51) 

and the results of interchanging accented and unaccented letters in 
them. As to products of the next degree 12, the number of distinct 
ones is sixteen more than the result of subtracting from the number 
of products of degree 12, formed out of (47), thirteen times the 
number of degree 4 and eighteen times the number of degree 2, 
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because many will have been subtracted more than once because of 
syzygies (50) and (51) ; and so on. 

13. For p='Q, i.e., for the sextic, the analysis is somewhat simpler 
than for the quintic. Putting z for p', and changing the notation, 
(24) is now 

1 

(l-l5»)(l-J]5*)(l-J^i5)(l-ly)(l-E:'0(l-jr'0(l-.r«-«)' 

The real generating function required is then the expression for 

1 

(l-irXl-JJ')(l-KK'){l-L) 

+ 2 /"X"!"-!- 2 /'"•'JT'T' 
+ 2 5^1^"'+ 2 Z^T'7" 



lleOD IsOD naOO 

mel <-I n«l 



maCO I-aD »»■» 



}. (52) 



the last six sums being subtracted because they have been reckoned 
twice in previous sums. 

The simple sets of solutions of 

are 10 3 

and 1 2. 

Hence 2 r/«Z'»' = '"*2 "" (IK'y (JK'r 



3lf2m-n' l+m-1 

1 



.-1 (53) 



(i-iK*){i-jEr') 

and similarly for the second summation in (52). 
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Again, the simple sets of solutions of 

2mH-w = SV 
are (a) 3 2, 

(6) 3 1, 
(c) 1 1 1, 
which are connected by the sjzygy 

(a) + (b)=3(c). 
Every set of solutions is then included once and once only in the set 

g(a) + r(6)+5(c), 
with q+r-\-s > 1 and s = or 1 or 2. Hence 

5 j«>s:t = ]i+ 2 {JT)"' {E'ly f { 1 + jKr + {jKiy] - 1 

2m + n=.3i' (. m + tial J ^ 



\-{jKiy _^ . 



(54) 



(1- j«i'^) (1 - js:»r) {i^jKT) 

and similarly for the fourth summation in (.52). 
Once more the simple sets of solutions of 

n + 3Z=2m' 
are (a) 2 1, 

(/3) 2 3, 

(r) 112, 

with the one syzygy (a) + (/3) = 2 (y) . 

The form which includes every set of solutions once is then 

with 2+^+s ^ 1 and s = or 1. Consequently 

2 lO^TJ''" = f l+"""s"(ir^/')"(J'0'l (14-^1/'')-! 

n+M = 2»ii' C M + Ul ) 

i-(Kiry 

(l-£:VO(l-IV«)(l-^I/'^; ' ^ ""^ 

and similarly for the sixth summation. 

The seventh to twelfth summations in (52) are at once performed ; 
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and we thus arrive at our desired real generating function, the equi- 
valent of (52), in the form 

1 

(i'-ir){i-jr)(i--KK')(i-'L) 

1 1 



i-f 



(i-jjs:'3)(1-je:'0 (i-rjs:*)(i~/'^'; 



. i-cr/g)' , i-(ij'Ky 

{i-r'j>xi-rK')(i-rjE) ^ (i-pr){i-iK'''Xi-ij'E') 

i-jirKy ^ i-(rj*E'y 

^ {l-J'K') (I-PJ'*) (l-IJ'^K) ^ (1 -JK') (1 - rj') (1 -I'PK') 



l-JK'^ \-J'E} l-I'E? 1-IK'^ 1-rj" 

(56) 
It may be written as one fraction, not in its lowest terms, with the 
denominator 

(i_L)(i-//')(i-/J':)(i-'5:K:')(i-/js:'»)(i-/'z^)(i-//'-r) 

x(i~r/js:)(i-^/^'»)(i-r^«)(i-//'*E:)(i-/v^£:') 

and in this denominator all the irreducible products which are 
absolute orthogonal invariants occur. There are altogether fourteen 
in the irreducible system, namely, in our old notation, 



(57) 



After the first four they go in conjugate pairs, and each pair is better 
replaced by the equivalent pair of real forms obtained by taking half 

the sum and — times the difference of the two. 

The numerical generating function is 

4-2a«-2a» 



one linear 


/., 




three quadratic 


ij->, ij-i. 


1,1.., 


four cubic 


/.A, i-X; 


/fl/_4/_2, -^-6 -^4 -^2 J 


four quartic 


i,t„ i.,f^i 


I,P.J„ I.,fj.„ 


and two quintic 


nt. f.»f. 





L-a)(l-o')»i 



1+^^ i^^U ir + 



(l_a)(l-a«)»r ' (l-a»)(l-o*) (\-a*){l-a*)(l-a*) 

2 2 



l-a») 
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- (l-a)(l-aO»(l-a»)(l-a*)(l-a»; . 

-102a»-77a"+4a^'+90a«+128a«+90a~+4a«-77a« 
-102a»-66a«*-6a«+41a» + 48a«'+29a«+2a»-12a~-10a" 

-4- (l-a)(l-aV (1-a')* (1-a*)* (l-a»)l (58) 

In the last form of this all of the irreducible systems are represented 
ill the denominator. The numerator gives information as to the 
syzygies. Thus the lowest syzygies are of degree 6, and are six in 
number. They are at once seen to be 






(59) 



and the results of changing the signs of the suffixes in the last two. 
Again, the term — lOa^ in the numerator tells us that besides /© times 
(59) there are ten new syzygies of degree 7. These give other ex- 
pressions for the five products 

/,/../_,. /.,4 /,/.,/.,./,/.,/„ (60) 

and their five conjugates ; and so on. 

14. Absolute Orthogonal Invariants for Systems of Quantics. 

It will, I have no doubt, suffice to write down the other results at 
which I have arrived without exhibiting the tedious, but not difficult, 
calculations. No complication of a kind not already sufficiently 
exemplified arises. 

I use R.G.F. and N.G.F. to denote respectively real and numerical 
generating functions, and A.O.I, and A.O.C. for absolute orthogonal 
invariants and covariants (including invariants) respectively. 
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(A) Two linear forms dx + hy, ax + h'y, — For this system the 
R.G.F. A.O.I. is 

l-/i7.ij;/,i 

where Z^, /_i and Jj, J.i are the fundamental linear orthogonal in- 
variants of the two forms respectively. The irreducible system of 
A.O.I.'s consists then of the four invariants 

connected by the one syzygy 

(a«+6«)(a'^+fe'«) = {aa'-^hhy^-iah'-ahy. 

(B) Three linear jcyrms, — If /j, /_i ; /,, /_i ; K^^ K^i refer to the 
three forms, the R.G.F. A.O.I, is 



(l-/,/.0(l-/i/-i)(l-^i^-i) 



1 + 



JjK., . /-i^ i 



^ (i-/,j-_,)(i-AJs:.o ^ (i-/.,j,)(i-/.,i:,) i ' 

The N.G.F. is, if a, a\ a" refer to the three forms, 

1 -h Sag'— aaV'Sa— a'g V 

(l-a«)(l-O(l-a"*)(l-aa')(l-aa0(l-aV')' 

or, if we do not distinguish between degrees in the different pairs of 
coefficients, 

l-t-4a'4-a* __ l-9a*+16a<>-9a»4-a^' 
(1-aO* ~ (1-aT 
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There are nioe invariants in the irreducible system, three of each 
of the types ^,_^^,^ ^^,_^^^, ^^,_^^^ 

no new type occurring which did not present itself in the case of two 
linear forms. (We readily convince ourselves that no new type 
occurs for any greater number of linear forms.) 

The lowest syzygies are of degree 4 and are nine in nnmber. There 
are three of each of the types 

The next coefficient 16 in the numerator of the last written form of 
the N.Gr.F. is positive. The new syzygies (if there be any) of 
degree 6 are then less in number by sixteen than the number of times 
we subtract products of degree 6 from the whole number of products of 
degree 6 which are obtained as products of three of the nine irreduc- 
ible products of degree 2, when we take away the number of 
products of syzygies of degree 4 and the products of degree 2. For 
instance, 

which must have coefficient 1 in the expansion of the R.G.F., is 
reckoned six times as a product of three of Jil_i, IiJ-i, •••» is taken 
away nine times, once because of each of the syzygies of degree 4, 
and has accordingly to be reckoned four times more. 

(C) Qttadratic and linear form. — If /j, /q, /_, and Jj, /_i refer to the 
two forms, the R.G.F. A.O.I, is 

(i-/o)(i-/,/_,)(i-j,/.0(i-/.A)(i-/-2jf)' 

There is then one syzygy of partial degrees 2, 4 among a system of 
five irreducible invariants. The five are, if we take half the sum 

and -7- times the difference of the conjugate pair, the two of the 
4i 

quadratic ^+6, (a-c)'+46', 

the one of the linear form a'* + 6'', 

and the two 

(a-c)(a»-fe'«)4-46a'6', (a-c) ah'-h (a^-h''). 
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(D) Quadratic and two linear forms. — If /g, /©, /_2; J\^ J-\ ; -Kj, K.^ 
refer to the forms respectively, the R.G.F. A.O.I, is 

1 

(.l-/o)(l-/,/..)(l-/i/-a)(l-X^-0 

J\^-\ L J-\^\ 



1+ : — . r r — + - ----- 



«^-i^i _ ' j J\^-\ 

(i-v!o(i-/-,^i) (i-/.,e7;^)(i-/,^-o 

(i~/.,/:)(i-/.,i:;)(i-/_,j,i:0 
1- (/./-. g-.r 



{\^I,JU){l-I,Kl,)(l-I,J.,K.,) 
The irreducible system comiists of the twelve forms 

-^OJ -^2-^-2' *^1«^-1J ^l^-V t/i^.i± /.liTj, /jZ-ji /-a/', 

Eight of them are of types such as occur in (C), and the remaining 

four are / // , , /i /^ riff ,tif 

aa +0 y a — a b , 

(a~c)(aV'-6r') + 26 (a'6"H-a"fe'), 
(a-c)(a fe" + a"60 -2& (aV'~6'fe"). 
(E) Tivo quadratics.— The R.G.F. A.O.I, is 

(1_/^)(1^/^)(1_/^/_^)(\1VXk1-V-2)(1^-"2^2) ' 
and the irreducible system consists of six members 

a+c, a'+c', 

(a-cy+4:b\ (a'-c'y + 4i,'\ 

(o-c)(a'-c') +466', (a-c) 6'-6 (a'-c'), 

which are connected by the one syzygy of partial degrees 2, 2 

{(a-c)(a'-c')+466'}' + 4{(a-c)6'-6(a'-c')}' 

:^ -tg-* -2«'2*' -2 

= {(a-c)»+46'}{(a'-c')' + 46"|. 
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(F) Two quadratics and linear form. — The R.Q-.F. A.O.I, is 
1 

and there are eleven members of the irreducible system, of seven 
types, viz., 

(G) T^ree gwo^a^ics.— The R.G.F. A.O.I, is 

1 

(l-/o)(l-J,)(l-J^o)a-V-2)(l-/2/-2)(l--S^,^-2) 

X ll-] J^jK.^ J «^-2-S^ 

-^2*^-2 .1 •* -2*^2 



(1-/.,^,)(1-/,J.,) (/-J,^_,)(1-/.,J,) 
. (1 -/,/_,)(!-/,£:-,) ^ (i-/_./,)(i-/-,^.) ) ■ 

Accordingly the irreducible system consists of twelve invariants, all 

of types which have occurred in the system for two quadratics. It 

will be found that no new types occur for n quadratics. 

The N.Gr.F. for three quadratics is that of (B) multiplied by 

f 

_ 1 

(l-a)(l-a')(l-a"j- 
(H) GtMc and linear form.— The R.G.F. A.O.I, is 
1 

xh+ IrLi + l^ 

^ (1-/.J!,)(1-/,/-i) (l-I.,Jt)(.l-I.^J^) 
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. L + 1 

"^ (i-^.se7;f)(i-/-s/i^r) "*" (i-v^oa-Zsi-.i^) 



1 i_|. 



There are tlieii thirteen members of the irreducible system, viz., the 
four (35) of the cubic, the one (31) of the linear form, and the four 
pairs 

(K) Guhic and quadratic. — If /g, /„ /_i, /_, refer to the cubic, 
and /j, t/o, J-i to the quadratic, the R.Gr.F. A.O.I, and the irreducible 
system are what those, (66) and (57), for one sextic become when in 
them for 

/, /', /, /', K, K\ L, 

we put /j, 7.3, Jg, /.2, ij, I-ij Jo- 

(L) Quartic and linear form. — The R.G.F. A.O.I, is 
1 



(l-Jo)(l~^2^-.).(l-^4^-4)(l-«A/-l) 



X 1+ T^— ^^4 ,"--^-^r + 



-^J-1 I ^7_jJi 



(1-7..4) (i-/.«j;')(i -/.«/./;') 

1-(7,7.,j!.)' 
(l-7./!,)(l-/.7l,)(l-V-,A) 

- 1 L_|. 

1-7,/!, 1-/.,.7P 
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The irreducible system consists of twelve forms, viz., the five (38) of 
the quartic, the one (31) of the linear form, and the three pairs 

(M) Quarlic and quadratic. — If Z^, i^, i^, /_j, /.^ refer to the quartic, 
and /„ Jqi «^-2 to the quadratic, the R.G.F. A.O.I, is obtained from 
that of (D) for a quadratic and two linear forms by dividing by 
1— Jq, and replacing 

■^it -'o' -'-a? •'n *'-i> ■'mj -^-1 

respectively. There are thirteen invariants in the irreducible system, 
viz., the five (38) of the quartic, the two (33) of the quadratic, and 
three pairs 

-*jt/_j i 1,2*^21 ■*4-^-a*'-8 3= -'-4-*J«'2» -'4*' -2 ^ -^-4*'2' 

15. It will be well to explain and generalise some coincidences in 
the above list. The R.G.F. A.O.I, for a quartic is of exactly the 
same form as that for a quadratic and a linear form. Again, that 
for a sextic is of the same form as that for a cubic and a quadratic. 
The general fact which accounts for these identities of form is that 
there is a complete one to one correspondence of orthogonal invariants 
— non-absolute as well as absolute — of a 2p-ic with those of a p-ic 
and a (p — l)-ic jointly. In fact the one generating function is 

and the other is 

{(i-j,f^)(i-j,.,p^-') ... (i-/.,p-'').(i-^,-,p'-')(i-'ffp-.p'-*) - 

and, replacing p by p^ in the second, it becomes the first with 
respectively, written for 

/zp) -'2/»-2j -^p-l? •••> -^-2j9-».4j -^-2p + 2> -»-2p' 

The reason is not hard to discover. If a;, y are orthogonally trans- 
formed — turned through B — so also are o?—y^^ 2xy — turned through 
20. Now our 2p-ic is (11) a numerical multiple of 

(^pj -^p-2) ...J ^-2p + 2i -'-2p)(fcj ^) ^> 
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^.e., of (/;, j;.„ ..., r.,){^\ vy+^v {k;.,, k;.,, ..., x^^.xe, v'y'\ 

where Jp, Kp_i, JpL2, .., -K'lp+i, JLp 

are numerical multiples of 

-'2p» ■^2p-2> ■*2p-4> •••5 ■^-2p + 2> -^-2/» 5 

also ^^ ^ a;^— 2/^+2ia;2/, if ^ x^—y^ — 2txy, and $ri ^ x* + y^ the abso- 
lute. The /'s and £"'s are then the fundamental linear orthogonal 
invariants of a p-ic and a (p— l)-ic in ic^ — 2/^, 2xy. 

16. Systems of Absolute Orthogonal Govariants {including Invariants) . 

By (26) and (29) the generating function for covariants of a given 
binary form, or system of forms, is the same as that for invariants of 
the system of forms which consists of the given form or system and 
a linear form whose fundamental orthogonal invariants J{, Jli are 
17, f respectively. Accordingly the results of § 14 also give us the 
following : — 

(N) System for one linear form ax-\-hy. — The R.G.F. A.O.C. is 
obtained by putting f, rj for /_i, /j in that of § 14 (A). The system 
consists of 

a'-ffe*, aj'^-hyS ax -{-by, ay—bx, 
with the one syzygy 

(a' + b')(x'+y') = {ax-^byy-\-(,ay-bx)\ 

(P) Two linear forms ax + by, a'x-\-by,— The R.G.F. A.O.C. is the 
result of putting ^, 1; for K.i, K^ in that of § 14 (B). The system 
consists of the four invariants of (A), the absolute aJ^+y^, and the 
four covariants 

ax -{-by, a'x-\-Vy^ ay—bx, ay—b'x, 

(Q) One quadratic (a, 6, c) (a?, yy, — For the R.G.F. A.O.C. we put f , 1; 
for e7_i, /jin that of (C). There are in the irreducible system, besides 
the absolute a^-\-y^ and the two invariants 

a'\-c, (a— c)'-f46^ 
the two covariants 

(a— c)(aj^— 2/') 4- 46a?2/, (a— c) xy—b (x^—y^). 

The one connecting syzygy is 

{(a-c)2+4fe'}(a^ + 2/^)« = {(a^c)(x'^y')-\-4bxyy 

+ ^{(a^c)xy-b{i^--y')}\ 
l + aa? 



and the N.G.F. is 



(l-.a)(l~a^)(l-aj«)(l~a;B*)' 
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The quadratic itself is a linear combination of the first covariant 
and (a+c)(aj2+2/«). 

(R) Quad/ratic and linear form. — For the R.G.F. A.O.C. we have to 
put f, yj for K.i, K^ in the R.G.F. of (D). The irreducible system 
consists of the five invariants given in (C), the absolute aJ*+2/^ ^^^ 
the six covariants 

{a—c)(p?—y^)-\r^hxy, (a—c) xy—h (x^—y^), 

ax + Vy^ h'x — ay, 

{a—c){ax—l)y) +26 (ay + h'x), (a'-c)(ay-\-h'x)—2h (ax—h'y). 

(S) Two quadratics. — The R.G.F. A.O.C. is the result of putting 
^, rj for jK".!, Ki in the R.G.F. of (F). There are eleven members of 
the irreducible system, viz., x^-^y^, the six invariants given in (E), 
and the four covariants 

(a - c) (a;»-2/2y+ 4hxy, (a-c) (x^-y^) + 46%, 

(a—c) xy—b {s^—f), {a-^c') xy—Vip^—'i^). 

The N.G.F. for the system is 

l+aa'H-(a+a)(l— aa') x^ — aa'x* — a^a'^jx* 
(l-a)(l-a')(l-a^)(l-a')(l~aa')(l-aaj2Xl-aV)(l-aj2) * 

(T) One cubic (a, b, c, d){x, 2/)'.— For the R.G.F. A.O.C. put $, -q for 
J.i, J, in the R.G.F. of (H). 

The irreducible system consists of the absolute a;* +y*, the four 
invariants of § 10, and eight covariants given by the last line of (H). 
Rejecting factors 2 and 2«, these eight covariants are 

(a+c)x+(b + d)y, 

(b + d)x—(a-^c)y, 
(a~3c) x (af-Sf) + (Sb-^d) y (Sx'-y% 
(Zb-d) X (aj2-3y*)-(a-3c) y (Sa?-^), 

{(a + c)2-(6 + d)2}{(a-3c)«+(36-(i)?/} 

+ 2(a + c)(6-}-d){(36-d)aj-(a-3c)2/}, 

{(a-fc)«-(6 + d5)'}{(36-(i)aj-(a-3c)2/} 

"2(a + c)(b + d){(a^Sc)x'h(Sb-d)y}. 

{(a-3c)(a-\-c) + (Sb-d)(b + d)} (x'-y') 

+ 2 {(a+c)(36-d)-(a-3c)(fe + d)}a?2/, 
{(a + c)(Sb^d)^(a''Sc)(b + d)}(a^-y') 

--2{(a-3c)(a + c) + (36-(i)(6 + c?)}aj2/. 
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Note that the full covariant {a^d — Sahc-{-2h^)x^-[' ..., regarded as 
an absolute orthogonal covariant, is reducible in terms of the bthers.* 
With this exception the irreducible system of full covariants and 
invariants of a cubic and quadratic yield the equivalents of the 
above system upon taking the absolute x^-^]/^ for the quadratic. 

(U) One quartic (a, 6, c, d, e){x, yY.—The R.G.F. A.O.C. is got by 
putting f, 7j for /_i, Jj in the R.G.F. of (L). The irreducible system 
consists then of oiP+y^, the five invariants of § 11, and six covariants 

These prove to be, on rejection of powers of 2 and t as factors, 
(a— e)(ic'— 2/') +4 (6-l-d) xy, 

{ (a - 6c -h e) (a -e) + 8 (fe' - ti^) (a;2-2/0 

-4{(a-6c + e)(6 + d)-2(a-e)(6-.£Z)}:r2/, 

{(a_6^f6)(6 + ^)-2(a-e)(6~i)}(:r2-y^) 

■^-{(a-6c-{'e)(a-e)-^S(h'-d^)}xy, 

(a-6c-]-e) (ip*-6^2/* + 2/*) + 16 (h-d) xy (x'-y'), 
(h-d) (^*-6^y + 2/*) - (a-6c-^e) xy (jx^-y"). 



On some Properties of Groups of Odd Order, (Second Paper.) 
By W. BuRNSiDE. Communicated and received December 
13th, 1900. 

In the present paper I have extended the method used in the paper 
" On Groups of Degree n and Class w— 1," communicated to the 
Society at the June meeting, so as to make it applicable to any transi- 
tive substitution group. As the title of the paper indicates, the 
method is considered mainly in its application to groups of odd 

* [A remark by a referee leads me to emphasize the above. Absolute orthogonal 
invariants of ajp-ic are invariants of the jo-ic and ic^ + y^ and vice versa. It has 
therefore been hastily supposed elsewhere that the complete irreducible invariant 
system for a j»-ic and quadratic produces exactly the complete (absolute) 
orthogonal system for the jp-ic, when j- + y'^ is taken for the quadratic. A 
first case of the redundancy of the former system for the latter purpose is 
exhibited above. The search for complete absolute orthogonal systems is not 
identical with the search for invariant systems of forms one of which is a quadratic] 
VOL. XXXIII. — NO. 754. S 
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order ; but the method itself and the general results of §§ 2 and 4 
hold good whether the order is even or odd. 

It has been known for some time that a group of order 2« (n odd) 
has a self -conjugate sub-group of order n. This is shown by noticing 
that when the group is represented as a regular substitution group in 
2n symbols all its odd operations, and none of its even operations, 
belong to the alternating group. It is clear that no analogous method 
of treatment could be used to demonstrate a similar property for a 
group of order jm, where every prime factor of n is greater than the odd 
prime p. At the same time, the probability that such a group has an 
analogous property forces itself on the attention ; and it is here shown 
that this expectation is well founded. The main result arrived at is 
to show that if p, an odd prime, is the smallest factor of the order of 
a group, the group must have a self -conjugate sub-group of index p, 
unless either p^ or p^q, where g' is a prime factor of jp*+j9-f 1, is a 
factor of the order. 

It is also shown that no odd number less than 40,000 can be the 
order of a simple group. 

1. Let 6J^ be a group of order n, and suppose that G is represented 
as a regular substitution group in the n symbols 

«!, ajj, ..., Xn. 

If H is any sub-group of Q, whose order is ii(n^=^ /iv), the n aj's will 
be interchanged regularly in v sets of /i each by the operations of H, 

Let aj„ iCj, *.., x^ 

be one of these sets. Then y^ or 

is a linear function of the aj's which is invariant for each of the 
operations of H and for no other operations of G, It therefore takes 
V distinct values for all the operations of G, Let these be 

2/i» 2/j. •••» y.- 

Each y is the sum of /* aj's, and no x occurs in two different y's. The 
y's therefore are permuted among themselves by the operations of G ; 
and G can be represented as (^.e., is simply or multiply isomorphic 
with) a permutation group of the 2/*s. The group in the oj's is simply 
or multiply isomorphic with the group in the 2/'s, according as H 
does not or does contain a self-conjugate sub-group of G. The group 
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of the y's will be represented by the scheme 

(t,z=l, 2, ..., y), 

(fc=:l, 2, ...,n), 

and will be called ff. If G is multiply isomorphic with G\ then, for 
some two or more values of the affix k, 

for each i. In any case, for each affix k the v symbols 

are the y's in some altered sequence. 

The preceding statement is only a slightly modified form of Dyck's 
procedure* for representing 6J^ as a non-regular substitution group. 

Suppose now that H is simply or multiply isomorphic with a 
cyclical group. The necessary and sufficient condition for this is that 
H shall not be the same as its derived group. If k is the order of a 
cyclical group with which H is isomorphic, it must be possible to 
divide the set of symbols 



which are regularly permuted by ffinto k sets of I each (/ut = fcZ), 
a?!, ajj, ..., Xi^ 

which are cyclically permuted among themselves in the order written 
by every operation of H. Moreover, if w is a A;-th root of unity, the 
linear function i/j or 

is a relative invariant for every operation of H ; any operation of H 
changing it into w'j/i, where w' is a power of w. Hence i;J is an absolute 
invariant of ST, and it therefore takes just v distinct values for all the 
operations of G, Let 

^i» »?2» •••> ''! 

be these v values. Each is the k-ih power of a linear function of the 
aj's, and no x occurs in two rf^. Moreover, if their sequence is suitably 



• Math. Ann., Vol. xxn., pp. 90-92. 

s 2 
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chosen, the aj's which occur in ly^ are the same as those which occur in 
2/j. Hence the v k-th. powers are permuted among themselves by 
every operation of G in exactly the same way as the y's, 

Now, if any operation of changes 77J into 17*, it must change ly^ into 
to'ry, where a/' is some power of a>. Hence G may be represented as a 
group of linear substitutions of the 17 's ; and the scheme giving 
when so represented will be 

(^,r = l,2, ...,v), 
(fc=l, 2, ...,7^), 

where every symbol wj, represents a power of w. This group will 
be called G". If every o)*, is replaced by unity, the group be- 
comes identical with G\ rji being written everywhere for 2/1 • If 
G is simply isomorphic with G\ so also is G'\ If G is multiply 
isomorphic with G\ G" may also be so. This will, in fact, be the 
case if for an operation in which 

,(« = ,. {i=l,%...,y) 

the symbols w^^ are not all unity. 

Any operation of G" replaces 11 1/,- by n wj, 11 97,. Hence, unless 

1 «■! 1 

n inj^ is unity for every operation of G'\ then G'\ and therefore also 

G^ is isomorphic with a cyclical group. 

The V ^-th roots of unity, <dai, w^a? . • • ? w^ , that occur in the specifica- 
tion of any operation of G" will be called the factors of that operation ; 
so that the totality of the operations of G" for which the products of 
the factors are unity constitute a self -conjugate sub-group, which 
contains the derived group. 

2. Let p^ be the highest power of a prime jo that divides n, the order 
of G^ and let ST be a sub-group of order p" of G. Let I be the greatest 
sub-group that contains H self -con jugately ; and suppose that every 
operation of I is permutable with every operation of fl, so that H 
must be Abelian. Let 8 be an operation of ff of order j?", such that 
there is no operation 8' of H for which the relation 8 = 8'^ holds. 
Then JET is isomorphic with a cyclical group of order _p^, and a relative 
linear invariant -qx for H may be chosen, such that it is changed by 8 
into wvij where w is a primitive ^-th root of unity ; while it remains 
unaltered by every operation of that sub-group of H in respect of 
which H is isomorphic with {8}. 

If 8 occurs in \-\-hjp sub-groups of order 7)', and if in & each sub- 
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group of order jp* leaves fe symbols unchanged, then the operation of G' 
which corresponds to 8 will leave (1 + hp) h symbols unchanged. These 
symbols must be interchanged transitively by the greatest sub-group 
K in which 8 is self-conjugate. In fact, the h symbols unchanged by 
H are interchanged transitively by I, which is contained in K ;|and K 
contains operations transforming H into every other sub-group of 
order p' in which 8 enters. 

In 0'\ then, there are (1 + kp) h ly's which are changed into multiples 
of themselves by 8, and these rfs are transformed among themselves 
with factors by K. 

Suppose, if possible, that 

Vi = <^%» V2 = w%, ... (a T^ 1) 

represents the effect of 8 on the jj*s which are changed into maltiples 
of themselves. ^ must contain an operation S of the form 

and S"^iSS would be ..., i^j = atrj^, .... 

This is impossible, since S"^iSS = 8. Hence each factor, for the ly's 
which are changed into multiples of themselves by 8, must be a> ; 
and, since h is not a multiple of p, their product is a primitive ^-th 
root of unity. Suppose next that 

is any cycle of the operation that corresponds to 8 in ff. The 
corresponding part of 8 in 6r" is 



Since the ^-th power of this is identity, 

The product WjCiij ... <d a cannot therefore be a primitive p^-th root of 
unity ; and a similar result holds for each cycle of 8 in 0\ 

The product of the factors of S is therefore a primitive p^-th root of 
unity, multiplied by ^p^'^-th roots ; i.e., a primitive jp^'-th root of unity. 
Hence G'\ and therefore also Gj has a seK-conjugate sub-group of 
index p^ in which neither 8 nor any of its powers occurs. The same 
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reasoning may be repeated with this self -conjugate sub-gronp, lead- 
ing at last to the result that G has a self -conjugate sub-group of 
index p*. 

From this general result the following particular ones are at once 
deduced. If p is the smallest prime, and p" the highest power of p, 
which divide the order of a group G, and if the sub-groups of order 
p" are Abelian groups with either one or two generating operations, 
then G has a self -con jugate group of index p'. The case p = 2, and 8 
a factor of the order, is a possible exception. 

In fact, when these conditions are satisfied, the order of the group 
of isomorphisms * of a sub-group of order p' is not divisible by any 
prime greater than jo, and therefore every operation of I (in the original 
statement) is necessarily permutable with every operation of Jff. 

In particular, if 6? is a group of odd order p'm (a = 1 or 2), where 
p is less than any prime factor of m, then G has a seK-con jugate sub- 
group of order m. 

For in this case all the conditions are necessarily satisfied. 

If (t is a group of odd order p^m, where p is less than any prime 
factor of m, and if the sub-groups of order p^ are Abelian, while m 
a,nd p^+p-^-l contain no common factor, then G has a seK-conjugate 
sub-group of order m. 

For the only isomorphisms of order greater than p, which an Abelian 
group of order J?' can admit, have factors ofp^-\'p+l for their order. 

Also, if the odd order of G contains an unrepeated prime factor 
q, of the form 2"-fl, then Gha,s a self -con jugate sub-group of index q. 

Another special result of the general theorem is the following, 
which applies alike to groups of odd and of even order : — 

If p' is the highest power of a prime p which divides the order jp"wi 
of a group G, and if every operation of a sub-group of G of order p* is 
a self -con jugate operation of G, then G is the direct product of groups 
of orders p* and m. 

For in this case G has self -conjugate sub-groups of orders m andj?". 

3. Before proceeding to a second application of the general method 
of § 1, it will be necessary to prove a property of certain groups whose 
order is a power of a prime, when represented as substitution groups 
affected with " factors." I consider, first, the case in which the sub- 
stitution group is a cyclical group in p symbols generated by 
(ajiic, ... Xp), while the factors are p-th roots of unity. The general 

* Theon/of Grottps, -p, 251. 
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operation of sncli a group will be 

»2 = <«'2^2 + *» 



Xp — ^pXp^jcj 

where w^, Wg, ..., Wp arejp-th roots, and the suffixes of the ic's are re- 
duced mod. p. The. total number of such operations, i.e., the order of 
the most general group of the kind, is clearly j?^*^ ; and the order of 
the self -conjugate sub-group in which each symbol is merely multi- 
plied by a factor is p^. Suppose, now, that such a group contains an 
operation 8, 

Xr^if^Xr (r = l, 2, ...,;?), 

for which the product of the factors is not unity, so that 
o^-f Os-f.-. + ap^^O mod^. 

The group then contains the p operations 

x'r^J'^^^Xr (r=l, ..., i?), 
{h = 0, 1, ..., p-1), 



obtained by transforming S by the powers of {x^ x^...x^\ and there- 
fore also the operation 

oj, = w* Xr (r = 1, 2, ..., p). 

where y, ^i, ..., yp.i are any integers. Consider now the system of 



congruences 

The determinant of the left-hand side 

Oj ag ... 
«P «i ••• 

«! H ••• 



%\ji,ar^i, — Zr (r = l, 2, ..., p). 



ttp-i 



Ol 



is easily shown to be congruent to a^-\-a^-\- ..,-\-ap\ and, since by sup- 
position this is not zero, mod. p, the system of congruences have a 
solution in integers for the y's, whatever integers the z\ may be. 
The group therefore contains the p operations 

But these generate a sub-group of order pi^ ; and, combining this with 
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(x^x^ ...Xp), the order of the group is p***'. Hence, if the order of a 
group of the kind considered is less than|>^*\ the product of the 
factors must be unity for every operation which changes each symbol 
into a multiple of itseK. It is to be noticed that no inference can be 
drawn with respect to the operations which interchange the symbols 
cyclically.* 

Still supposing that the factors are p-th. roots of unity, I consider 
now the case where the substitution group is a transitive group of 
degree p\ Let T be any self -conjugate operation of order p of the 
substitution group. The symbols left unchanged by any operation 
8 of the substitution group are permuted in sets of p by T, If 
a?!, 0^2, ..., Xp is such a set of symbols, then, in the group as affected 
by factors, each is replaced by a multiple of itself by the operation 8. 
If the product of the p factors affecting these symbols were not 
unity, then T and 8 would, as regards these p symbols, generate a 
group of order p''*^ by the preceding result. Hence, again in this 
case, if the order of the group is less than j^^*^, the product of the 
factors of the unchanged symbols of any operation must be unity. 
Now, for an operation of order p, the product of the factors for a 
set oip symbols which are permuted cyclically by the operation is 
necessarily unity. In fact, let 

Xi = WiiT-j, Xi = WjiCj, ..., Xp=Z WpXi 

be the operation, so far as it affects the symbols in question. The 
P'th. power of this substitution is 

Xr — t»ii(Oi..,ufpXr (r= 1, 2, ...,jp); 

and, since this must be identity, the product of the factors is unity, as 
stated. 

The general result of this discussion may then be stated thus : — If 
a group of order p" (a < p) be represented as a transitive substitution 
group affected by factors which are p-th. roots of unity, the product of 
the factors for any operation of order ^ belonging to the group is unity. 

4. Returning now to the general theorem, let p% as before, be the 
highest power of a prime p which divides the order p'm of a group G. 
Let fl" be a sub-group of order p", and let I be the greatest sub-group 

* In fact, xi « wx^f x^ =» x.^, ..., Xp = x^ 

and x[ a- Xi, X2 — »x^ ..., Xp^ »P"'arp 

generate a gronp of order jfi in which » is the product of the factors for one of the 
cyclical operations. 
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that contains H seK-conjugately. Suppose also that every operation 
of r, whose order is relatively prime to p, is permutable with every 
operation of H. Let 77, be a relative invariant for H^ which is un- 
altered by every operation of a self-conjugate sub-group of index p of 
Hy and is changed into wi/i by some operation 8 of H not occurring in 
this sub-group. 

If in 0' the sub-group H leaves /a symbols unchanged, they must be 
transitively permuted by the operations of I. In 0" each of these 
symbols is changed into a multiple of itself by every operation of H. 
Moreover, 8 changes 771 into wiji; and therefore each of the other 
/i — 1 must be changed by 8 into oi times itself, as otherwise S could 
not be permutable with every operation of I whose order is relatively 
prime to p. The remaining m— /i symbols are permuted transitively 
in sets of p% ^*, ... by the operations of H in G\ Hence, by the result 
obtained above, if the order of 8 is p, and if a < p, the product of the 
factors of 8, so far as these m— /i symbols are concerned, is unity. 
Under these conditions, then, the product of all the factors of 8 is 
w'*, and fx is necessarily relatively prime to p. Hence (?", and there- 
fore also 0, has a self -con jugate sub-group of index p. 

If ^ ( > 2) is the smallest prime which divides the order of G, and if 
a = 3, while the sub-groups of order p^ are not Abelian, all the con- 
ditions imposed are satisfied. In fact, the primes dividing the order 
of the group of isomorphisms of H must be factors of(^— l)(p^— 1); 
while the only two types of non- Abelian groups of order p' both con- 
tain operations of order p which do not enter in a suitably chosen 
sub-group of order p^. Hence : — 

If p is the smallest prime dividing the order of a group G of odd 
order, and if p^ is the highest power of p which divides the order, 
then, if the sub-groups of order jo' are not Abelian, the group has a 
self -conjugate sub-group of index p^. 

Combining this with the previous result, it follows that, if ^ ( > 2) 
be the smallest prime and p* the highest power of p which divide the 
order of a group, then the group must have a self -conjugate sub-group 
of index p% unless (i) a ^ 4 or (ii) a = 8, and a factor of p^-{-p-\-l 
divides the order. 

5. From the preceding results it is not difficult to show that no 
odd number which is the product of six primes can be the order of a 
simple group. 

^^ PvPii Pii ••• denote odd primes in ascending order of magnitude, 
it follows from the preceding theorems and from the results con- 
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tained in chap. xv. of my book on the Theory of Groups (especially 
Theorem iv.) that, (i) plp^p^, (ii) p]pl (iii) p\plPi, (iv) plp^pl^ 
(v) Pi Pi Pi Pi are the only possible forms for the order of such a group. 
Moreover, in the last four, a sub-group of order p\ must be Abelian 
with no operations of order p^ ; and one of the primes P2,Pi,Pi must be 
a factor of p\ -\-p^ + 1 . 

(i) Order p\p^p^- — There must be p^p^ sub-groups of order p\; 
otherwise the group can be represented as of prime degree and is 
certainly soluble (Proc, Lond. Math, Soc, Vol. xxxiii., p. 177). If the 
operations of these sub-groups were all distinct, there would be a 
self -conjugate sub-group oi order p^p^. If some, or all, of the seK- 
conjugate operations of a sub-group of order p* occur in no other 
sub-group of order j9*, every operation common to two sub-groups 
of order p* must be permutable with an operation of order p^ or p,. In 
this case there would be exB,ctlj p^Ps—l operations whose orders are 
divisible by p, or p^, and the group would be composite. If any 
operation were self -conjugate in more than one sub-group of order pj^ 
it would be one of p^ or p^ conjugate operations, and again the group 
would be composite. Lastly, if an operation P of order p^ is self- 
conjugate in one sub-group of order p\, and enters in another as one 
of pi or more conjugate operations, there must be* an operation Q (of 
order ^3 or pg) such that P, Q'^PQ, Q~^PQ*, ... are permutable with 
each other. These would generate a sub-group of order pj, which 
would be common to several sub-groups of order p*, and would there- 
fore be one of p^ or p^ conjugate sub-groups. The group again there- 
fore would be composite. 

(ii) Order p^p^. — If there are p\ sub-groups of order pi, they must, 
if the ppx)up be simple, have common operations ; and, since p^ is the 
only factor of the order which is congruent to unity, mod.p,, the totality 
of these common operations form a self-conjugate sub-group. The 
group is therefore composite. 

(iii) and (iv) Order p\p^ p . — If an operation of order p^ is per- 
mutable with one of order jp^, there must be a sub-group of order 
p\p^, and this must contain a sub-group of order p^ self-conjugately. 
This sub-group would be one of p^ conjugate sub-groups, and the 



Theory of Groups^ p. 100. 
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group would therefore be composite. It may be assumed therefore 
that there are no operations of order p,^^. 

If an operation of order p^ is conjugate with one of its own powers, 
then pjjp^ (Py— I) is the greatest number of operations the group can 
contain whose orders are divisible by p^. If a sub-group of order p^^ 
is contained self -con jugately in a greater sub-group, then p^p ( jp^— 1) 
is the greatest number of operations, whose orders are powers of p^^ that 
can be contained in the group. Lastly, p p (jp^ — 1) ov p^ (jPi—O is 
the greatest number of operations of order p^ the group can contain. 

2 1 

Now the sum of these numbers is less than 1 times the order 

2 1 P] JP^ 

of the group ; and, since 1 is necessarily less than unity, this 

is impossible. Hence either an operation of order p^ is not conjugate 
with any of its powers or a sub-group of order pi^ is contained self - 
conjugately in no greater sub-group. In either case the group is 
composite, from the results of § 2. 

(v) Order p^p p p . — Unless operations of each of the orders 
Pa, Pi, p4 are conjugate to powers of themselves, the group is certainly 
composite, by § 2. If the condition is satisfied, the greatest possible 
numbers of operations contained in the group whose orders are 
divisible by jpj, p^, and p^ respectively are 

P^iPiP^(P,-'^)y P>8i'4(^8~^)' PlPiP^iPi'-'^)' 

The greatest possible number of operations of order jJj is p^pt (pi — 1). 
The sum of unity with these four numbers must be equal to or 
greater than the order of the group. This sum is, however, less than 

3 1 

— -I- — times the order. Hence, unless©, is 3, the group is certainly 

Pi Pi 
composite.* 

If p^ is 3, the group is composite unless one of the other prime 
factors is 13. The order must therefore be S^, IS. pq : and the group 
has a sub-group of order 3*. 13, in which there are just 13 sub-groups 
of order 3 all conjugate to each other. 



* ^Notet January l^thy 1901. — This method, combined with the results of § 2, 
may be used to prove in a somewhat similar way that a g^roup of order p^P^ .. P^, 
where each of the indices oj, as, ..., a„ is either 1 or 2, and where j?i >»— 1, is com- 
posite, with a possible exception in the case where there are jp J* i?** ...!>*" sub- 
groups of order ^*^] 
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The discussion of this particular case presents no serious difficulty. 
It may be shown at once that the group is composite if it contains 
operations of composite order ; and that the only constitution of the 
group, which is consistent with its being simple, is one in which 
there are 

3* . 13p sub-groups of order g, 

3M3gr „ „ p, 

3^Jp.5 „ „ 13, 

and pq „ „ 3», 

without common operations. This leads to the equation 

17pg-117(p + g) + l=0; 

and 7 and 409 is the only pair of primes 'satisfying this equation. The 
group would then contain 1-1-2 . 409 sub-groups of order 409 ; and it 
could be represented as a primitive group of degree 1 + 2 . 409, in which 
the sub-groups that leave one symbol unchanged permute the remain- 
ing ones in two equal transitive sets. The group would also contain 
operations of order 13 which permute all the symbols. That such a 
group is non-existent is shown on p. 179 of my paper, " On Some Pix>- 
perties of Groups of Odd Order '* (Fvoc. Land. Math. Sac.., Vol. xxxiii., 
pp. 162-185). 

6. The number of prime factors in the order of a simple group of 
odd order is thus shown to be not less than 7. Combining this with 
the limitations on the order involved by the results of § 2, it will be 
found that the only odd numbers less than 40,000 which can possibly 
be the order of such a group are:— 3^ 7. 13, 3^7.19, 3*.5», 3*. 5*. 7, 
3*. 5». 11, 3*. 51 13, 3*. 5«. 19. There is no difficulty in verifying that no 
one of these numbers can be the order of a simple group ; so that 
40,000 is a lower limit for the order, if odd, of a simple group. There 
is no doubt that by a similar detailed examination this limit might be 
carried a good deal further ; but, in view of the possibility of some 
more general properties of groups of odd order being discovered, it 
seems hardly worth while to carry a mere method of enumeration 
beyond the point reached. 
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On Discriminants and Envelopes of Surfaces, By R. W. H. T. 
Hudson. Received November 27th, 1900. Communicated 
December 13bh, 1900. 

1. Functions of several arguments frequently occur in analysis as 
discriminants of binary forms in which the arguments figure as 
coefficients. Examples occur in the theory of envelopes of curves 
and surfaces involving one parameter, and in the theory of singular 
solutions of ordinary differential equations. It is proposed in the 
following short paper, first, to obtain in a general manner certain 
properties of the discriminant of a binary form (or polynomial), and 
then to apply the results to the case of a family of algebraic 
surfaces. 

Let F be a polynomial in t, and let dashes indicate differentiation 
with respect to t ; then the discriminant A of ^ is the resultant of F 
and F, and can be expressed in the form 

A = AF+BF' 

where A and B are also polynomials in t* 

The advantage of this expression for A lies in the fact that all the 
arguments appearing explicitly in the dexter are independent, and, 
further, that t may have an arbitrary value, since it does not 
occur in A. 

Now, when the relatio^ among the coefficients expressed by A = 
is satisfied, the equations F =^0, jP'= have a common root, say t^. 
In the following investigation the symbol " = " is used when equality 
holds under the conditions A = 0, ^ = ^i ; while the symbol " = " is 
used when equality holds for all values of the coefficients and t, 

2. In order to find the values of A, B, A', B\ ..., when A = and 
t = t^, we make use of the fact that A is independent of t. Then, by 
differentiation, 

A = AF+BF\ 

= A' =A'F+(A-{-B')F+BF'\ 

= A"= A''F+(2A'-^B'')F''\-{A'\-2B')F'+BF''\ 



•Bumside and Panton, Theory of JSquationSy 1892, p. 360. 
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Putting A = 0, ^ = ^1 in these identities, we obtain 

5 = 0, 

3. Let 8 denote any difEerentiating operator afEecting only the 
coefl&cients in F, and not affecting t. Then 

therefore 8A = ASF* 

Further, if we calculate ^iS^^, and use the above relations, together 
with 8A'= 0, we easily obtain 

FW^ = A {rS,8,F^S,F\r] +8,F {7^'?,J.-^'8j^'} 

'\-8,F{F'%A-'A%F'} 

and, making 8i = Sg, 

F'VA = A {F''S'F-(SFy} + 2SF{F"SA-A'6F'} . 

Thus we obtain derivatives of A in terms of those of F and A, 

4. Next suppose that the common root of F = and F' = is a 
triple root of F = 0. Then we have 

-P"=0. 

In this case the identity A'= gives no relation among A, B, ... . It 
is easy to verify that 

A"=0 gives B = 0, 

A'"=0 gives ^ + 3B'=0, 

8A'=0 gives J.'8F+(^+B')8F'=0. 



* More generally, if A is 


the resultant of F and G, and A 
9A^A9F+ma. 


= AF+BGy then 


Let 


F=aQ + ait + ... + ant*', 




and put 
therefore 


hA _jdF _.r^ 

dar dar 




whence the known result 


dA .dA _ r . ., 
dar ' da, 1 • 1- 





See Bumside and Panton, Theory of Equations j 1892, p. 360. 
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This equation cannot be true for all forms of S unless * 

^' = 0, 

therefore ^ = 0, i?'=0. 

Then A*^=0 gives 4d[' + 6^"=0; 

therefore 5" = 0. 

A^=0 gives ^" + JB'" = 0. 
Thus, when A = 0, J' = 0, -F' = 0, -P" = 0, we have 
^ = 0, A'=0, 
5 = 0, B'=0, B"=0, 
^"+J5'"=0. 
5. From these relations follow 
SA = 0, 
SjS, A = S,A . 8,JP4-8,^ . S,F-^S,B . S,F'4-8,B . S^F' ; 
but 8A" = = ^"8F+ SB . F'" ; 

therefore 8,B^A = SiF{F'"S,^-^"8,^'} + S3F{F"Si^-^"8i^'}. 

We proceed to show that F'^'SA—A'^SF' contains BF as a factor; so 
that SjSjA is equal to S^F ,S^F multiplied by a factor which does not 
involve 8. This factor is not important ; so it is sufficient to prove 
that when SF vanishes F'"SA^A''6F' vanishes also. 

Suppose, then, that BF = 0. 

'We have 

= 8A" ; therefore SB = 0. 

= 8A'" ; therefore (SA + S8B')F'" + (SA"'^B"')SF' = 0. 

= AT^; therefore X"4-B'" = 0. 

= S^A' ; therefore 8^ + 8B' = O ; 

therefore F'^'SA -^"8F' = 0. 
Thus, under the conditions A = 0, ^ = triple root of F = 0, we have 
8A = 0, 
8i83A=if.8^i82.^, 
8^A = M{SF)\f 

* E,g,, putting 5 = :^ , we must have A't{^{A-\-B')rt{'^ = for r « 1, ..., n. 
oar 

t Some of the preceding results were given in 1868 by Prof. Henrici {Proc. 
Lond. Math, Soc, Vol. n., p. 104). See also Vol. xix., p. 666 (1888), where Frof. 
Hill finds expressions for Si^oA and 8'^A. 
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6. To apply the preceding analysis to the theory of envelopes of 
surfaces, we suppose that F is algebraic in coordinates x, ?/, z, as 
well as in the parameter t. Then the equation 

F(xyzt) = (1) 

represents a family of surfaces one member of which corresponds to 
each value of f. 

The surface t cuts the surface t-^dt in the curve 

(2) 

The locus of this curve, as t varies, is the surface A, which has 
the form 

A = AF+BFt=0. (3) 

We infer from § 2 that the surface B{xyzt) = passes through the 
curve /2). 

Hence, from (3), A touches F all along (2) ; so that the name 
envelope is Justified. This fact is expressed also by the equation 

8A = ASF 

when we put 8 = (X-oj) |- + (Y-y) -^ + (Z^z) |- . 

Ox vy Cz 

7. The characteristic (2) meets a consecutive one where 

F^O, Ft^O, F,, = 0; (4) 

i.e., in a finite number of points. At any one of these points we 

have, from § 5, v" = ^' ^~ — ^^ "^ ~ ^' 

ox Oy oz 

showing that the point is a singular point of the surface A. The 
tangent cone is given by ^j _ 

where S has the form given above. But, from § 5, 

S'^ = M(xyzt)(SFy; 

so that the tangent cone breaks up into two coincident planes, SF = 0, 
which is the tangent plane to the surface F at the point considered. 

Hence the locus of the points (4) is a cuspidal edge on A. 

From § 4 we have 



^ = = ^„ 
B-0 = B, = Btt. 
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Hence the edge of A lies on the envelope of -4, and is the same 05 the 
edge of the envelope of B. 

Further, the equation A"hF->tF"'lB — of § 5 shows that the 
surfaces F and B touch at the points (4). Hence the envelopes of 
F and B not only have the same curve for edge, but have the same 
tangent plane at every point of it. 

8. When certain conditions equivalent to two independent con- 
ditions are satisfied, the equations ^ = 0, ^^ = have two distinct 
common roots ^1, t^. In the present interpretation these conditions 
represent a curve which is the locus of points where (2) meets a 
non-consecutive characteristic. Applying the results of § 3, we have 
SA = ^8^ for ^= ^1 and t =.t^ and all forms of 8 ; therefore -4 = 
for t = ^1, t^ ; therefore 8A = ; * so that these points are singular 
points on A = 0. 

Further, putting J. = 0, 

SO that the tangent cone at one of these points consists of the two 

mh) = 0, 

which are the tangent planes to the two surfaces F which pass 
through the point. The hcus of these points is therefore a nodal line 
on A. 

We infer that each characteristic meets a non-consecutive character- 
istic where it meets the corresponding surface -4 = 0. 

Again, from § 2, putting -4 = 0, we find 

5'=0. 
Then, since B and I?' vanish for < = ^1, t^, the locus is also a nodal 
line for the envelope of B. 

Again, 8A' = gives 

A'SF^BB,F''=0 (t = t,,t,y; 

so that the two surfaces B, passing through any point of the nodal 
line, touch respectively the two surfaces F through the same point — 
that is, corresponding sheets of the envelopes of F and B touch along their 
common nodal line* 



* See Salmon, Higher Algebra^ 1885, p. 97. 
VOL. XXXIII. — NO. 755. T 
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9. To STim up. The envelope of a surface involving algebraically 
one parameter is a surface possessing a cuspidal edge and a nodal 
line. It is possible to find another surface involving one parameter 
to a degree less high by one (but being itself, in general, of higher 
degree) such that the envelope of this second surface has the same 
singular lines as the former envelope and the same tangent planes at 
all points of these lines. 



An Addition Theorem for Hyperelliptic Theta- Functions, Bij 
A. L. Dixon. Received and read December 13th, 1900. 

In the following paper relations between the hyperelliptic 9- 
f unctions for three or four arguments whose sum is zero are deduced 
as a direct integral of the difEerential equations involved. 

The method of integration is an extension of one given by Cayley 
{Coll. Worhs., Vol. XI., p. 73) as that by which he originally found 
his well known formula in elliptic functions, viz., when 

k\'^ n, sn u,—K^Jl,cTi u,-^ll, dn u, — k^ (i = 1, 2, 3, 4), 

and has a certain geometrical interest. 

The proof is given in full merely for the double 9-f unctions, but is 
at once capable of extension to any order ; the necessary modifications 
for the triple functions are given in § 12. 

1. Take 2^=1 (.=1,2,3,4,5) (1) 

as the equation of a set of confocal 2^4's* in a space /S^g, and let 
p, q,r, s, t be the values of A for the five members of the set through 
any point. Then 

2^? I- (X-p)(K-g)(\-r )(\-s)(\-t) .g^ 

0.+X ~ n(a.-tX) ' ^^ 



* pJRq is used to denote a continuum with q degrees of freedom and of degree p 
in the coordinates. 
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and therefore 

V2 _ (<^c4-j>)(ttt4-<y ) (ac -hr)(ac+g)(a +0 /q\ 

/(-aO ' ^^^ 

writing / (\) = n (a, + X) ; 

therefore 2 ^' = -?^ , (4) 

dp a,+p 

and, if e?5p be written for an element of distance along the direction 
for which p alone varies, q, r, s, t being kept constant, we get 

4d4 = X^4-^,dp^ = (£r_g)(Jlr;l( f'-0(p-O d^». (5) 

{a,+py f(j>) 



2. Now consider those points (found to lie on foar straight lines) 
which are common to the two surfaces 

S-4-=l, (S); 2-^=1, (T); (6) 

and also to the tangent lE^'s to S and T at any point \, h^, h^, h^, h^ 
(say the point h^ which is on both : viz., 

S^'-^=l, (S-); 2^ = 1, (r). (7) 

Taking first any one of the system 

at-f-A 

the tangent ^^^ fi'om h^ (in three dimensions this would be the tan- 
genif cone) is given by the equation 

and this when referred to the normals to the five confocals through 
At as principal axes will take the form* 

£2 i2 £2 t2 >2 

-^ + -^^- + -^^-i- - ^-^ + -^ = 0, (8) 

p — A q—K r — \ s — \ t — A 

where p, q, r, s, t are the parameters of the five confocals through h^. 
Putting \ = », we get i, = 0, and then, putting $t = 0, we get, as 



* Cf. Salmon, Geometry of Three Biinensions, p. 149, §§ 171-3. 
T 2 
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the intersection of S, 8\ and T, 

A-^ A.^JL^O, ^. = 0, ^, = 0. (9) 

p—s q — * r—s 

Similarly, aa the intersection of T, S', and T', we get 

-^, + A + A=o. ^. = 0. f« = o. (10) 

p—t q—t r—t 

and therefore, combining these two sets of equations, the common 
points of 8, T, 8', T are given by 

^. = 0, |, = 0, (11) 

^ _ g _ ^ 

(2'-«)(i>-0(2-'-) ~ (5-«)(3-0('— P) ~ (r-OCr-OClJ-g) ' 
the equations of four lines. 

3. Now writing for I,, ds,, for |„ <is„ and for |„ rfg^ we get, as the 
differential equation of the four lines, on substituting from (5), 



Kp-<l){p-'r) dp -± K<l-p)(q-r) dq 
V q-r ^f(pj V r-p ^f(q-) 

- 4. . I ir-v)(r-q) d/r . 
~=^V p-q ./JiP)' 

(12) 
or,finally, ^^,.^^^,^=0| ^^^^^ 

where P =f(p), <fec., &c. 

4. Thus the equations 8, T, S\ 2^ give an algebraical integral 
of these two equations (13), which are equivalent to 

l^-f^/-(f^-J^.)--(f/B-i7S.)=»;, 

[pdp [ptdpn, ( [qdq [ qodq„ \ ,([ rdr Ir^drA _r.\' 

(14) 
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where ^q, q^, r^, 5, t are the parameters for the point h^. Expressing 
the X in terms oip^ q, r, s, i, and the ^ in terms of jj^, q^, r^, 5, t, we get 

St ( at+t) ^di-^-y ' ai-\ -Po . at + q* ^4 + ^0 .at-^-r. at-f rp _ ^ 
/(-«c) 



St(ac-f g)A/ a t-f jP.at-t-jP Q .ac + g^.at + go.atH-r.at+ro _ , 



or we may put 



where X has any value we please. 

5. For convenience I rewrite this result in the form it assumes 
when the function under the square root {e.g., P) is by a linear 
transformation changed from a product of five factors to a product 
of six, and further I change the notation. 

Putting f{x) = X = a—x . h — x . c—x . d—x . e — x ./—a?, 

and writing (Cayley, GolL Worksy Vol. x., p. 564) 

, r* dx r dy 

f* xdx C^ydy 
where o-, r, tsr, p are constants, I replace (14) by 



, , , , , (• = 1,2,3), (16) 



or by t*i+«8+Wj = 0, Vi + Vj+t;, = 0; 

then (15) becomes 

S.(,_x)n'/A-^'^=o 



(5 = o, 6, c, d, e, /; t = 1, 2, 3). (17) 
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6. In consideration of this result as a relation among double theta- 
f unctions I adopt Cay ley's single and double letter notation {ColL 
Works, Vol. X., pp. 601, 502, and 190). 

This notation is, the equations denoting merely proportion, 



A = ov^a— sB.a— y, B = (ivh—x. h — y, ... (six odd functions), 
(AB)^(ABF.CDE) 

x—yWc—ytd—y.e—y y c—x .d—x .e—x j 

... (ten even functions). 

The Greek letters always connote the zero values of the variables : 
thus (a/3) is the value of (AB) when t« = 0, v = 0. I also for the 
sake of greater simplicity usually write (ABF) or (ODE) as the 
equivalent of (AB) ; so that I have always, for example, 

{AB) = {ABF) = {GDF), 

(OB) = {OBF) = {ABE). 

Further, I shall sometimes use the letters P, Q, B as general repre- 
sentatives of any one of the letters A, B, G, D, E, F, 

7. This notation is, of course, in effect, the equivalent of the nota- 
tion by characteristics, the th eta-function {AEF) being merely the 
function whose characteristic is the sum of the characteristics of 
A, E, F. There is therefore a corresponding notation for the 
characteristics of the quarter periods, but it is more convenient to 
take the fifteen distinct quarter periods as denoted by a symbol of a 
pair of letters only, e.g., (e/), of which pairs there are, of course, put 
of six letters fifteen. Then the effect of the addition to the variables 
H and V of the conjugate quarter periods denoted by (e/) is to add 
EF to the symbol of the function, and then, with the obvious con- 
ventions that PP = 0, where P is any one of the six letters, and that 
ABGDEF = 0, the new symbol is at once written down. 

For example, the addition of the quarter period {ef) changes A into 
AEF, AEF into A, ABF into ABE, ABG into D. The fourth "root 
of unity which enters as a coefficient* is troublesome, and may be 
determined by the following rules. 

* Cf. the table, Cayley, Vol. x., p. 172. 
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Taking, with Cayley, the corresjjondenoe of Bymbols and character- 
istics to be A B G D E F 
11 11 10 10 01 01 
01 10 10 11 11 01 



the table 


a, h 


A 


B 


G D 


£ F 




I 


I 


I — 


I 




c,d 


+ 


I 


t t 


« + 




e.f 


I 


+ 


+ t 


( t 



(18) 

gives the multiplier cbiresponding to each letter in the symbol of a 
quarter period, when that quarter period is added to the variables 
u, V* Further, in reducing the symbol F^, A^ with E, F, A, B ; 
^^ (? with A, B, C, D; D^ JE7* with (7, D, JE7, F, all give a minus sign. 
The final coeflBcient is the product of all those taken in this way for 
the. separate letters. Thus, for instance, the quarter period (he) 
added to the variables changes A into i (ABC), (BDE) into (CDE), 
&c., &c. 

It will still be true that a symbol with three letters, e.g. (ADF), is 
exactly equivalent to the symbol with the other three, e.g. (CDE). 

8. The first result, then, that I obtain [by putting X = a, 6, ... in 
(17)] is that, when 

t^iiWjiWs = 0, ViiVjifcVs = 0, 
there is a linear relation between any five of the products PjPjPj, 
the suffix numbers being used to denote the corresponding arguments. 
The coefficients are easily determined by giving special values to the 
?/'s and v's. 

Thus one relation written out in full is 

(a/30 ("rO («S0 («0 A, A, A, - (a/30 (/3rO (1^) QH) B, B,B, 
-(ayO(/3yO(y80(y«0 C.0,0.+ (a80(W(yS0(S^0 AAA 
+ (a<0(/3eO(reO(K) F,E,E, = 0. (19) 

9. This relation gives at once an interesting expression for the 
quotient of two 0-f unctions of the sum or difference of two argu- 
ments. Taking ^, __ ^, ^, ^, _ ,, ^, 

7^8, Vj are unaltered by any, the same, additions to t*i, u^ and v^, r„ and 
in particular by the addition of quarter periods. 

♦ Cf. Forsyth, Fhil. Trans., 1882, Pt. in., pp. 790-1. 
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Thns, patting Pj, as an abbreviation for P,Pj, and (a£) for 
(a/30(ayO(a8i)(a€0,weget 

(i.) KM„j,-(jgj)P„/?.-(^)C„(7.+ (S0A,». ^ 

(ii.) K) E„A,+ (MXABE)„B,+ (^X^OE)„G, . 

- iMKADE),,B,-(^A„E, = 
(iii.) K) (ABE\,A,+ (M) ^.,5.+ (VO (BOE)„ G, 

-i6iKBBE\,D,-(^)B„E, = 

(iv.) -{ai:XAGE)„A,+ (MKBGE)„B,+ (^)E„G, 

+ (Sf)(Ci)E)„D,+ (i?) G^E, = 
(v.) -(i?)(4D^)„^+(|5c)(BDi7)„i;,+ (^)((7D^)„ C, 

+ (IOE,,D,+ (^) A,-E, = Oj 
&c. Ac. (20) 

which give relations Of which 

(al)^. 



-B,„ 


-c„, 


A., 


E» 


(ABE),,, 


(AGE),,, 


-(^Di?)„, 


-A,' 


-E?«, 


(BGE)„, 


-(BDE\„ 


-B.^; 


(BOB)„, 


^», 


(GDE)„, 


Cu\ 





H) E, 




^1., 


—Bit, — ^\». 


A, 


■-E?,,, 


(/lPi?),„ {AGE),^, 


-iADE),t 


(JBS),„ 


Ei„ iBGE)„, 


-(BDE)» 


-(40B),„ 


(BGE\t, E„, 


(GDE)„ 



(21) 



IS one specimen. 

10. The equations (16) and (17) may be used further to give an 
addition theorem for four arguments. Keeping r*„ ?'i, u^, v^ the 
same as before, write 

)^H I ^^ ^ 
^/X, Jv/aI ^22) 
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where X may have any value. Then (16) gives 

«.+«,+«. = f^-|^ = -«., Bay 

Thus equation (17) gives an integral of 

which may be written 

2pP,P,P,P, = 2a Q, 0,0.^4 (P=A,G,E; Q = B,D, F).* (26) 



(23) 



(24) 



11. This relation admits of many transformations and special 
cases. For example, all the fundamental relations between the 
squares and products of Q-functionsf can be derived fi-om it with 
ease. I add a few examples of theorems to which it gives rise. 

(1) Taking u^, v^ as a quarter period, it follows that there is a 
linear relation between any four of the products F^F^P^ when the 
sum of the arguments is a quarter period ; or, what is, in effect, the 
same thing, between the products {FQR)^{FQR)^{FQU)^, where F 
takes any four different values, when the sum of the arguments is 
zero. 

From these are deduced, after the manner of (21), relations of 
which the following is a specimen. If 



% = «*!— «*a, v« = v,-v< 



1 — 1*2, f 8 — c/1 — Vj, 



(MMAEF), 



-•(fi,0(BEF), 



0„ 



D,. 



{BEF),„ (OFF),,, (DFF\, 
(y^OiCEF), 



Ar 



Gn 



A, 



•12? ^1S5 -^12 

{AEF\^ iOEF\„ iDEF\, 
iACD)„. D,„ a„ 



P„. 



Da 



(AEF),,, (BEF),,, (2)BF)„ 
(4(7D)„, (BGD),„ 0„ 1 



Ar. 



0„ 



(AEF)„, (BEF),„ (GEF),, 
(AOD),„ (BGB\„ A, 

(26) 



* This equation is given by Forsyth, ** Memoir on the Theta-Functions," Fhxl, 
Trans., 1882, Pt. ra., p. 846, § 67, as a deduction from the product theorem. 
t Cf. tables in Cayley's memoir, ColL Works y Vol. x., p. 644, &c. 
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It is interesting to notice the direct correspondence with the elliptic 
function formulse of the type 

• dn (t*i— w,) = c^c^, k'* -T- I CiCj, d^d^ 

«!<?„ did^ I *iSj, 1. 

(2) For^any pair of arguments 

A\A\-Si'X+(Adl-I>]l^^+ElEl-KK = 0, (27) 

and for any argument 

^4_5*+0*-2>*+J^*--^' = 0. (28) 



12. The extensipn of the method of this paper to the hyperelliptic 
functions of any order is immediate. Thus, for instance, for hyper- 
elliptic triple 9 -functions we must take confocal ^R/s in a space Sj 
given by 

5_i^_1^0 (* = 1,2,3,4, 5,6, 7;\ 
tti-hA \X = p, q, r, s, ^, u, v ' 

There will be three surfaces, T, 17, F, say, corresponding to equations 
(^), § 2, and three tangent ^Rg's corresponding to (7). 

Then equation (8) will have seven terms, and for (9) and (10) 
we must substitute 

-^ -h -^ -h -^ -f -^ = 0, 
p — t q — t r—t 8 — t 



p—u q — u r—u 8 — u 






p — V q—v r—v 8—v 



giving, as before, 



^l 



(p—t)(p'-u)(p'-v)(q^r)(r—s)(s—q) 

^9 . 



= &c., &c.. 



(q-t){q-u)(q-v)(r-8)(s-p)(p-r) 
and then, with f (0) = 6 = H^ (a,-\-e) (i = 1, 2, ..., 7), 

1 -^ = ± 1 -^=&c &c 

(9-rKr-.)(.-g) ./P =*=(r-.;(.-;>)(^-r) ^^ "" ' ''^•' 
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and, finally, 

dP ^ VQ v/i^ y/S 

pdp qdq ,rdr ^sds q 

£!# 4.C 2!^ 4-6' —+€"— = 

yp^ yg^ yjij^ v/5 • 

Then the equations corresponding to (14) will have eight terms, and 
the corresponding integral will be 



/'(-«0 



= 1. 



13. It appears from this that the resnlts of § 8 do not apply for 
hyperelliptic functions of odd order, but only for those of even order. 

The results of § 10 (and those of § 8 when the order is even) will, 
however, follow by adding and subtracting 

f d\ [ dfji {Mhi^it!:^ fX'(£\ [fi^dfji 
J^/a"^Jv/M' Jv'a"^Jv/M' J^A"^JyM 

as required for the triple functions, and corresponding changes for 
any order. 

In fact, when the order is p, the sum of 2p-\-2 integrals will be 
obtained by the geometrical method, and this can be increased to 4p 
for all values of p, and also to Sp when p is even. 

14. For the hyperelliptic triple 0-functions I get, putting 

e = a-O.b-O.c-e.d-O.e-O.f-O.g-O.h-e, 



that 






\ (t = l,2,3,4); 



have an integi*al 



dS,' ~ 
ds 
(s = a, h, c, d, e,/, g, h ; t = 1, 2, 3, 4). 
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Thursday, January 10th, 1901. 
Dr. HOBSON, F.R.S., President, in the Chair. 

Fourteen members present and two visitors. 

Mr. Harold W. Curjel, M.A., Southport, and Mr. G. H.Hardy, 
B.A., Fellow of Trinity College, Cambridge, were elected members, 
and Mr. H. W. Richmond was admitted into the Society. 

Prof. Love spoke " On Streaming Motions past Cylindrical 
Boundaries." Mr. Basset also spoke on the subject. 

Mr. Campbell read a paper entitled " A Proof of the Third Funda- 
mental Theorem in Lie's Theory of Continuous Groups." 

The President communicated papers by Mr. Barnes " On the 
Zeroes of Bessel's Functions,** and by Prof. Carey " On some cases 
of the Solution of 2?"""^ = 1, mod p.** 

The following presents were made to the Library : — 

*' Mathematical Gazette," Vol. i., No. 24, Vol. n., No. 1 ; 1901. 
" Royal Society, Reports to the Malaria Committee," 8vo ; London, 1900. 
** Transactions of the Literary and Scientific Society," No. 2 ; Ottawa, 1899-1900. 
** Transactions of the American Mathematical Society," Vol. i.. No. 4 ; 1900. 
His, W. — ** Lecithoblast und Angioblast der Wirbelthiere," roy. Svo ; Leipzig, 
1900. 
** Educational Times," Jan., 1901. 
** Indian Engineering," Vol. xxvm., Nos. 21-24, Nov. 24-Dec. 16, 1900. 

The following exchanges were received : — 

** Proceedings of the Royal Society," Vol. lxvii., No. 439 ; 1901. 

** Beiblatter zu den Annalen der Physik und Chemie," Bd.xxiv., St. 11 ; Leipzig, 
1900. 

** Bulletin of the American Mathematical Society," Series 2, Vol. vn.. No. 3 ; 
New York, 1900. 

** Monatshefte fiir Mathematik und Physik," Jahrgang xii., Pt. 1 ; Wien, 1901. 

"Atti della Reale Accademia dei Lincei — Rendiconti," Sem. 2, Vol. ix.. 
Ease. 11; Roma, 1900. 

** Berichte iiber die Verhandlungen der Konigl. Sachs. Gesellsohaft der Wissen- 
schaften zu Leipzig," Bd. lii., No. 6 ; 1900. 

*• Nyt Tidsskrift for Matematik," B. Aargang xi., Nr. 4 ; Copenhagen, 1900. 

** Proceedings of the Physical Society," Vol. xvii., Pt. 4 ; Dec, 1900. 

** Jahrbuch iiber die Fortschritte der Mathematik," Bd. xxix., Heft 3 ; Berlin, 
900. 
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Proof of the Third Fundamental Theorem in Lie's Theory of 
Continuous Groups. By J. E. Campbell. Read January 
10th, 1901. Received January 12th, 1901. 

If we have any set of r* constants, c,.*« ..., satisfying the conditions 
CiKh-\-CKih = 0, 

hmr 

(^, kJ, i = l, ...,r), (1) 

they are said to form a set of composition constants of the r-th 
order ; and the third fundamental theorem in Lie's theory of con« 
tinuous groups is that, given any such set, r independent infinitesimal 
transformations ^ ^ 

^Vj, ..., J^r 

can be found, such that 

XiXx—XxXi = CiKiXi-\' ... -{-CfKrXr ; 

and therefore such that they generate a group of the given compo- 
sition. 

Lie gives a proof of this proposition in the second volume (seven- 
teenth chapter) of Transformationsgruppen, but it requires a consider- 
able previous knowledge of his theory of function groups to follow 
it ; and a proof has also been given by Herr Schur, which is sketched 
in the third volume, § 144. Recently M. Poincare has discussed the 
theorem in the Trans, of the Camb, Phil. Sac, Vol. xviii., p. 234, and 
given a proof of the soundness of which I do not feel sure. He has 
shown how to construct r infinitesimal transformations which are 
independent ; to verify their group property is not easy, and would, 
in effect, be Schur's method ; if this property is not verified inde- 
pendently, the reasoning which occurs on p. 234 — " Let 

where 17 = 2t*«X«, 2r = S2?«X«, Y=^y^X^; 

the associative character of the operations shows us that we have 



e^e^=e^ 
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where w^ = 0^ (v., ^,), 2/« = 0* (^i, Wi)» 

— seems to presuppose the existence of a group of the required com- 
position. 

If it is objected that we can let Xi .,, X^ be the group adjoint, 
then, unless these operators are independent, we do not know that 
the associative law holds. 

The proof given here is perhaps simpler than those to which I 
have referred, with the exception of M. Poincare's, if the latter is 
correct; in any case the proposition is so important that it may 
perhaps justify one in giving another proof. 

Since writing this paper my attention has been drawn by one of 
the referees to a proof of this theorem by Klein, in his Einleitung in. 
die hohere Geometries Vol. ii., pp. 163-167, which at first is on the 
same lines as the proof of this paper, viz., the replacing of the given 
composition constants by an equivalent but simpler set when the 
adjoint group is of order less than r. I believe that this proof is 
erroneous ; perhaps the simplest reason for doubting it is that, if 
correct, it would (as the referee remarked) prove that a group which 
contains self -con jugate (auftgereichnete) operations must be the direct 
product of two independent groups. Klein assumes, in fact, that the 
constants which in § 5 I have denoted by c?,>c»» • • • are all zero. I 
might perhaps add here that the results in §§ 1-3 of my paper arc 
implicitly contained in chapter xvii. of the first volume of the 
Transformationsgruppen. 

K = r 

1. If ajf = 2 a^ix!, (i = 1, ...,r) 

K~l 

is any linear transformation whose modulus does not vanish, and 

K = r 



Ksl 



the inverse transformation, then c^^j, . . . being any /■* other set of 
variables, and CiK/t ... another set connected with the former by the 
equations 

^ h = r 

2 a^sC'iKh = 2 dipa^qCpqs (2) 

h^l pq 

(the summation on the right being for all values of p, ij froni 1 up to y 
inclusive, and i, k, s having any values from 1 up to r inclusive), it 
is clear that (2) gives c-^/, ... in terms of CiKh — 
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From the fact that 2 ApiU^p = e,vci 

where fiK is zero if ^ :^ k, and unity if i = /c, we easily verify that 

2 Aju CiK.h ^ ^ AipAKqCpgg ] 

and therefore c^^ ... are given in terms of c'^h .... 

2. It must now be proved that, if one set Ci^h ... satisfy the system 
of equations (1), so will the other cJca .... 

To see this, multiply (2) by a<,„c,„y, and sum for all values of 
h, s, m, p, q, and we get 

h, », Mi fM, «,p, q 

Noticing that by (2) the left-hand member may be written 

m, h 
tn = r A =• r 

we see that 2 a,^- 5 (cjKhCii„»+ciiACfci,»+cJ,i,/,ci;,K, .«} 

is the sum of a number of terms which vanish by the conditions (1). 
We conclude therefore that, since the modulus does not vanish, 

ft-r 

for all values of i, k, m, t. 

To prove that c/^t + cii^ = 0, 

interchange i, k in (2) ; we get 

h = r 

2 a^sC'^if, = 2 aiqa^j^Cpq^ ; 

/»= I pq 

adding this equation and (2), we see that 

from conditions (1). 

3. Suppose now that we have a group with' the composition con- 
stants CiKh •.., the corresponding infinitesimal transformations being 
-X-i, ..., Xf.. 

If we take X{, ..,, X^. as a new set of r independent infinitesimal 
transformations defined by 



Xi = 2 ai^X^, 



Kml 
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then it can be at once verified that cj^^ ... are the composition con- 
stants of the group corresponding to the above infinitesimal trans- 
formations ; the conclusion we draw is that when we can find a 
group with the composition constants CtKh ••• it has also the composi- 
tion constants cl^h •••? and conversely. 



4. Suppose now we are given a set of composition constants c,ak ..., 
such that all r—s-fl rowed determinants, but not all r — s rowed 
determinants, vanish of the matrix 



I CjrK •' 

(in any row all positive integral values of j and k are to be taken 
from 1 up to r) ; then we can choose 

^llJ •••> ^r> 

ttji, ..., a2r, 



a,i, ...y a,r 
so that a/,1 Cj^ + «« C/,k + . . . + a*^ Cj.^ = 0, 

where j, k may have any values from 1 up to r inclusive, and h any 
value from 1 up to s inclusive. 

To complete the determinant of the a^, ,'s we can take a,„x arbitrarily, 
only providing that the determinant does not vanish (m = s -f 1, . . . , r ; 
K=:l, ...,r). 

If we now apply the transformation (2), we get a new set of com- 
position constants c.^a with the property 

CiKh = dtKh, 

where t, k, h may have any values from 5+1 up to r, and di^ are a 
set of composition constants of the n-th order, n being written for 

if either i or ic is less than s+1, h having any value from 1 up to 
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r inclusive; 4„, 

where i and k both, exceed s, and m does not, being such that 

A = r 
h = s + l 

5. We may therefore say (with the slight change of notation which 
consists in writing d^^h = 0^.,^^.^,..^ and c'iKm = ^r-t,r-jt,r-»») t/hat the 
problem of finding a group with the given composition is now re- 
duced to that of finding a group with the composition constants 

diKh •••? 

where di^j, = CiKn, 

if none of the suffixes i, k, h exceed n, and the c's are composition 
constants of the n-th. order, such that not all n rowed determinants 
vanish of the matrix 

Oit ... 0', ^^ = 1, ..., w); (3) 

Cj2K .. 



d'iKh = 0, 
if either i or k exceeds n, h having any value from 1 up to r ; 

if neither i nor k exceeds n, and m does exceed n, and 

diKm-^-dKim = 0, 



2 {CiKhdj^fm-\-<^,^-hdMfn-{-Cjihdj^^^) =0. 



(4) 



Now, it may at once be verified that 



where 



Xj = S C„iq Xp 



(the summation being for all values of p and q from 1 up to w in- 
clusive), is a group of the w-th order with the composition constants 
Cftx; for, by (3), Xj, ..., Z„ are independent, and by forming its 
alternants we verify the group property. This is Lie's group 
adjoint. Its parameter group is simply transitive and of like com- 
VOL. XXXIII. — NO. 756. u 
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position with it ; we have therefore proved the existence of a simply 
transitive group with the composition constants Ci^h .... 

6. It will now be shown how a simply transitive group with the 
composition constants di^h ... may be deduced. 

Let Xi, ..., X„ be the simply transitive group with the composition 
constants c,kA". • 

Let «i«, t«2,„, ..., Unm be any set of solutions of the simultaneous 
equation system 

XiU^n^—X^Ui^ = di^^+ 2 C,KAMh„., (5) 

where i, k may have all values from 1 up to n, and m has all values 
from w-f 1 up to r. We can at once verify that 

Xi+Uin^i- + ...+w.>— (t = l, ..., n), 

is a simply transitive group of order r with the composition constants 
diKh ... . 

7. We must now prove that the equation system (5) is self -con- 
sistent. This may be done by the method explained in the Proc. of 
the Lond. Math, Soc, Vol. xxxi., p. 2.35, or independently by a less 
general but more direct method as follows : — 

Since X^, ..., X„ is a simply transitive group, ^— , ..., -~ can 
each be expressed in the form ^^ ^*« 

VXi 

where A^ ... are a known set of functions in a?,, ..., x„. From the 
fact that P^ ^ ^ r\ 

dxi dx^ dxx dxi 

and that X^, ..., X^ form a group, we see that A^^ ... are functions 
satisfying the equation system 

^_^=2c..^.X„X,, (6) 

VXi VXK «.^ 

(the summation being for all values of a, /3 from 1 up to w inclusive) . 
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8. It must first be verified that 

OXi OXj OXk 

is identically zero for all value's of tJK, the summation in 2 being for 
all values of a, /3. We have 

r— ^oj^fiK = ^4^ >v— ^fiK + A^ic ^— ^«t> 

OXi ^^ OXi 



X— A„X^f — A^ — \^i 4- A^,. -— A.^, 

oajy da?;- oaj^ 

^— Ki^fij = X«< ^— ^/S; + ^/6l/ ^r- ^ai- 

OXk OXk OXk 

Remembering that d^p,^ + d^,^ = 0, 

we see that (7) may be written 



•»^ ^oxi dx^ f »>fi ^oxi OXj ' 

+ 2 A^»»«/jt» ( 5 — A^ — ^~ A^- ) • 

•.^ ^OXj OXk ' 

Writing the second and third of these sums in the equivalent forms 

lyfi ^OXj OXi ' 

and 2 Am di,p„^ ( ;^— X^— v~ V ) » 

and substituting from (6), we see that the coefficient of X^X^^ X^ in 

which is zero from (4) ; and therefore, since all these coefficients 
vanish, the identical relation required is now proved. 

9. In order to prove that the simultaneous equation system (5) 
can be satisfied, multiply (5) by X^^X^j, and sum for all values of 
*, K ; then, if the new set of equations — ^there will be one for each 
pair of values of 'pci — can be satisfied, so can the old ; to see this we 
have only to notice that for the equation with a given pair of values 
of i, K the multiplier is X^pX^^— X^^X^^, and the determinant of this 

u 2 
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cannot vanisli since the determinant of A^j does not vanish (Forsyth, 
Differential Equations ^% 212), 

Let Vi^ = \uiH^ + . . . + A«<«*«m (* = 1, . . . w) ; 

then the simultaneous equation system takes the simple form 

5— ^?«»--5— «W = 2 di^^XipKq = oTp^, say. (8) 

10. To solve these equations, consider the following lemma : — 
If we have ^ functions <r,vc... of the variables iCi, ...,a;„such 
that o-i^-\-o-Ki = 0, 

5-0>it + ;^ O-iti + X— (Tv = 0, 

OXi OXj OXk 

where the suffixes may have any values from 1 up to n inclusive, 
then n functions wi, ...,«*„ can be found such that 

OXiOXK 

To see that this is true when w = 3, let 

OXiOX^ VXiOX^ 

This is clearly justifiable, and we can take Ui arbitrarily and obtain 
t*2 and u^ by integration. 

Since o-,,+<rji = and <ri8+o-gi = 0, 

OXiOXi VXiOX^ 

Now ?_flr„+ — 0-81+ A o-ij = ; 

cxi cajg OiCj 

3 9' 

therefore ^-0-28+ .^ ^ >^ (^8—^2) = 0, 

OX^ VXiOX^OX^ 

and therefore or„ = (wj - u^) +/ (a?,, a,) . 

VX^UX^ 

It is clear that we can write / (a;,, «j) in the form 

OiCjC'ajj 
where «7j and w^g are functions of ajj, 0:3 only, and w?, can be taken 
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arbitrarily and then w^ be obtained by integration ; therefore 

Since, then, w^ and w^ do not involve oji, we see that Wj, ttj+w;,, 
^j+w's ^^6 three functions in terms of which o-jj, <r,i, and o-^j can be 
expressed in the required form. 

The extension to n variables is now obvious. Assuming that the 

theorem has been proved for the case of w— 1 variables, let 

92 
o-u = ^ -^ K-t^O (f = 1, ..., w), 

VX^OXk. 

where, as before, u^ is arbitrary. 

From — <T^n + ^- ^ui + 5- o-jk = 

OXi CXk UXjt 

we get ^- or^fc = (w^-Wft), 

8' 
and therefore <r^h = 5—^— («*« — %) + Pka» 

where p^^ is a function of a;., ..., ar,„ only. 
We now have Pk/i+P/uc = 0, 

I-P. +^f>.. + ^Pi. = (i,^,/5 = 2,...,n); 
oaj,- o,rfc daj 

and therefore, since we now have only w— 1 variables, 

VXiPXk 

where w^^ ..., w?» do not involve x^. 
It follows, as before, that 

t*i, t^j + w;,, ...,t*„ + i£?„ 
will be a set of functions in tenns of which we can express in the 
required manner o-i^ ... . 

We can now write down the solutions of (8) ; for we have 

oajj oxj oxk. 

the first being true, since diK^ + ^<cm = 0, and the second being 
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merely the identity (7) ; and therefore by the above reasoning we 
can write 

OXiOXK 

where Vi^ ... are a set of functions obtainable by quadratures ; then 

OXi 

is clearly a system of solutions of the system (8). 

We have thus proved that, given any set of composition constants, 
we can in all cases obtain a simply transitive group of that compo- 
sition ; and that the process of obtaining it involves merely algebraic 
operations and quadratures. 



On some cases of the Solution of the Congruence 2''""^ = 1, mod p. 
By F. S. Carey. Received January 2nd, 1901. Communi- 
cated January 10th, 1901. 

Let J? be a prime, and a, y integers chosen from amongst 
0, ±1,±2, ..., ±i(i>-l); 

further, let j be a quantity such that j^ is congruent to a certain 
selected quadratic non -residue of p\ then x-\-yj is a symbol which 
includes p^ numbers ; also for the same modulus p all such numbers 
are represented by a single j ; to prove this, it is sufficient to remark 
that, if hi and h^ are two quadratic non-residues, and \ = ^^ h^ = j\^ 
then, since h^ = a"5g, it follows that j^ = aj^ and the jp' numbers 
x-\'yjx are identical with the p^ numbers x^-yj^. In case p = 4»-|-l, 
—1 is a non -residue, and the symbol i is used instead of j. 

The objects of this paper are (1) to discuss the solution of z^ = z* 
mod jp, by meaus of the numbers x-\-yj\ (2) to discuss the solution 
of s^ = 5f, when ^'—1 is divisible by n ; (3) to examine the reduction 



* Reference may be made to Serret, Cours d^Alg^bre superiettre, section iii., 
chapter iii. 
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of the solution in certain other cases in which j9*"— 1 is divisible 
by n. 

1. The roots of s^'' = z, mod p, are the p^ numbers x-^-yj. For 

{x-{'yjy = af-^-ff = x-^-yV^^-^^j = x-yj, 

{x-^-yjy = {^—yjy = ixi+yj. 

If the root zero is excluded from consideration, the (l>'— 1) 
roots of z'^'^ = 1 may be divided into two classes, one of which con- 
sists of the roots of z*^**'"^^ = 1, and are quadratic residues, while the 
others are the roots of ^^'^^ = — 1, and are non-residues. As in the 
theory of real quadratic residues, the product of two residues is a 
residue, as also is that of two non-residues ; while the product of a 
residue and a non-residue is a non-residue. There are J5(p— 1) 
primitive roots of z^^^ = 1 ; if 65^ be one of these, the whole series of 
(j?*— 1) numbers x-^-yj is given by 

1, G, Gf, ..., (T-'. 

The other primitive roots are the powers of whose indices are 
prime to (^^—1). 

A table is given below which contains a series of remainders 
corresponding to a selected complex primitive root for all values of 
p less than 100. 

To find a primitive root of z^'^ = 1, it is convenient to consider a 
classification of the (p^—1) numbers x-{-yj according to the magni- 
tudes of their norms, and in particular to consider those numbers 
whose norms are unity. 

The norm of each of the following numbers is positive unity : 

These numbers are all difEerent, for, if 

(c+jy ^ ( d+.,y 
c'-f ->-/■' 

where f = ^ and c^ d, 

then ((^-^h)(d^'-h) = (c^-6)(d2+t) and c(d«-5) =d(c'-h); 

whence it follows that 

c^ = d^ and cd = —h, 

which are not consistent with themselves, and 

c ^d. 
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Again, the numbers in (A) are the roots of 2^** = 1. For 



[ 






whence [(^li)!!'" = (^ri^lMil' = i 

whence Lc'-zJ " (c'-6)' " ^^ 

Let € be a primitive root of z^*^ = 1; then the numbers in the series 
(A) can be arranged thus : 

1, e, €«, .... ^. (B) 

Also, if a is an integer not congruent to unity, positive or negative, 

a, ae, oc', ..., ae^ (C) 

is a series of non-congruent numbers whose norms are all a' ; 
indeed, the terms in (C) are the roots of 



If J? = 4n-|-l, the series of numbers (B) and (C) do not contain J ; 
for the norm of j is equal to —f = — 6, a non-residue. Therefore 
the series 

i, ^', <;, ..., €^j, (D) 

«;, «€/, ac'j, ..., ae^j (E) 

consist of numbers difEerent from the numbers in the series (B) and 
(C). Now, if all the values 1, 2, ..., iip—^) are given to a in the 
series (C) and (E), the (j?'— 1) solutions of z^~^ = 1 are obtained 
in sets of CP + 1). 

It may be noticed that aje has for norm — a*6, and is a solution of 
z'**^ = —a^h; therefore, if a is chosen so that — a'6 is a primitive root 
of s^~^ = 1, then aej is a primitive root of s^~^ = 1. For 

(a€jy^'^-a'b^g, and. (cuj)^ -^ ^ gP-^ = I. 

If _p = 4n+3, the series (A) contains ±^, and the series (B) and 
(C) are identical with (D) and (E). It is convenient in this case to 
take the solutions of the congruence ^^''^^^ = 1. A root of this 
congruence is (c^-^)(c'^-l)~*, where c is an integer. If iy be a 
primitive root of the congruence, the series 

gives 2(_p4-l) numbers of the class x-^-yi, whose norms are positive 
or negative unity. 
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A primitive root of z^~^ = 1 is a»?, where a^ = —g. For 
{ari)^^^ = ay*' =-^a^= g and (aiy)**"-* = /-^ = 1. 

Primitive roots of the congruence z^'^ = 1, mod _p, have been 
found in this way for values of p less than 100, and the series 
of residues of successive powers have been calculated. Owing to 
the length of the full tables, only the first (j?H-l) powers of the 
selected primitive roots have been given ; the other powers may be 
obtained readily by the numerical cycles of powers of real primitive 
roots appended in each case. 

Thus, if the complete system of 48 residues of the powers of the 
complex primitive roots in the case of _p = 7 be written in a matrix 
of (jp— 1) rows and (|3 + 1) columns, it is found to consist of the 
following : — 

3 + i, 1—t, -3-2i, — 2i, 2+t, -2-2i, 3-^ 3, 

2 + 3z, 3-3^, -2+^^ i, — 1 + 3^, 1 + i, 2~3t, 2, 

-1+22, 2-2^ l4-3t, 3z, -3^-2^, 3-|-3^, -l-2^, —1, 

-3-^ -l + t, 3 + 2i, 2z, -2— t, 2 + 2i, — 3+^, -3, 

_2-3i, -3+3t, 2-^, ~^, l-3z, -1-i, -2+3*, -2, 

l-2t, -2+2^, -1-3*, — 3z, 3-2*, -3-3*, 1+2*, 1. 

The cycle which forms the (_p+l)-th column, viz., 

3, 2, -1, -3, -2, 1, 

is a cycle by means of which, given the first row, all the others may 
be written down by making the ic's and y's of the typical term 
ic+y* take in succession the different values in the cycle. 
If ic + jr; is a number, x—yj is its conjugate. Let 
aj + 2(;-=6''»; 
then x—yj=G"'^; 

for it has been shown above that 

(x-{-yjy=x-yj. 

It follows that a number and its conjugate are both quadratic 
residues, or both quadratic non-residues; further, a number is a 
quadratic residue if its norm is a residue, i.e., 

(^±M) =±1, 
according as ( — ^ ^^ ) = =fc 1. 
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2. Solution of a*^"' = 1 ; p = 1, mod n. — The above method may be 
extended to the solution of a?****"^ = 1, mod ^, when jp^ I, mod n. 

Here let w be a primitive root of the equation aj" — l = 0; there 
are (jp— l)/n non- congruent integers, which are solutions of 
y(p-i)/n^2^ and the same number of solutions of each of the con- 
gruences y(i-i)/» = «, «», ..., w-'. 
Let o be a solution of y^i*-^)/" ^ «, 
Then o''^* = «ai^ 

Proceeding thus, it is established that 

Hence a^^** is a solution of the congruence s^~^ = 1, and a^'", a'^**, . . . , 
o^""'^"* are also solutions. 

The general solution of the congruence is 

By giving to aJo> ^» -m a;„-i the integral values less than jj, the 
(j?"— 1) solutions of the congruence are found, provided that the 
value zero is not given to all the aj's at the same time. 

Particular case ; solution of js*^"^ ^ 1, mod p ; jo ^ 1, mod 3. — Here 
the general solution is , - 

xf, = 2?*^ ^ aJo + w'oji a* + waj, o*. 
The irreducible factor of the third degree is 

For the primes of the first hundred the primitive roots of the 
congruence js^'^^1 have been computed, and are given in a Table 
below. 

The method of finding the primitive roots closely follows that of 
the previous case; a primitive root of ai*^*'*^^! is first determined, 
the trial values of aJo> *i» ^2 being connected by the relation 

xl + ax\ + a'ajj— ^ax^x^x^ = 1. 
After finding such primitive root €, the required primitive root is 
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given by gf*e, where gf is a primitive root of p. For 

Therefore g^e appertains to the index (p^ — 1), 

3. Solution o/ js^**"' = 1 ; jp = — 1, mod n. — Case 1. Let n be odd 
and let y^ be a primitive root of the congmence 2;^"^ = 1, and y^ be 
its conjugate. 

Then yj = y^. 

If (i> be a primitive 7j-th root of unity, 

y"'** = oiy'/** 
and yj/" = 01"^^. 

Hence 7^/" = w^y^'" = ia'^y^i% 

Since wis odd, yf /« = oi^y^^/" = yj^'*. 

Also (yr+rj/")'''* = rf '"+ yf " = //'+ y^, 

or yj^^ + y^^" is a solution of z^-^ = 1. 

Similarly, y^^" + y^/*, y^'^+y^^ ... are solutions. The general 
solution is 

where the jc's may have any integral values. 

Case 2. Let w be even, and for simplicity consider n = 2w„ where 
ni is odd. As before, let y, be a primitive root of ^ *~* = 1. 

Then (yj^"0''"' = V ^"^ 

and {(a-^hj) y^^^'^ = (a^hj) y'J\ 

It follows that 

The solution of the congruence z^'^ ^1 is 

S(a;r+2/J)yr'» 
where r has all values from to Wj— 1. 
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The extension to the most general valae of n is effected by a similar 
method ; for, if w = m . ni, where m is a power of 2 and n^ is odd, 
the solution of js?****"^ = 1 is 

where the aj's are integers, r has all values from to n^— 1, and 
the /s are defined thus, 

Particular case; solution of ^'^ ^ 1, modp ; p ^ 2, mod 3. — The 
solution in this case is 

whence z^'=iX^-\'X^ ( ^V* + <^yp + ^j (*^y* + ^^'ypi 

a;'^ = aJo + a^i ( wy* + wV*) + aj^ ( ^V J + wy|). 
Hence 

.'^^^-^ = 4+a^J(yi+y2)+«^s(r? + y2) + 6a5>,(yir,)H6aj,aj:(y,+y0(riy2)* 

~3a;o { a^i (yiyj)* -Vx^x^ (yi + ya) + aJ2 (yiyj)*! . 

The primitive roots of 2?*^"^ = 1 have been calculated for values of p 

in the first hundred ; these have been effected by guessing aj^ = = «,, 

in which case , , 

^''*''*' = «'i(y,+y,), 

and by assigning a suitable value of a^i, so that the (p*+_p + l)-tli 
power of z shall be a primitive root of 'p. Further, the powers of z 
whose indices are factors of (p*+i? + l) have to be examined, and the 
trial quantities rejected when any of these sub-powers prove con- 
gruent to an integer ; the examination of these sub-powers was 
performed by writing 

^ = ajj (yi + ya) + 3aJi (r^ya)* z, 
and forming the successive powers of z, 

4. Solution of z^~^ ^ 1, _p = nh-\-q and q^ ^ 1, modn, n being odcL, 
Let w = w^rij, where n^ and n^ are prime to each other, and suppose 

g' ^ 1, mod Wj, and ^ — 1, mod Wg. 

Take a a primitive solution of y^-'^^i"^ = oi, and y^ a primitive solution 
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of z^'^ = 1, mod p. Then 

is a solution of 2?^**"' = 1. The general solution is 

where t is summed from to w^ — 1, and t' from to .n^— 1, and Xt^tf 
may have any integral value from to jp — 1 ; by giving all possible 
values to the oj's all the roots are obtained. 

In the previous sections the solution of the congruence 

5f^"~^ = 1, mod j9, 

has been obtained in the cases in which p or p^ is congruent to unity, 
the modulus being n ; the solution is expressed in terms of such 
surd symbols as i/a or ^ji and !(/y2, where a is obtained from 
Jacobi's tables of residues, and y^, yg can be found from the tables 
given below for primes in the first hundred. 

5. It remains to indicate the extension of the method to the general 
case in which the solution of 2;''**"^ = 1 depends upon that of z^ = 1, 
where jo*" = 1, mod n^ and r < 71, but > 2. 

Let r be the least index for which /?** = 1, mod n, and let B,^ be a 
primitive solution of z^'' " ^ = 1 ; also represent the conjugate values of 
i^o by the symbols i^, JBj, ..., i2r-i> where 

JBj = EJ, B^= Rf, ..., Br-\ =- E^ . 

In the first case, let n be odd, and p = q, mod n ; also let ai be a 
primitive n-th root of unity. Then 

Bo = Bi, B^ = i?2J •••> ^r-l — -^O' 

Extracting the w-th roots, we can assign such values to 

■pVn -pl/n pl/n 

-"'0 > •"'1 > •••> -nr-i 

that K'" = <--Br, <" = <-'i2;'", ief = «'"«"". -, B;':i = <*''"'Si"- 
rrom these it foUo-ws that 
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and so on. And, finally, 

If n and r have a common factor h, let n=: sk, r = s^k ; then 

— 7?'/** L P'/** I I 7?'/** 

= -K«* +-tt(,+i)i-|- ... -|-^(,'-i)jb 

— 7?*/'* L T?*/'* L L 7?*/** 

= iCo +^jfe +...+-K(^-l)Jfc. 

The solntion of js?**""* = 1 is 

z =»Saj< [^o"+ R***+ ... H-i^(«^-i)*J. 

If r is a factor of w, s = 1, and the solntion assumes its simplest 
form ; if A; = 1, w and r are prime and the solution requires all the 
symbols Rq , i?i , ..., i^^-i* 

In certain cases in which w = ^Wj and p appertains to an index, 
modulus Wj, which is a factor of the index to which p appertains 
when the modulus is Wj, the solution can be written in a somewhat 
simpler form as in a case considered above. 

In the case in which n = mn, and m = 2*, the solntion is 

where Xt = aJo,«+a;i,i j,„+aJ2,* j2»+ ... +aJ,«-i,«iS"\ 

and jk=fk^\ and j, => 

Table of Residues op a Primitive Root of the 
Congruence s^-'^ = 1, mod^. (See p. 297.) 

p 

3. l + t, —iy 1— i, -1. 

-1, 1. 

5. -1-2a/2, -1-a/2, -2a/2, -2 + 2a/2, -1+2a/2, -2. 

-2, -1, 2, 1. 

7. 3 + i, 1-t, -3-2t, -2i, 2 + t, -2-2t, 3-i, 3. 
3, 2, -1, -3, -2, 1. 
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11. 3— 2t, 6-», 2-2», 2 + t, -3-», 3t, -6-2», 3 + 4», -6-6i, -3-5t, 3 + 2i, 2. 
2,4, -3,6,-1,-2,-4, 3,-5, 1. 



13. 4 + 3a/2, -5-2^2, -6 + 3^/2, -6-6^2, 5-3a/2, 2 + 3^/2, 5^/2, 
4-6a/2, 6+ v'2, 4-4^/2, 5-4^^2, -4- v'2, 4-3v'2, -2. 

-2, 4, 6, 3, -6, -1, 2, -4, -5, -3, 6, 1. 



17. 3 + 2a/3, 4-5-^/3, -1-7^/3, 6-6^/3, -1-6^/3, -5-3^/3, 

1-2^3, 8-4^3, 4^/3, 7-5^/3, 8- 'v/3, 1-4^/3, 

-4 + 7 V3, -4-4a/3, -2-3^/3, -7 + 4-^/3, 3-2^/3, -3. 

-3, -8, 7, -4, -5, -2, 6, -1, 3, 8, -7, 4, 6, 2, -6, 1. 



19. 3-i, 8-6i, -l-7t, 9- t, 7 + 7i, 9-5t, 3-6t, 4+ i, -6- i> 

3i, 3 + 9i, -l + 5t, 2-3», 3 + 8i, -2 + 2t, -4 + 8i, -4 + 9t, -3-7i, 
3+t, -9. 

-9, 5, -7, 6, 3, -8, -4, -2, -1, 9, -5, 7, -6, -3, 8, 4, 2, 1. 



23. -6-lOt, -6 + 8i, -5-3t, -5-4i, 8+ i, —7+ 7i, -lO-lli, 9-6i, 
10+ 9i, -6-7i, 6 + 3t, -6i, 9 + 7t, 2-lOt, 5+ 7t, -l + 7i, 

6- 2t, -4-4», 3-9i, 10-8t, 8 + 9t, 4-10», -5 + 10», 10. 

10, 8, 11, -5, -4, 6, -9, 2, -3, -7, -1, -10, -8, -11, 5, 4, -6, 9, -2, 
3, 7, 1. 



29. 8-2^/2, 14- 3a/2, 8+ 6^/2, 11+ 3-v/2, -11+ 2^/2, 

- 9 + 9^/2, 8+ 3-V/2, - 6+ 8V2, 7-11V2, 13 + 14^/2, 
-10- a/2, 11 + 12a/2, 11-13^/2, - 5-10^/2, -12^/2, 
-10-9-V/2, 14+ 6'/2, 1- 9a/2, -14 + 13^/2. 10-13^^2, 
-13-8a/2, -14- 9a/2, 11 + 14a/2, 3+ 3^/2, 12-11a/2, 

- 5 + 4a/2, 2 + 13a/2, - 7 + 13^/2, 8+ 2^/2, - 2. 

-2, 4, -8, -13, -3, 6, -12, -5, 10, 9, 11, 7, -14, -1, 2, -4, 8, 13, 3, 
-6, 12, 5, -10, -9, -11, -7, 14, 1. 



31. - 3 + 15t, 1+ 3t, 14+ 6t, - 8+ 6i, - 4-14*, 5 + 13», 7+ 5i, 

- 3- 3», -8- 5t, 6-12», 7+ 2», 11+ 6*, 1- Si, -7+ 8», 

- 6- 5t, -13i, 9+ 8t, 8-13t, -15+ 4t, -15 + llt, 4-lOi, 
14- 3t, 3+ 2i, -8+ 8*, - 3 + llt, - l + 15i, - 5+ 2t, -16 + 12i, 

-11-13* 11-2*, -3-15t, -14. 

-14, 10, 15, 7, -5, 8, 12, -13, -4, -6, -9, 2, 3, -11 -1, 14, -10, 
-15, -7, 5, -8, -12, 13, 4, 9, -2, -3, 11, 1. 
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37. 



8-12<v/2, 

13-16^/2, 

ll-17v'2, 

18- 18 a/2, 

-10+ 3v'2, 

- 4+ 5a/2, 

3 + 16^/2, 

9 + 15^/2, 



-18- 7v'2, 

7 + 12 a/2, 

15- 9 a/2, 

-16 + 10 a/2, 

- 4- 4a/2, 

- 4 + 14a/2, 
10 + 18 a/2, 

8 + 12^2, 



-13 + 12 a/2, 

-10 + 12 a/2, 

3+ 7a/2, 

2 + 13 a/2, 

-10 + 16a/2, 



2 + 12 a/2, -13- 2 a/2, 
18 -13 a/2, 12 + 13 a/2, 
- 2. 



15- 7a/2, - 8-14a/2, 

2- 6a/2, 12+ 2a/2, 

4-17 a/2, - 4+ a/2, 

6 a/2, 4 + 11 a/2, 

l7_ll-^2, - 7+ 4 a/2, 

18- 8 a/2, 

6- 3 a/2, 



-2, 4, -8, 16, 5, -10, -17, -3, 6, -12, -13, -11, -15,* -7, 14, 9, 
-18, -1, 2, -4, 8, -16, -5, 10, 17, 3, -6, 12, 13, 11, 15, 7, -14, -9, 
18, 1. 



41. 



12+ 5 a/6, 

1 + 12 a/6, 

-11 + 10 a/6, 

-19+ 8a/6, 

9 a/6, 

20- 11 a/6, 

-17- 8 a/6, 

3+ 5a/6, 

12- 5a/6, 



7- 3a/6, 

3 -15 a/6, 

4 -17 a/6, 

12+ a/6, 

-17-15a/6, 

- 8+ 9 a/6, 
7 -17 a/6, 

-19-7 a/6, 

- 6. 



-6- a/6, 
- 4- a/6, 
-11-20 a/6, 

10 -10 a/6, 
2-19a/6, 

10-14a/6, 
-16- 5 a/6, 

13 -15 a/6. 



-20- a/6, 
4+ 9a/6, 
6- 8a/6, 
-16 +12 a/6, 
-13-13 a/6, 
-13+ 5a/6, 
-14- 17 a/6, 
- 7+ 8a/6, 



17 + 11 a/6, 
-10+ 5a/6, 

- 4 + 16 a/6, 
4- 18 a/6, 

-13-16a/6, 

- 6- 5^/6, 
19 + 13 a/6, 

- 8 + 20 a/6, 



-6, -5, -11, -16, 14, -2, 12, 10, -19, -9, 13, 4, 17, -20, -3, 18, 15, 
-8, 7, -1, 6, 5, 11, 16, -14, 2, -12, -10, 19, 9, -13, -4, -17, 20, 3, 
-18, -15, 8, -7, 1. 



43. -19-21i, 


6-19i, 


3 + 20», 


19-13», 


ll + 20i, 


- 4- 9i, 


16- 3*, 


20-21», 


- 4-21», 


-21 + 101, 


7- 7t, 


21-14i, 


- 5- 3i, 


-11-10», 


- 1- 9*, 


2 + 20i, 


- 5+ 8i, 


5- 4i, 


- 7 + 14t, 


- 3 + 10*, 


9+ 2i, 


-12i, 


6 + 131, 


-13 + 14t, 


-18+ 7», 


16-13*, 


-18- 3i, 


21+ 5i, 


7-20t, 


6+18», 


6+ 5t, 


- 9- 6t, 


2+ 2t, 


4+ 6», 


7 + 17i, 


9+ 3i, 


21 + 12i, 


-18 + 19i, 


10 + 17t, 


- 5-17i, 


- 4- 2i, 


- 9- 7i, 


-19 + 21i, 


-15. 





-15, 10, -21, 14, 5, 11, 7, -19, -16, -18, 12, -8, -9, 6, -4, 17, 3, 
-2, -13, -20, -1, 15, -10, 21, -14, -5, -11, -7, 19, 16, 18, -12, 8, 
9, -6, 4, -17, -3, 2, 13, 20, 1. 



47. -19+ 5t, 


7- 2*, 


18-21*, 


-23- 4i, 


-13+ 8*, 


19 + 18*, 


15 + 19*, 


- 4- 4*, 


2+ 9t, 


-10-21*, 


13 + 20*, 


-18 + 14*, 


17 + 19*, 


5+ 6*, 


16+ 5*, 


17-11*, 


14 + 121, 


3-17*, 



2 + 19*, 


-10+ 5i, 


19-12*, 


-19- 6i, 


11-20*, 


-15 + 12*, 


10 + 20*, 


- 4- 7t, 


-15*, 


-19+ 3i, 


19+ 9*, 


-13 + 16», 
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53. 



21+ 7t, 


-12- 3i, 


8- 3i, 


4+ 3», 


3 + 10», 


13 + 13i, 


- 6 + l7i, 


-18 + 23t, 


- 8-lOt, 


14+ 9t, 


18- 7t, 


22-12i, 


18+ 9i, 


-ll + 13i, 


3-20», 


4 + 19i, 


-19- 6t, 


10. 







10, 6, 13, -11, -16, -19, -2, -20, -12, 21, 22, -15, -9, 4, -7, -23, 
5, 3, -17, 18, -8, 14, -1, -10, -6, -13, 11, 16, 19, 2, 20, 12, -21, 
-22, 15, 9. -4, 7, 23, -5, -3, 17, -18, 8, -14, 1. 



4+ 3v'2, 

-19+ 4a/2, 

-23 + 19 v'2, 

7 + 14^2, 

17- 6^/2, 

16+ 7a/2, 

24-22^2, 

- 3-15^/2, 

- 9 + 22v'2, 
11 + 24-^2, 
l7-23v'2. 



-19 + 24^/2, 

1 + 12a/2, 

22+ 7^2, 

6 + 24^/2, 

-21-26 a/2, 

23 a/2, 

17-16^/2, 

4-16a/2, 

-10+ 8 a/2, 

-24 + 23 a/2, 

-17 + 12 a/2, 



15 -14 a/2, 
23- 2a/2, 
24- 12 a/2, 

9+ 8/2, 

25- 8 a/2, 

-21-14a/2, 

25 -13 a/2, 

26+ a/2, 

8+ 2^2, 
-11 + 20 a/2, 

4- 3a/2, 



-24- 11 a/2, 

-26+ 8 a/2, 

24 + 24 a/2, 

-22+ 6 a/2, 

- 1-10a/2, 

- 9-13'a/2, 
22 + 23 a/2, 

4-24 a/2, 

- 9-21 a/2, 
23- 6a/2, 

- 2. 



- 3- 10 a/2, 

- 34 7a/2, 
-25+ 9a/2, 

1 + 11 a/2, 
-11 + 10 a/2, 

- 8-26a/2, 
14- a/2, 

-22 + 22 a/2, 

- 3- 5 a/2, 
8- 8a/2, 



-2, 4, -8, 16, 21, 11, -22, -9, 18, 17, 19, 15, 23, 7, -14, -25, -3, 6, 
-12, 24, 5, -10, 20, 13, -26, - 1, 2, -4, 8, -16, -21, -11, 22, 9, -18, 
-17, -19, -15, -23, -7, 14, 25, 3, -6, 12, -24, -5, 10, -20, -13, 
26, 1. 



59. 4-m, 22-18i, 18 + 26i, -l7-25i, 

-10- 7t, 18 + 24i, 8 + 26i, 2 + 27*, 

-17+ 7i, - 8 + 22*, -12-12i, -16-21*, 

22-27*, -17-lOi, - 2 + 13*, -23 + 27*, 

5+ 6*, 4- 2*, -18-17*, - 7+ 2», 

- 1-28*, - 8 + 23*, 5- 8», 2+ *, 

10 + 11*, -9-8*, 5+ 3*, 12-14^ 

-10+ *, -23- 3*, -25 + 25*, -29- 6i, 

-12 + 23*, -11+ *, -27 + 14*, 12-16i,' 

-l7 + 24i, -14-28*, - 1+ 8t, 14-10i, 



-21 + 12*, 

- 5 + 15*, 

- 8 + ll», 
13 + 27*, 

6+ 9*, 

25 + 29*, 

-13-24», 

18- 3*, 

12 + 27*, 

4+17*, 



2- 8«, 

- 1 + 27*, 

-22+ 3i, 

-20+ 5*, 

- 7*, 

3-14*, 

12+ 7t, 

21-23*, 

-24 + 22*, 

10. 



10, -18, -3, 29, -5, 9, -28, 15, -27, 25, 14, 22, -16, 17, -7, -11, 
8, 21, -26, -24, -4, 19, 13, 12, 2, 20, 23, -6, -1, -10, 18, 3, -29, 
5, -9, 28, -15, 27, -25, -14, -22, 16, -17, 7, 11, -8, -21, 26, 24, 
4, _19, -13, -2, -20, -12, -23, 6, 1. 



61. 2+ 8a/2, 10-29a/2, -17 + 22a/2, 

-24-16a/2, 1 + 20a/2, 17-13a/2, 

- 7-15a/2, -10-25a/2, 7- 8a/2, 

17-15a/2, -23-16a/2, 3 + 28a/2, 
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13 + 30 a/2, 
9 -12 a/2, 
8-21 a/2, 

27 + 19a/2, 



18 -19 a/2, 

9- 13 a/2, 

-15 + 22 a/2, 

- 8 + 10 a/2. 
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22 + 17 a/2, 

- 6 + 10v'2, 

-ll>/2, 

- 9-15^/2, 
-19 + 23V2, 

4-18a/2, 
24 + 27 V2, 
16 + 80^/2, 

2- 8^/2, 



ll + 27v'2, 
26-28V2, 
7-22 v'2, 
— 14 + 20 v'2, 
25 + 16-V/2, 
25- 4v^2, 

- 8+ 2^2, 
24+ 5a/2, 

- 2. 



27 + 20 a/2, 

-30 4-30^/2, 

28 + 12 a/2, 

-13-11V2, 

1-12^/2, 

-14+ 9%/2, 

16+ a/2, 

6 + 19 ^^2, 



8 + 12 a/2, 

- 7+ 3 a/2, 
4+ 4a/2, 

-19- 4 a/2, 

- 7-16a/2, 

- 6 + 28a/2, 
-13+ 8a/2, 

11 + 25 a/2, 



25 + 27 a/2, 

-27 + 11^/2. 

11 -21 a/2, 

20 + 23 a/2, 

-26-27^/2, 

9+ 8 a/2, 

-20-27 a/2, 

- 5 + 16 a/2, 



-2, 4, -8, 16, 29, 3, -6, 12, -24, -13, 26, 9, -18, -25, -11, 22, 17, 
27, 7, -14, 28, 5, -10, 20, 21, 19, 23, 15, -30, -1, 2, -4. 8, -16, -29, 
-3, 6, -12, 24, 13, -26, -9, 18, 25, 11, -22, -17, -27, -7, 14, -28, 
-5, 10, -20, -21, -19, -23, -15, 30, 1. 



67. 16-15», 


31 --lit. 


- 4 + 29», 


-31-12», 


- 6+ 5t, 


-21-31*, 


3 + 20t, 


13+ 7», 


-22-16t, 


11+ 7t, 


13 + 14*, 


16 + 29*, 


21 + 23i, 


ll-14i. 


33 + 13i, 


-14-19i, 


27-27*, 


27-33*, 


4+ 5i. 


5 + 20i, 


-22-23i, 


-27 + 29*, 


3- 2», 


18-10*, 


4-28i, 


-21+28», 


l7 + 26i, 


- 8 + 27*, 


9 + 16*, 


-18-13*, 


-14- 5i, 


-31- 4i, 


-20- t. 


16i, 


-28-12*, 


-25 + 27*, 


5+ 3i, 


- 9-27t, 


-13-29*, 


27- *, 


15- le*, 


22+ 7*, 


-12-I7i, 


22-25t, 


-23+ 7t, 


5-12*, 


-33+ *, 


33-25*, 


- 7- 8t, 


-31-23i, 


30 + 30i, 


- 8 + 30*, 


-13- 3*, 


15+13*, 


33-l7i, 


5-30i, 


32-19*, 


26 + 20*, 


-21- 3*, 


21- *, 


-14+ 4i, 


-30+ 6i, 


12 + lOt, 


7-20*, 


13-23*, 


- 3-27*, 


16 + 15i, 


12. 











12, 10, -14, 33, -6, -5, 7, 17, 3, -31, 30, 26, 32, -18, -15, 21, -16, 
9, -26, 23, 8, 29, 13, 22, -4, 19, 27, -11, 2, 24, 20, -28, -1, -12, 
-10, 14, -33, 6, 5, -7, -17, -3, 31, -30, -26, -22, 18, 15, -21, 16, 
-9, 26, -23, -8, -29, -13, -22, 4, -19, -27, 11, -2, -24, -20, 
28, 1. 



71. 15-11*, 


33 + 25*, 


-ll + 12i. 


-33 + 17*, 


-24-21*, 


-23 + 20*, 


17-15*, 


19 + 14*, 


13+ *, 


- 7 + 14*, 


-22+ 3*, 


-13+ 3*, 


-20-25*, 


- 7-13*, 


-35 + 24*, 


23 + 35*, 


20-12*, 


26 + 26*, 


-34 + 33*, 


- 5 + 17*, 


-30 + 26*, 


-22 + lOi, 


- 7-34*, 


18- 7*, 


-20-19*, 


-12+ 6*, 


28+ 9*, 


22-31*, 


-11+ 3*, 


10 + 24*, 


-12-34*, 


14-23*, 


28- 2*, 


-28 + 17*, 


-20- 5*, 


3*, 


33-26*, 


- 4 + 28*, 


35-33*, 


20-28*, 


- 8- *, 


11+ 2i, 


-26-20*, 


29-14*, 


- 3-32*, 


29-21*, 


- 9+ 5*, 


- 9 + 32*, 


4+11*, 


-32-21*, 


- 1-34*, 


-34- 2*, 


-35-11*, 


- 7+ 7», 


-28-31*, 


20-15*, 


- 7-19*, 


-30+ 5*, 


31-21*, 


21-17*, 


-14 + 11*, 


-18 + 35*, 


-27 + 13*, 


22- 6*, 


- 9-33*, 


- 1 + 30*, 


31 + 35*, 


- 2-29*, 


6 + 13*, 


20-13*, 


15 + 11*, 


- 9. 
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-9, 10, -19, 29, 23, 6, 17, -11, 28, 32, -4, -36, 31, 5, 26, -21, ^24, 
3, -27, 30, 14, 16, -2, 18, -20, -23, 13, 25, -12, -34, 22, 15, 7, 8, -1, 
9, -10, 19, -29, -23, -6, -17, 11, -28, -32, 4, 35, -31, -5, -26, 21, 
24, -3, 27, -30, -14, -16, 2, -18, 20, 23, -13, -25, 12, 34, -22, 
-15, -7, -8, I. 



^3. 



5-15 a/5, 

- 5 + 26v'5, 
-16-27^5, 
-20-14'/5, 

2-11 -v^5, 

-39-21 a/5, 

2-28 a/5, 

-33 + 27 a/5, 

-22 -31 a/5, 

28 -14 a/5, 

- 9-28 a/5, 
-32+ 2 a/5, 

19 + 20 a/5, 

-20-25 a/5, 

23 -10 a/5. 



-18- 4 a/5, 

- 4- 14 a/5, 
-26 + 32 a/5, 

1 + 11 a/5, 
32 -12 a/5, 
20 + 34 a/5, 

- 7- 24 a/5, 

-27 a/5, 

25 + 29 a/5, 

22 + 21 a/5, 

11- 5 a/5, 

-18-21 a/5, 

-18 + 34 + 5, 

23 + 29 a/5, 

-11 -30 a/5, 



- 9 + 31 a/5, 

8 -10 a/5, 

25-34 a/5, 

-17 -33 a/5, 

-35-29 a/5, 
32 + 16 a/5, 
13 -15 a/6, 

-19 + 11 a/5, 

- 6-11 a/5, 

- 5- 6a/5, 

- 8 + 29 a/5, 
25 + 19 a/5, 

-12+ 2a/5, 

-16 + 19 a/5, 

5 + 15a/5, 



-34- 2a/5, 

-13 -24 a/5, 

-26-34 a/5, 

-19 + 17 a/5, 

29 +15 a/5, 

-18-35 a/5, 

22 + 22 a/5, 

29 -25 a/5, 

- 8 + 35a/5, 
-13 -28 a/5, 
-25 -27 a/5, 

14 + 12 a/5, 

9-29 a/5, 

28 -30 a/5, 

- 5. 



-20- 11 a/5, 
-17+ 2 a/5, 
11+ a/5, 
17+ 5 a/5, 
-31+ 5v/5, 
-20 + 22 a/5, 

- 7- a/5, 
-24 + 24 a/5, 

36+ 3a/5, 

- 9-18 a/5, 
2 + 21 a/5, 

-27- 4a/5, 

30 + 12 a/5, 

-19 + 14 a/5, 



-5, 25, 21, -32, 14, 3, -15, 2, -10, -23, -31, 9, 28, 6, -30, 4, -20, 
27, 11, 18, -17, 12, 13, 8, 33, -19, 22, 36, -34, 24, 26, 16, -7, 35, -29, 
-1, 5, -25, -21, 32, -14, -3, 15, -2, 10, 23, 31, -9, -28, -6, 30, -4, 
20, -27, -11, -18, 17, -12, -13, -8, -33, 19, -22, -36, 34, -24, 
-26, -16, 7, -35, 29, 1. 



M. 33 + 21i, 


16-36t, 


20 + l7i, 


-13 + 331, 


-16 + 26*, 


32-31*, 


-31-35i, 


28 + Hi, 


-18+ 3i, 


-25 + 37i, 


-22-15*, 


-16- 9*, 


-23- t. 


-27 + 37i, 


- 9 + 22i, 


31-16i, 


16-35*, 


- 1-29*, 


23-30i, 


-33-33t, 


- l + 35i, 


22 + 28*, 


-20-36*, 


17-28*, 


-36-14i, 


-25-33i, 


26-34i, 


- 8-23i, 


-18 + 21*, 


- 8- *, 


- 6 + 36i, 


- 6 + 35i, 


15+ 2i, 


-21-14*, 


- 4-34*, 


29-21*, 


-24- 5i, 


24-37i, 


-11- 6i, 


-34*, 


3-16*, 


-39+ 9*, 


25 + 31i, 


16-32», 


15- 9i, 


-27 + 18*, 


- 5 + 27*, 


-21- 4*, 


23-20i, 


- 6-19i, 


-36 + 37i, 


10- 9t, 


-34- 8t, 


- 6-30*, 


37-lOi, 


9-27i, 


- 5+ 9t, 


-38 + 34*, 


7+ 8*, 


-16 + 16*, 


5 + 34i, 


4-37t, 


-39-31i, 


- 4-25*, 


- 2 + 39*, 


-16-19*, 


29-151, 


8 + 35i, 


3-20r, 


-34 + 35*, 


39-33*, 


5-33*, 


-11-36*, 


- 2+ 3i, 


29-22t, 


- 3-38*, 


-12 + 26*, 


6-26t, 


33-21i, 


29. 











29, -28, -22, -6, -16, 10, -26, 36, 17, 19, -2, 21, -23, -35, 12, 32, 
-20, -27, 7, -34, -38, 4, 37, -33, -9, -24, 15, -39, -25, -14, -11, 
-3, -8, 5, -13, 18, -31, -30, -1, -29, 28, 22, 6, 16, -10, 26, -36, 
-17, -19, 2, -21, 23, 35, -12, -32, 20, 27, -7, 34, 38, -4, -37, 33, 
, 24, -15, 39, 25, 14, 11, 3, 8, -5, 13, -18, 31, 30, 1. 
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83. 



38 + lOi, 


16 + 13*, 


-20-lOi, 


4+ t. 


-24- 5», 


-32-15*, 


13 + 23i, 


15+ 8i, 


- 8 + 39*, 


-30- 9*, 


29 + 22», 


-31-36*, 


12-18i, 


-28 + l7i, 


ll + 34t, 


- 5- 9», 


-17 + 23*, 


37 + 40*, 


10-19i, 


-11-41», 


- 8- 8i, 


25 + 31t, 


-24+l7t, 


- 3- 9*, 


-24-40t, 


-14-17», 


-30-39i, 


- 3-39», 


27-18i, 


-39+ », 


2-20i, 


27+ 7t, 


-40 + 38», 


9-35i, 


28+ 5t, 


18-28*, 


-32 + 29t, 


-12 + 35i, 


24-35t, 


17-m, 


9+ 1, 


-38*, 


-35-33i, 


- 4-27», 


35 + 13t, 


38 + 14i, 


-24- i, 


11-29*, 


-39+ 4t, 


-28 + lit, 


-12-28t, 


-10-22i, 


6-23i, 


-40 + 16*, 


-20-41i, 


-18-15i, 


-36- 3», 


-10 + 24i, 


-39-18t, 


26+ 5*, 


25 + 85t, 


19+ 3i, 


28-28t, 


16-37i, 


-18- *, 


-10 + 31*, 


-26- t, 


18 + 34*, 


12-22», 


12 + 31i, 


-20-301, 


38-12*, 


-13+ 7t, 


l7-80i, 


33 + 26i, 


- 2-lOi, 


24 + 15i, 


15-20*, 


23-29t, 


2 f 41t, 


- 2+ t, 


- 3 + 18i, 


38-10*, 


-33. 



-33, 10, 2, 17, 20, 4, 34, 40, 8, -15, -3, 16, -30, -6, 32, 23, -12, 
-19, -37, -24, -38, 9, 35, 7, 18, -13, 14, 36, -26, 28, -11, 31, -27, 
-22, -21, 29, 39, 41, -25, -5, -1, 33, -10, -2, -17, -20, -4, -34, 
-40, -8, 15, 3, -16, 30, 6, -32, -23, 12, 19, 37, 24, 38, -9, -35, -7, 
-18, 13, -14, -36, 26, -28, 11, -31, 27, 22, 21, -29, -39, -41, 25, 
5, 1. 



3+ 2>/3, 

- 13-33 a/S, 

-29-21 >/3, 

4- 8V3, 

5 + 17 a/3, 

- 3- 8a/3, 
20- 5 a/3, 

- 1 + 10 a/3, 
-18 + 39 a/3, 
-26 -13 a/3, 
-16- 3a/3, 

6+ 7a/3, 

15 + 42 a/3, 

-43+ 8 a/3, 

15 + 13 a/3, 

-24 + 32 a/3, 

-41 + 34 a/3, 

27 -11 a/3. 



21 + 12 a/3, 
30- 36 a/3, 

-35-32 a/3, 

-36-16 a/3, 
28-28 a/3, 
32 -30 a/3, 
30 + 25V3, 

-32 + 28 a/3, 

2- 8 a/3, 

22- 2 a/8, 

23-41 a/3, 

-29 + 33 a/3, 

30-22 a/3, 

8 + 27 a/3, 

34-20 a/3, 

31 -41 a/3, 

- 8 + 20 a/3, 
15 + 21 a/3, 



-43-11 a/3, 
-37 + 41^/3, 
-30 + 12 a/3, 
-26-31 a/3, 

5-28 a/3, 

5 -26 a/3, 
-27-48 a/3, 
-17 + 20 '3, 
-42-20 a/3, 
-35 + 38 a/3, 

1 + 12 a/3, 

22 + 41 a/3, 

-42- 6 a/3, 

8+ 8a/3, 

-18+ 8a/3, 

25 + 28 a/3, 

7 + 44i/3, 
- 7+ 4a/3, 



-17-30 a/3, 

-43 -40 a/3, 

-18-24 a/3, 

3 + 33 a/3, 

25 + 15 a/3, 

37 + 21 a/3, 

17- 5 a/3, 

-20 + 26 a/3, 

21 + 34 a/3, 

34 + 44 a/3, 

-14+38A./3, 

-44- 11 a/3, 

16 -13 a/8, 

-17 + 40 a/8, 

- 6-12a/3, 

-24-44 a/3, 

18 -32 a/3, 

3- 2 a/3. 



36-35 a/3, 

-18-28 a/3, 

-20-19^3, 

29 + 16 a/3, 

-13+ 6a/3, 

-30-41 a/3, 

21 + 19 a/3, 

7 + 38 a/3, 

-84 a/3, 

10 + 22 a/3, 

8- 3a/3, 

-20-32 a/3, 

-30- 7a/3, 

11- 3 a/3, 

- 1 + 41 a/3, 
20- 2v/3, 
40 + 29 a/3, 

- 3. 



-3, 9, -27,-8, 24, 17, 38, -25, -14, 42, -37, 22, 23, 20, 29, 2, -6, 
18, 35, -16, -41, 34, -13, 39, -28, -5, 15, 44, -43, 40, -31, 4, -12, 
36, -19, -32, 7, -21, -26, -11, 33, -10, 30, -1, 3, -9, 27, 8, -24, 
-17, -38, 25, 14, -42, 37, -22, -23, -20, -29, -2, 6, -18, -35, 16, 
41, -34, 13, -39, 28, 5, -15, -44, 48, -40, 31, -4, 12, -36, 19, 32, 
-7, 21, 26, 11, -33, 10, -30, 1. 
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10 + 34V5, 
13- V5, 
44+ 8^/5, 
32-22^/5, 
8 + 38 a/5, 



16- 6 a/5, 
48+ 2a/5, 
29 + 35 a/5, 

- 4- 2x^5, 

- 4- 8a/5, 



97. -47+ 4a/5, -39 + 12a/5, 36-41a/5, 

1-42 a/5, '-14 + 38a^5, -37+ a/5, 

15+ a/5, - 6 + 13a/5, -40 + 44a/5, 

16 + 23a/5, - 1-47a/5, -20-26a/5, 

-46-19a/5, 36 + 30a/5, -25- 5a/5, 

28-28a/5, -33-27a/5, 41-27a/5, 

27-34a/5, - 9-40a/5, 11+ a/5, 

- 3-27>/5, -11- 4a/5, -48 + 47V5, - 5 + 24a/5, 36 + 16a/5, 
-14-26a/5, 41+ 2a/5, -44-27^/5, -24 + 26a/5, - 1 + 40a/5, 
-26-41a/5, 14-20a/5, 9 + 26a/5, -22a/5, 45-33a/5, 

38-15a/5, 48-16a/5, 43-26a/5, 

- 9 + 17^/5, -13 + 38a/5, 13+ 5a/5, 
25 + 35a/5, 10+ 7a/5, -39+ 2a/5, 
29 + 22 a/5, 47 -45 a/5, - 5-25^^5, 

- 2-16a/5, -32-32a/5, - 9 + 18a/5, 
-37 + 47a/5, -37-29a/5, - 5-46a/5, - 6+ 8a/5, 43-12a/5, 

35+ 4a/5, -13-48a/5, 39-27^/5, -45-30a/5, -37-31a/5, 

-45 + 48a/5, -29-11a/5, -21 + 13a/5, -14-16a/5, 47 + 17a/5, 

-26-29a/5, -37- 2a/5, -47 + 43a/5, -35 + 22a/5, 48-10a/5, 

-31-17 a/5, -47- 4a/5, - 5. 

-5, 25, -28, 43, -21, 8, -40, 6, -30, -44, 26, -33, -29, 48, -46, 36, 
14, 27, -38, -4, 20, -3, 15, 22, -13, -32, -34, -24, 23, -18, -7, 35, 
19, 2. -10, -47, 41, -11, -42, 16, 17, 12, 37, 9, -45, 31, 39, -1, 5, 
-25, 28, -43, 21, -8, 40, -6, 30, 44, -26, 33, 29, -48, 46, -36, -14, 
-27, 38, 4, -20, 3, -15, -22, 13, 32, 34, 24, -23, 18, 7, -35, -19, -2, 
10, 47, -41, 11, 42, -16, -17, -12, -37, -9, 45, -31, -39, 1. 



-42-22a/5, -18- 7a/5, 
-12- 3a/5, 19- 4%/5,' 



-19 + 36 a/5, -36-22 a/5, 

-26 + 11 a/5, - 13-39 a/S, 

30 + 41a/5, - 8 + 36a/5, 

26- 9 a/5, -44 + 42 a/5, 

7- 9a/5, -24-34a/5, 



Table of Primitive Roots op s^*~^ = 1, mod p. (Seep. 298.) 



p 


i(i>2 +/>+!) 


€ 


9^ 


Primitive Root 


Irreducible Factor 


7 


19 


3 + ^9 


^3 


3 + 3^3 


a3_2«2-z-3 


13 


61 


-2-^4 


-^2 


2 + 2^2 


aS_6«2-« + 2 


19 


127 


5 + 4^4 


-4^4 


6^2-5/4 


23 + 22-8 


31 


331 


2 + 2^3 


8^3 


-16^3-16-^9 


28 + 82+14 


37 


7.67 


9+14^2 


-4/2 


-9^2-14^4 


23+162 + 2 


43 


631 


-6-^3 


3^9 


-9-16-^9 


28-I622-I62+I6 


61 


13.97 


-4 + ^4 


-^2 


-2 + 4-^2 


23 + 622+122+2 


67 


72.31 


-29 + 29-^2 


-4^4 


-31-18^4 


23-2622-22-12 


73 


1801 


8 + 8^2 + 8^4 


ll.J/4 


30 + 30^2 + 15-5/4 


23-1922+162-29 


79 


72.43 


-23 + 23^2 


3^4 


-20 + 10-^4 


28+1322 + 6 


97 


3169 


46-6v/2 


20^2 


47-2/2-23-^4 


48.202-44 
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Table of Primitive Roots of s^'^ = 1, modjp — (continued). 
(See p. 300.) 



p 


p^+p + l 


2l'*+P + l 


Primitive Root 


Irreducible Factor 

< 


5 


31 


- 2 


(-l-2V2)*+(-l+2V2)* 


«3-« + 2 


11 


7.19 


6 


(3-2t)* + (3 + 2i)* 


z^ + z + 5 


17 


307 


6 


(3-2^3)* + (3 + 2 a/3)* 


a3 + 42-6 


23 


7.79 


- 8 


5{(_6-10i)*+(-5 + 10i)*} 


z»-72 + 8 


29 


13.67 


- 3 


3{(8-t2>v/2)*+(8 + 2a/2)*} 


«3 + 6z + 3 


41 


1723 


-17 


(12-6a/6)* + (12 + 6a/6)* 


«8-62+17 


47 


37.61 


- 3 


5{(_19-.5i)* + (-19 + 6i)*} 


«3 + 45:+3 


63 


7.409 


8 


(4-3^/2)* + (4 + 3^2)* 


23 + 2-8 


69 


3641 


8 


(4-17*)*+(4 + 17i)* 


23+162-8 


71 


6113 


- 9 


47{(16-lli)* + (16 + lli)*} 


23 + 122 + 9 


83 


19 . 367 


- 7 


(38-10i)* + (38 + 10i)* 


2S«i8«+7 


89 


8011 


6 


(3-2>v/3)* + (3 + 2V3)* 


23-22+6 



Thursday, February 14thj 1901. 
Dr. HOBSON, F.R.S.. President, in the Chair. 

Thirteen members present. 

The President prefaced the business of the evening with the 
following remarks upon recent losses : — 

" It would not be fitting that we should commence the business of 
the meeting without some reference being made to the great loss 
which has been sustained by the nation since our last meeting. It is 
not for me to dwell upon the great personal qualities of Her late 
Majesty ; that has been done in ample measure by many others more 
fitted to do it than I can claim to be. A certain measure of political 
stability in a country is usually necessary to produce conditions 
favourable to progress in science ; to the production of such political 
stability the great personal qualities of the Queen have contributed 
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in large measure. To appreciate this we need only to look back to 
the time of her immediate predecessors. In the earlier part of the 
nineteenth century the progress of our science was checked by the 
reactionary spirit which resulted partly, from fear due to the excesses 
of the French Revolution, and which prevented our utilizing the 
great progress which had been made in mathematics on the 
Continent. 

" Since our last meeting the death has occurred of the very dis- 
tinguished French mathematician Charles Hermite. He was our 
senior foreign member, being the survivor of several distinguished 
foreign members elected in the year 1872. The importance of his 
work in the theories of forms and of elliptic functions is recognized 
by all specialists in those subjects. His work Sur quelques Applica- 
tions des Fonctions EUiptiques has enabled a comparatively wide circle 
of readers, not all of them pure mathematicians, to appreciate his 
great analytical power. Not the least of Hermite's achievements 
was his proof of the transcendency of the number e, the base of 
Napierian logarithms. His method under the hands of Lindemann 
led to the proof of the corresponding result for the number tt ; thus 
the coup de grace was given to the circle squarer. Hermite was more 
fortunate than many others in being able to continue his scientific 
activity into a good old age." 

On the motion of the Treasurer a resolution that the President's 
remarks should be entered upon the minutes was carried unani- 
mously. 

Dr. Larmor gave an abstract of a paper by Mr. T. Stuart, entitled 
" The Distribution of Velocity and the Equations of the Stream 
Lines due to the Motion of an Ellipsoid in Fluid Frictionless and 
Viscous." 

Lt.-Col. Cunningham communicated a paper "On Factorisable 
Twin Binomials." Mr. Bickmore also spoke on the subject. 

Mr. Tucker gave a short account of a note on " The BrocardaL 
Properties of some Associated Triangles." 

The following papers were communicated from the Chair : — 

Concerning the Abelian and related Linear Groups : by Dr. L, E. 

Dickson. 
A Geometrical Theory of Differential Equations of the First and 

Second Orders ; by Mr. R. W. H. T. Hudson. 
A Note on Stability, with a Hydrodynamical Application : 

by Mr. Bromwich. 
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(1) Remarks on Notation in Lie's Theory of Groups ; and (2) On 
Scliur's Determination of a Continuous Grroup of given 
Structure, with remarks on Mr. Campbell's paper (read at 
January meeting) : by Mr. H. F. Baker. 

Note on Curves Similar and Parallel to one another : by Mr. 
D. B. Mair. 

The following presents were made to the Library : — 
** Educational Tunes," February, 1901. 

" Indian Engmeering," Vol. xxvm., Nos. 26, 26, 1900 ; Vol. xxix., Nos. 1, 2, 3, 
Dec. 22, 1900-Jan. 19, 1901. 

The following exchanges were received : — 

** Proceedings of the Royal Society," Vol. lxvii., Nos. 440, 441 ; 1901. 

**Beiblatter zu den Annalen der Physik und Chemie," Bd. xxiv., St. 12 ; 
Bd. XXV., St. 1 ; Leipzig, 1900-1. 

" Rendiconti del Circolo Matematico di Palermo," Tomo xiv., Ease. 6 ; 1900. 

** Bulletin of the American Mathematical Society," Series 2, Vol. vn.. No. 4, 
January, and ** Annual Register " ; New York, 1901. 

"Bulletin des Sciences Mathematiques," Tomexxiv., Oct. ; Paris, 1900. 

^'Rendiconto dell' Accademia delle Scienze Eisiche e Matematiche," Sorie 3, 
Vol. VI., Ease. 8-12 ; Napoli, 1900. 

** Journal fiir die reine und angewandte Mathematik," Band cxxm., Heft 1 ; 
Berlin, 1901. 

** Annali di Matematica," Serie 3, Tomo v., Ease. 2 ; Milano, 1901. 

** Archives Neerlandaises," Serie 2, Tome v. ; La Haye, 1900. 

**Atti della Reale Accademia dei Lincei — Rendiconti," Sem. 2, Vol. ix., 
Ease. 12 ; Sem. 1, Vol. x.. Ease. 1, 2 ; Roma, 1900, 1901. 

** Revue Semestrielle des Publications Mathematiques," Tome ix., Pte. 1, 
Av.-Oct. ; 1900. 

** Journal of the Institute of Actuaries," Vol. xxxv., Pt. 6, Jan., 1901. 

"Nieuw Archief voor Wiskunde," Reeks 2, Deel v., St. 1 ; Amsterdam, 1901. 

** Wiskundige Opgaven," Deel vm., St. 3 ; Amsterdam, 1900. 

** Sitzungsberichte der Konigl. Preuss. Akademie der Wissenschaftenzu Berlin,*' 
Nor. 39-53, 1900. 

** Proceedings of the Cambridge Philosophical Society," Vol. x., Pt. 7 ; 
Vol. XI., Pt. 1 ; " List of Members, &c." ; 1901. 

**Nachrichten von der Konigl. Gesellschaft der Wissenschaften zu Q-ottingen," 
Math.-Phys. Kl., Heft 3 ; Geschaftliche Mitteilungen, Heft 2 ; 1900. 

" Proceedings of the Canadian Institute," Vol. n., Pt. 4, No. 10 ; Toronto, 1901. 

** Annals of Mathematics," Vol. ii., No. 2 ; January, 1901. 

**Periodico di Matematica," Serie 2, Vol. ni., Ease. 4 ; Livomo, 1901. 

** Supplemento al Periodico di Matematica," Anno iv., Ease. 2 ; Livomo, 1900. 

** Proceedings of the American Philosophical Society," Vol. xxxix., No. 163; 
Philadelphia, 1900. 
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Concerning the Abelian and related Linear Grouptt. By L, E. 
Dickson, Ph.D. Received January 2l8t, 1901. Coin- 
municated February 14th, 1901. 



1. The object of the paper is to determine by elementary methods 
a classification of the substitutions of the special Abelian group of 
quaternary substitutions modulo 3, 8 A (4,3), into complete sets of 
conjugates. When complications are not introduced, the methods 
are applied to the corresponding group 8 A (4,p**) in the general 
Gralois field ; in particular, its substitutions of periods 2 and 4 are 
determined (§§ 2-4). The types of substitutions of period 3 in 
8 A (4, 3") are determined m § 7. In § 9 is exhibited a table of the 
non-conjugate types of substitutions of the group 8 A (4, 3), and 
the number of conjugates to each within the group. This gr^up, 
8 A (4, 3), is the group for the trisection of the periods of a hyper- 
elliptic function of four periods. The order of 8A (4, p") is 

p*»(p«"-i)(2>^-i). 

By a more complicated analysis, depending upon the possible 
forms of the characteristic determinant of an Abelian substitution, 
the corresponding problem for 8 A (4, p**) has been solved by the 
writer.* In the present paper, on the other hand, the classification 
is based upon the periods of the substitutions.f 

In § 10 is determined the structure of a group whose definition is 
analogous to that of the Abelian group. 

For the substitutions of 8 A (4,2>") the usual notation is used : 

ii Vi 6 



m 



^= 


"u 


rn 


«w 


rw 


v[ = 


/3u 


^n 


/3» 


a« 


f;= 


"n 


Til 


o» 


rj, 


%= 


/3.. 


5,1 


/3„ 


S« 



♦ Transactions of the American Mathematical Society^ Vol. n., pp. 103-138. 
t As a check upon the work, it was found that the results for ^^ = 3 were the 
same in the two investigations. 
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Quaternary Ahelian Substitutions of periods 2 and 4. 

2. "Within 8A{At^p*)^ p>2. every substitution of period 2 is 
conjugate with Ti^.\ or T= Ti,_i T2,.i.* Hence a substitution of 
period 4 is within SA (4,^**) conjugate with /S, where ff = Ti.-i, or 
with 8i, where /Sj = T. Within S-4 (4,2?"), 2?>2, iSj is conjugate 

with iif,Jkr,.t 

The identity STi,., = S.i or 



—"11 
-Ai 

/3n 



— Vii 



-an — Vij 



— ^11 — A2 — ^M 



?tl 



y« 



[ i» 


-yu 


^« 


-yn 


-Pn 


«u 


-/3n 


"n 


^« 


— Yu 


5«. 


— yn 


I -A, 


"11 


-/3« 


»« 



requires, for p > 2, that <S» shall have the form 

y.. 



"11 

A, 





■Oil 
















("«=1). 



Hence fi* = J. or AT.2^.1, where A . affects only (^ and t/j, while 
^^ = ^1^.1. But A is conjugate with both Mj and MiT^^^i by 
Abelian substitutions affecting only f j, i/i. J Hence within 8 A (4, p") , 
p > 2, 8 is conjugate either with M^ or else with Ifj Ti, .iTj^.i, the 
latter two being not conjugate. 

To determine the number of substitutions conjugate with M^j 
consider the conditions for the identity /S> Afj = M^S. For p > 2, 
8 must have the forin 



(1) 



The Abelian relations require aM^ja"/^^^^ = 1? having p**ip^—l) 
sets of solutions in the OF[p'*'], and «Ji + yJj = 1, having p" — c sets 



* Proceedings of the London Mathematical Soeiety^ Vol. xxxi., pp. 54-59. 
t Quarterly Journal, Vol. xxxii., pp. 66-58, § 9. 
t Ibid., § 8. 



"u 


yu 








-yii 


"11 














<ht 


ytj 








Pn 


K 
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of solutioDS, € = ±1 according as p" = 4Z±1. Hence M^ is one of 
jP^"(jp'"+l)(p"+€) substitutions conjugate within SAiAs^p"). Evi- 
dently M^ Tj, -1 ^2, .1 is one of an equal number of conjugates. 

3. If SA (4, p") contains a substitution 8 whose square is M^, then 
8 must be commutative with M^ = 8^, and hence be of the form (1). 
But 8 = S~^Mi gives a^ = y^, Oja = c'^ssj /^m = Taa = ^- Hence 8 
exists only when 2 is a square in the OF [p**], for which case there 
are four substitutions whose square is Mi. 

If S* = Ml Ti^_i 1\ .1, then 8 must be commutative with M"i, and 
hence have the form (1). Then 8 =■ 8~^MiTi^.iT2^_i requires 
ail =~7in "aa ="~^22» so that 2 must be a square in the field. The 
number of substitutions 8 is double the number of sets of solutions 
in the field of —a^—fi^yn = !• 

4. The remaining type MiM^ is not conjugate with Mi or Mil\ as 
their squares are not conjugate. The most general linear substitution 
commutative with M,3f, has the form 

— ril «!! —712 «12 
<»21 VJI 022 722 

— 721 «21 —722 «22- 

The six Abelian conditions reduce to the following four : — 

'«u+7n + o![2 + 7!2 = 1» aii72i— 7iia2i + «i2722— 7i2«s2 = 0» 



(2) 



f «ll + 7ll + «12 + 7i2 = 1» 011721 — ': 
loM + 7M+On + 7L = 1> OiiOai + 'J 



- 7ll 721 + "12 «22 + 712 722 = ^• 

Hence, when (2) iti Abelian, it is also orthogonal, and leaves 
fi+Vi + ^i+vl absolutely invariant. To determine the number of 
these substitutions, introduce the new indices * 

Xi = fa^-^>l, Yi = ii—ivi, -3^2 = 6 +^*^2» ^2 = ^2" ^'^2. 
where z* = — 1. Then (2) takes the form 

(4) X; = AjiXi+Aj,X,, T; = BjiTi+Bj,Y, (i=l,2), 
where Ajt = aj^—iyjk, Bjt = ajk+iy * (j, A; = 1, 2). 

Also (l^n] + f,+ri^ = XiYi^X,Y,, 

If —1 be a square in the GFlp'']. p > 2, the substitation (4) is 

* The simpMcations arise since Jfiif* takes the form Ti, .» T2, -«-. 
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a dualistic substitution belonging to the field, the substitution on the 
T^, Ya being reciprocal to that on the X^, X^, Hence there are 
(p^*'—^)(p^*—p**) substitutions (4); so that M^M^ is one of 
^3«(jp2«^l)(^«_|.l) conjugate substitutions within 8 A (4, p"). 

If —1 be a not-square in the (^^[p**], then P =— *; so that 

Xj ^= Yj, Aji =^ Bjt, XiYj + XjYg =: ^1 +Yi 

Hence (4) is defined by the general substitution 

X; = Aj,+A„X, (i = l,2) 

of the hyperorthogonal group on two indices having the order 
p»(p2»__i)^^»_,.l) Hence M^M^ is one of p''*(p*" + l)(p"— 1) con- 
jugate substitutions within SA (4, p"). 

Within 8 A (4,jp**) there are exactly three sets of conjugate substitutions 
of period 4, represented by M^^ ilfj Ti, _i Tj, -i? om^ M^M^^ respectively. 
Each set contains p^"(p^" + l)(2?"-f€) substitutions, where e = ±1 
according as p" = 4Z±1. 



Quaternary Abelian 8ubstitutions of period 8. 

5. If 8 A (4, p") contains a substitution 8 whose square is M^ M^^ 
then 8 must be commutative with M^M^, and hence be of the form 
(2). The condition 8 = S'^M^M^ gives readily 

«ii = yn» "12 = yai» «2i = yi2» "« = y^- 

Relations (3) then become, for p > 2, 

«M = «ii» («ii + "as) («i2— ria) = 0> 
2an + «i2 + Tia = 1» ("u + «2s) ("is + yw) = 0. 

If Oji + a^a ^ 0, then a„ = a^, Oi, = y^j = 0. Hence must 2 be a 
square in the GF [p"], in which case the required substitutions are 

a a 0^ 

-a a 

a a 

-a a 

the square of which is indeed M-^M^, 



(a' = i), 
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(5) 



a a ai, y^ 

—a a —71, tti, 

Via <»„ —a —a 

^— «i2 712 a —a 



(2aHaJ^ + yJ^=l). 



Consider the case p** = 3. If iS* = MiM^, 8 must have the form 
(5). If a = 0, then ajj+yij = 1 ; so that either a^, = or fl^^ = 0. 
The two cases are interchanged if we transform by If,. Setting 
therefore yi, = 0, a = 0, 0^2 = 1, and transforming (5) by ^V/.^,, we 
obtain 

10^ 



M,P,, = 



1 

10 

-10 



If a:^0, then ai2+yi2 = — 1; so that Qj^ = yj, = 1 (mod 3). 
Transforming by Ta,.^^,, we may suppose that yia = — 1 in (5). 
Transforming by MI^ the case a^ = — 1 is reduced to the case 
ai2 = +l. The resulting substitution (5), given by a = — 1, is 
transformed by P^ To^ _i into a similar one with a = + 1, viz., 



1 
-1 
-1 



1 1-1^ 
1 1 1 
1 -1 -1 



l-l -1 



-1 ; 



This is transformed into Mi P^ by the Abelian substitution 

-1-1 11^ 

1-1-1 1 

1111 

-1 1-1 I) 

Combining the present result with that of § 3, it follows that eveiy 
substitution of period 8 of SA (4, 3) is conjugate within the latter 
icith MiPi^. 
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6. Theorem. — Within 8 A (4, 3), the substitution IfiPj, of period 8 
is commutative otily with its powers. 

The identity SM^F^^ = M^F^^S requires that S have the form 



Vn 



«i8 yn 



-712 






— «!« — ri2 — yii «ii -^ 

subject to the Abelian conditions, which reduce to the two 

«u+rii+«w+yM = l» aii(aia-yn)+rii(«u+ru) = 0. 

If aji = yii = 0, the four sets of solutions modulo 3 of aJj+Via = 1 
give four substitutions. If 0^ = 0, y^ ^ 0, then ai, =— yi, = ; 
if a,i rfz 0, yu = 0, then Oj, = y^ = 0. If On and y„ are ^fcO, either 
a,i = yu, so that Ou = 0, or 0,1 = — y^, so that y^, = ; but in 
either case the first Abelian condition is not satisfied. The resulting 
eight substitutions commutative with M^Pi^ must be its eight powers. 

Corollary I. SA (4, 3) contains no substitution of period 16. — 
Indeed, the square of such a substitution would be of period 8, and 
hence be conjugate with M^Pi^ by §5. But, for S^ = M^Pi^, S 
would be commutative with M^P^^, and hence be a power of the lattei\ 

Corollary II. Within 8 A (4, 3), every cyclic sub-group of order 8 zs 
self-conjugate in exactly a group of order 32. — Such a sub-group is 
conjugate with that generated by F ^ ^iPn- But V is conjugate 
with F»=T,,.i3fjPi„ F'^ = ifiP„Ti._iT,,.i, and V^ = T^, ,iM^P^^, 
each of period 8 (§ 5). To verify this result, we may transform V 
into F', V\ F' by, respectively, A, T^, -1, -4T2,-u where A denotes the 
following substitution of period 2 belonging to SA (4, 3) : — 





1 



0-1-11 
0-1 1 
10 
-1 J 



7. Theorem. — There are exactly four sets of conjugate substitutions of 
period 3 in the group SA (4, 3"). 
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S = . 



A = 



Within SA (4,p") every substitution is conjugate with one of .the 
following types : — * 

''ayOO^ TaylO^ 

i3 a 

a22 722 

10 a P^ ^22 

If A be of period 3, A^ = -4"\ giving 

a^+/3y + a2i ay + ^7+721 a + oaa py + 728'| | ^ "7 ^^si —721 

Pa-\-l3B-\-pl3,, (iy + P+pd,, ii + p(i,, p^ + P^22 r "^ i -/3 a -fti «,. 




(6) 



The following are therefore necessary conditions : — 

721 = — y— ay — ^7, p^ji = «— ^— /3y, 
«22 = ^21— «, Pfta = — Ai— /5, 

^ 722 = — 721— P7» P^22 = aji— p^. 

The Abelian relations require 

(7) aa~/3y + p=l, 

and 021^21- /52i72i + «^— ^7 = 1- 

Let, first, p ^0. The second relation becomes, by (6) and (7), 
(8) (a + a)».f3(a4-^+l)(f)-l) + l = 0. 
For p = 3, this gives (a+^ + l)' = 0. We limit the discussion to 
*^®^^^® (9) a + a+l = 0. 

Applying (6) and (9), A takes the form 

a 7 1 



A' = i 



(aa-/3y + p=l). 



^ 

/3 a p 

— 1[» B — py 

-1 -Pp-' a . 
For any GF [p% A' is an Abelian substitution of period 3. 
If ft^O, A! is transformed into a substitution of the form S by 
the special Abelian substitution 



* Dickson, Quarterly Journal, Vol. xxxii., § 6, p. 51. 
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If y gt 0, the transformed of A' by If J If, P,, is of the form A' with 
/S^fcO. 

Finally, if /3 = y = 0, the transformed of A' by Q^ 2, «p-i ^2,p-i gives 

101 
0-1 1 
-1 0-10 

0-1 OJ 
This is transformed into Si by 81 belonging to SA (4,2?"), where 



s,= 



Hence, if A be an Abelian substitution in the GF [p"] satisfying (9) 
and having p ^ 0, it is conjugate within 8 A (4,2?**) with a substitu- 
tion s. 

For p = 0, relations (6) give 

a3, = a-a'-/3y = 0, a-^«-/3y = 0, /3(H-a+5) = 0. 
Subtracting the second from the first, (5— a)(a + ^ + l) = 0. Hence, 
if a+^ + 1 :9fc 0, a = a, iS = 0, a = a*. Then (7) requires a = a — 1; 
so that a -f a + 1 = (mod 3). Hence (9) must hold if p = 3 ; when 
A becomes 



-1 





0" 




' 1 


-1 





1 


1 -1 










1 


-, 6\ = - 




1 






-1 
1 


1 
-1 





-1 


-1. 




.-1 


1 





0. 





-/3 



y 




1 



II— a 

/3« 









[a„(a„-a) = i]. 



If it has period 3, {^n—ay = ^ji — a ; so that ^^1— a = 1, S^^= 1. The 
resulting substitution is of period 3 if, and only if, /3 = Sfi^. For 
p=:3, i3 = 0, aa=l, a + a=— 1. Hence a» + a + l=0, a» = 1 •, 
so that a = 1 in the GF [3"] . The resulting substitution is 

n y 1 01 
10 

A = 

0010 

0-1/3, 1; 

If )8j ^ 0, A^ is transformed into a substitution 5 by 

${ = fi + ri;2, ^, = ^, + r,,i, 1 +r/3, = 0. 
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If 7:5^0, the transformed of il, by Jlf'3f,Pij is of the form A^ with 



/3,9fcO. 
A,. A,. 



Finally, if y = /3, = 0, ^i = Qi,j,, is transformed into 



J of the form 2 by the Abelian substitution 
-10 -1 

1-1 



-10 1 

110. 

Within SA (4,3") every substitution of period 3 is therefore conjugate 
with a substitution of the form S. 

The substitution S is the product of two substitutions 

the former affecting only the indices fi, %, and the latter affecting 
only ^2» '7a- Since 2' and %" are commutative, each mnst be of 
period 3 if S shall have period 3 ; also each must be of determinant 
unity if their product S is to be Abelian. But, in any field, S' is of 
period 3 if, and only if, a -f ^ = — 1. Supposing a + ^ = — 1, we have 
the following two cases : — 

If /3 :^ 0, 5' is transformed into Li -^ by the substitution 

[I (a-S)//3/ - 

If i3 = 0, then o3 = 1 and a + ^ = — 1 require that a = ^ = 1 in 
the GF[S*'] ; so that 2' = Li^y In either case, S' is conjugate with 
a substitution Lj,^. The latter is transformed into Li^^^ by T,,,; so 
that S' is conjugate either with Li^i or with Iy,^„, where f is a 
particular not-square. 

Applying a similar reduction to 2", it follows that, within 
SA (4, 3"), every substitution of period 3 is conjugate with one of 
the substitutions Li, i, irj, ^, Li, i Ivg, i, Zfi, ^ i;?, i> -^i, v -^2, ,• But L,, i Lj, i is 
transformed into Li^^L^^^ by the substitution 

0^ 



relation having 
types Iri,i, i,,^ 



yS 





va 





I 





Vlt 





.'^ 





— (T 






which belongs to i8'-4(4,p") if i/(^4"<y') = 1, a. 
solutions in every OF [p"J. Of the remaining 
Li,i 1^2,1, and ii,,L2,i, it is readily proven that no two are conjugate 
within 8 A (4,p»). 
VOL. XXXIII. — NO. 758. Y r^ \ 
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8. The method employed in §§ 2-6 may be extended to determine 
representative substitutions 8 within iS4 (4,2?"), p>2, of each set 
of conjugate substitutions whose period is an even integer 2a, the 
case a odd being excluded if 8" = T, the self -con jugate substitution. 
In the excluded case, (ST)" = I, a being odd. Hence the method 
applies to all substitutions 8 for which 8 and 8T are of even period. 
Since 8" is of period 2 by hypothesis, it is conjugate within 8 A (4,2?") 
either with Ti^-i or else with T, in the latter case 5*" being conjugate 
with MiMj (§ 2). Hence, by a suitable transformation within 
8 A (4,p"), p > 2, we may give to 8 b. form having among its powers 
either Tj. _i or else MiM^. 

In the first case, 8 is commutative with Ti,-! ; so that 8 has the 
form S of § 7. Then 8 = S'S'', where 2' and 5" are binary sub- 
stitutions of determinant unity. Each is known to be of period a 
divisor of 2p or of 2?**=t:l. Hence 8 is of period 2, 2p, 2d:f, 2pd^, or 
d:fd':f, where d:^ and cZ'^ are divisors of p**=Fl. 

In the second case, 8 is commutative with M^M^; so that 8 has 
the form (2). As in § 4, the problem reduces to the study of binary 
linear substitutions in the GF [j?**] or of binary hyperorthogonal 
substitutions in the 6rF[p^"], according as respectively —I is a 
square or a not-square in the GF C^^"]* 

9. For p*^ =3, the substitutions 2' of determinant unity form a 
group 6r24 composed of the identity Ti,_i, 8 substitutions conjugate 
with Li^ ±1 within G^^, 6 conjugate with M^, and 8 conjugate with 
A, ±1^1,-1' Hence, within 8 A (4, 3) a substitution of period 6, a 
power of which is conjugate with T,, .i, is itself conjugate with one 
of the substitutions 

Within 8 A (4, 3) a substitution of period 12, a power of which is 
conjugate with Tj, _i, is itself conjugate with Jfaii^ii or M^Li^±iTi^^iy 
the latter being conjugate with 

Together with the substitutions of periods 2 and 4, determined in §2, 
the present enumeration is seen to give all types of substitutions of 
8 A (4, 3) having among their powers substitutions conjugate with Tj, _i. 

Considering next those substitutions having one of their powers 
conjugate with JfjJf,, we find the representatives MjM^, M^P^^, and 
^ij-^1,-1^1, -ij whose first, second, and third powers respectively are 
conjugate with M^M^. 

It remains to determine representatives of the substitutions of odd 
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period. The case of period 3 has been completely determined in § 7. 
The substitutions of SA (4, 3) 



-ff.= 



1 


1 


1 





-1 











-1 





1 


-1 








1 






N, = \ 





1 



0-1 
-1 1 -Ij 



are of periods 6 and 9 respectively. Every substitution of period 5 
is conjugate with H^ ; every one of period 9 is conjugate with ^g or 
N;\ The only odd periods possible are 3, 5, 9. These statements 
are not proven here ; a verification of them results from the fact that 
the following table exhibits 51840 distinct substitutions of 8 A (4, 3) 
of order 51840. 



Types. 


Period. 


Number of Conjugates 
to each type. 


Identity 


1 


1 . 


T=T.,.,T,,_, 


2 


1 


^'i,-. 


2 


•90 


■^i,±j 


8 


40 


Lx,±,T 


6 


40 


A, I ij, 1 


3 


240 


il.-li-l!,! 


3 


480 


L,,,L^,T 


6 


240 


Li,.iL,,^T 


6 


480 


M„ M,T 


4 


640 


M,Mt 


4 


540 


■Mj A, ±u -Mj A, ±1 'r 


12 


2160 


L,,±,Ti,.„ £,,±.T^., 


6 


360 


Li,iL2,±iTj^.i 


6 


1440 


ii. -1 A, ±1 2*1,-1 


6 


1440 


MrP» 


8 


6480 


p„£,,.,r,,., 


12 


4320 


s. 


5 


5184 


S,T 


10 


5184 


JV„ 2^,-' 


9 


2880 


N,T, N,-'T 


18 


2880 



T 2 
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A Group of definition analogous to that of the Abelian Linear Group.* 

10. Consider the gronp G of linear substitution 8 which, when 
operating cogrediently upon two sets of variables ^„ ij, and £, ly,, 
effect a linear transformation of the functions 



^1 = 
Now 8 replaces A^ by 



^1 Vi 

li Vi 



^ = 



(i Vi 

?8 Vi 



«n 7ii 


^ + 


«!! «« 




^1 ^2 


+ 


Oil 7l2 




^1 Vi 


/3u ^u 


/?11 A2 




I ii 


fin ^12 




ii Vi 


«U 712 

fin ^12 


^2 + 


7ii "is 

^11 fin 




Vi ii 
Vi ii 


+ 


7ii 7i2 

^u ^12 




Vi Vi 
Vi Vi 



Hence, if 8 replace A^ by XuAi-fXu^j and Aj by XjjAj+AjjA,, 



(10) 1 



«o 7o 



= A 



•iJ 



"n ai2 

fin fin 


= 0, 


ftl 5*2 


7.1 7<2 

^U ^< 2 


= 0, 


ft. Sn 



= 0, 



= 0, 



holding for i,j = 1, 2. In view of these relations, the inverse of 8 is 
the product of a substitution multiplying every index by the re- 
ciprocal of the determinant of 8 by the substitution 

^22M1> ^227ll) ^12^2l> ^2721 

"■^2Mll» ^22"ll> ~"^2M21» ■ ^2^21 

^1^12» "~^2l7l2> ^1^22». ~* ^11 782 

I — AjlPij, Xgiaj,, — X„Pj2, ^u^^ 

The derivation of S"^ from 8 is quite similar to the derivation of the 
reciprocal of an Abelian linear substitution. 

We proceed to prove that either A^ = Aj^ = or else A^ = Ajj = 0.. 



* An Abelian substitution replaces Ai + As by /iAi + /aAj. Consider a group of 
substitutions Si, S^, ..., which replace Ai + A2 by rAi + /AAs, r and ft depending on 
the particular substitution. Suppose that, for /S'l, h^t + k, k^O. Since SiS^ 
belongs to the g^^up, S^ must replace kA^ by a linear function of Ai and A3. Henc& 
the group is that denoted by G in the text. 
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Among the relations (10) occur the following : — 

fan As— ftiat2 = 0, fa,- i^ia—Aiy.a = 0, 

lyn /3<2— ^n «<2 = 0, lyii^.-2— ^n 7.2 = 0. 

If the determinant X,- 1 = a^ i ^,- 1 — /3i , y< ^ ^jfc 0, then will /j^ 2 = a^ a = ^.- 2 
= y^2 = 0, and therefore X<2 = 0. Hence, either 8 has the form 

yn 

^„ 

a„ 723 

/322 ^22^ 

and replaces \ by AjfA., or S has the form (^1 ^2) (^i ''i) ^ ^^^ ^" 
places Aj by AjjAj and Aj by X2i^i- T^® structure of the group G 
thus follows from that of the binary group. 




Note on Stability of Motion, with an application to Hydro- 
dynamics. By T. J. FA. Bromwich. Communicated 
February 14th, 1901. Received, in revised form, April 
5th, 1901. 

The following note on stability was, in the first place, suggested by 
a result of Prof. Klein's, given in his lectures at Princeton (1896), 
relating to the stability of a top spinning in a nearly vertical position, 
thus : — 

The theory of small oscillations gives a certain limiting (or critical) 
value («o) for the spin (n) of the top ; and, if n < «o, it would seem 
that the top is necessarily unstable ; further, if n = n^, Routh states 
that the top is unstable. Hence, if we suppose n to diminish con- 
tinuously past the value w^, there would be an abrupt change from 
stability to instability. But Klein showed that, for small values of 
(w— n^j), the amplitude of the deviation of the axis from the vertical 
produced by a given small disturbance does not depend on the sign 
of (w— Wq) ; and, in this sense, practical stability exists for values of n 
slightly less than n^, though theoretical stability is lost. Further, 
Klein proved that the critical case n = n^ is really stable. 
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In what follows I attempted in the first place to disc ass a slightly 
generalized form of equation, which includes as special cases Klein's 
results for the top and the hydrodynamical problem of a solid possess- 
ing helicoidal symmetry moving through an infinite frictionless 
liquid. This and the details of the hydrodynamical problem made up 
the note as presented to the Society last February. 

At the March meeting, Prof. Love (who was one of the referees of 
my note) read an informal paper on the question of stability of 
motion generally, which he has kindly put at my disposal ; from this 
I have made some extracts (notably, his definitions of stability) ; and 
his remarks have led me to amplify the discussion of general stability, 
so that this part of my note is considerably longer than it was origin- 
ally. The other referee pointed out that, as the complete solution 
both of the top and of the hydrodynamical problem is known in terms 
of elliptic functions, it might be more convincing to use the known 
results in establishing my conclusions : this advice I have not followed, 
as it seemed best to make the note, as far as possible, depend only on 
dynamical principles. Besides, it is conceivable that cases may arise 
to which my results could apply without being capable of exact in- 
tegration by means of elliptic functions or otherwise. I must thank 
both referees for taking considerable trouble and devoting much time 
to the careful examination of my work. 

The following definitions of stability are extracted from an un- 
published manuscript by Prof. Love : — 

"We seek a precise definition of instability, as easier to express 
than a definition of stability. 'We compare the disturbed and un- 
disturbed motions. Let be any coordinate of the system, AO the 
difference between the values of at time t in the disturbed and un- 
disturbed motions ; call the set of quantities of type AO the displace- 
ment. Let AQ be the difference between the initial impulses (cor- 
responding to f^) in the disturbed and undisturbed motions ; call the 
set of quantities of type AG the disturbance. Let a be a suitably 
chosen finite quantity (which may be as small as we please). Then — 

" Ify however small the disturbance (i.e., all the AQ^s) m,ay be, a value 
of t can be found for which the displacement (i.e., any AO) exceeds a, the 
motion is unstable. 

"When the motion is not, in this sense, unstable, there is complete 
stability. 

" Again let P be any point of the disturbed path of any particle of 
the system, P' the nearest point of the undisturbed path, r the distance 
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PF', V the excess of the velocity at P in the disturbed path above that 
at P' in the undisturbed path ; a, /3 suitably chosen finite quantities 
(as small as we please). Then — 

" If, however small the disturbance may he, a value of t can he found 
for which any r exceeds a or any v exceeds /8, there is instahility of path.''' 



An Attempt to Discuss the Stahility of a State of Steady Motion. 

We shall use the Hamiltonian equations and can choose all the co- 
ordinates (x) and momenta (^) so as to vanish in the steady motion ; 
then (unless the steady motion is critical in the analytical sense) the 
Hamiltonian function can be put in the form 

where each term is homogeneous in the coordinates and the momenta 
and is of the degree indicated by the index attached to it ; this series 
will converge absolutely and uniformly provided that | x \ and | ^ | do 
not exceed certain limits. In order that the steady motion may be 
dynamically possible H^ must vanish, for the canonical equations must 
be satisfied by zero values of the coordinates and momenta. 

The method of " small oscillations " is contented with the first 
approximation to the equations of motion given by 

d^^dH^^ d^^p_dm (^==1,2, .!.,n). 

dt 9^^ ' dt ^Xr 

If we assume all the coordinates and momenta proportional to e^*, 
we find that as a consequence of these equations X is a root of an 

equation A = 0, 

where A is a 2w-rowed determinant, \ appearing linearly in 2n of the 
elements of A, and nowhere else. Thus we have 2n values of X 
which, in virtue of the properties of A, can be grouped in n pairs 
d=Xi, ztXj, ..., d=A„. 

Since the Hamiltonian equations are only a transformed form of the 
Lagrangian ones, from which Routh starts, it follows that ±Xi, ..., ±\» 
are the roots of Routh's n-rowed determinantal equation (in which 
every element is quadratic in X). 

Now, in a paper accepted by the Society at the March meeting 
(p. 198 of this volume), I have shown that a linear transformation 
of the coordinates and momenta can be found such that 



m=:%KXr^r (r = l, 2, ...,n) 
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and of such a character that the canonical equations of motion are not 
altered in form by the substitution. If the roots of A = are not all 
different, the invariant-factors of A must be linear,* in order that this 
form for H* may be correct. Making the same substitution on the 
whole of H, we shall have now 

with the equations of motion 

dt 9f^' dt 3aj/ 

We make the hypothesis that A„ ..., A,^ are pure imaginaries, and 
we shall prove that^ under certain other restrictions, the equations can 
be solved in converging series. We follow the investigation used by 
Poincare {Mecanique Celeste, 1. 1, chap, vii.) for the case of asymptotic 
solutions. 

The equations of motion take the form 

dt dir C^r 

dt X 3^3"' 35"* \ > . r2 , TS . 

»* OXr OXr 

where, as before, the indices indicate the degree of the terms to 
which they are attached. 

The first approximation is found by leaving out all the jK^s and 
j&*s, so that we find 

where the a's and a*** are constants of integration, whose values 
are determined by the initial disturbance, and so | a|, | a | may be 
taken as small as may be convenient ; for, in discussions of stability, 
the initial disturbance is to be at our disposal in magnitude, though 
arbitrary in species. We now endeavour to find series for aj^, ^ ex- 
pressed in powers of a^e^»', a^e'^*-^ ; so assume 

Xr= x]. + xl-\-iX'l-\-..., 
f..= f; + ^ + f'+..., 



♦ That is, if a factor (A. - c) app ars exactly p times in A, it must appear exactly 
(^ — 1) times in the H.C.F. of all the first minors of A ; so that in at least one first 
minor (\—e) appears exactly (j»— 1) times, while it inay appear more than {p—\) 
times in the others. 
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where Xr, ^ represent all the terms of x^, ir respectively which are 
of degree p in the a*s and a's. Then, on substituting, each K and L 
can be sub-divided, thus 

where K^* * denotes that part of Kr which is of degree q ("^ p) in 
the a's and a's. 

Substituting in the equations of motion, we have 
dxl V 1 1 X t 

—f = \Xr or Xr = Cbre^ , 

at 



^' -K4 = ff^'+Z,^'+ ...+Kr = Ml, say, 

and ^' = -A,^ or ^J = a^e"*'', 

at 



^+Kfr = Ll'' + L^'+...+Ll" = Nl, say. 
at 

From these we calculate successively x], (l, xl, ^^, ..., 05^,^, ... ; for 
the quantities M^, Nf. depend only on those x*8 and f *s which have 
indices 1, 2, ..., 5— 1 ; if we suppose these to have been previously 
calculated, the value of M^ will be of the form 

AC = ^Ga'^'al' ... aj-af'a*' ... a*- exp [^X, (^,-.^,)], 

where O^, 0^, ..., ^,„ <^i, <f>^, ..., </»« are positive integers whose sum 
is q. Thus, on integrating, we have 

and the expression for ^? will be similar to this, except that (+A.r) 
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takes the place of (— \.) in the denominator. Of course, if 

one or other of these expressions fails, and powers of t would appear 
in 0^ ; this indicates that the method of solution adopted gives a 
result which is only valid for a short time, but it does not necessarily 
imply instability. 

It seems impossible to give conditions necessary for the conver- 
gence of the series ^i ^x^-\-x'^-\- ... • 

but it will be possible to find a standard of comparison which will 
provide sufficient conditions. To do this write for brevity 

6;. = I a, I , /3^ = I a^ I , 

and consider the set of equations 

, ,. dH'dff* 

^yr ^yr 

where each If is derived from the corresponding "K by taking the 
modulus of every coefficient and replacing the ic's by y's and the i's 
by ly's. We get, solving the equations, results of the form 

where ^ is a positive integer, and, as before, ^1, ..., ^„, ^i, ..., ^» are 
positive integers whose sum is q. The corresponding term in Xr will 

^ (Q/») a^ ... ai" af. ... at« exp [iSX, (fl,-<^,)], 

where | Q | < P and tt is a product of expressions of the type 
[2 Ap(6'p— 0p)— X,], the number of such expressions being at most 
equal to I, It follows that, if the series found for y^ converges, and if 
none of the divisors [SXpC^p— «^p) — X,] can be less than £, then tlie 
modulus of every term in Xr is less than the corresponding term in 
yr (for the modulus of the exponential is unity), and so Xr converg-es 
absolutely. Exactly the same argument can be applied to £.. If ipve 
have an absolutely converging series for a?^, it follows that by 
sufficiently diminishing | a, | and | a, | we can make | aj^ | as small 
as we please ; and so the motion is certainly stable for 'paiih. It is 
probably not completely stable, for reasons which I have indicated in 
the paper already quoted. 
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If the invariant-factors of A are not linear, we should find powers of 
t appearing in xl ; bnt it must not be concluded that these necessarily 
imply instability. All that can be certainly said is that the method 
of approximation adopted can only be applied for a short time ; it may 
be possible to find another method to give correct values for all time, 
A good example is that of the top spinning in a vertical position with 
the " critical " angular velocity ; here A has squared invariant-factors, 
and Routh deduced that the position was unstable ; but it is really 
stable, as Klein showed by attacking the problem in another way 
(see the next paragraph). 

The possible introduction of instability through commensurable 
relations amongst the frequencies was remarked by Routh (Siability 
of Motion^ \S11^ chap, vii., p. 90). 

^June 27th, 1901. — In a recent paper, Annali di Mat, (Ser. 3), t. v., 
1901, p. 221, Levi-Civita has considered the question of instability in 
a very general way. I have not yet had leisure to compare his re- 
sults with the foregoing.] 

Routh'' s Minimum-criterion of Stability, 

Proceed to the consideration of systems in which certain momenta 
remain constant. We can eliminate the corresponding velocities from 
the energy integral, and then obtain a result of the form* 

T'+JS:+F= const., 

where T' is a positive quadratic form of the other velocities and K is 
a positive quadratic form of the constant momenta. Thus it follows 
that, if (K-\- F) is a minimum in the steady motion, that motion is 
stable (at any rate for path) ; this condition appears to be sufficient^ 
but is not necessary in all cases (Routh, Stability of Motion, 1877, 
pp. 83, 84; cf. Basset, Proc. Camb. Fhil. Soc, Vol.vii., 1892, p. 351); 
however, if T" contains only one velocity, the condition is necessary and 
sufficient (Routh, he. cit,, p. 85). 

A good illustration is afforded by the case of the top, in which we 
have (with Routh's notation) 

Wj = const. = n, 

A sin' $il/-\-Cn cos $ = const. = On, 

A (siix^Of-\'0^)-\'2Mghcos = const. = 2Mgh-\-Av\ 

* The unportant point is that no terms can appear which are bilinear in the 
velocities and momenta ; this fact is fundamental in nearly all theories of reducing 
quadratic forms, and is the algebraic equivalent of Thomson's and Bertrand's 
theorems relating to systems started from rest by impulses. 
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the constant8 being determined so that ^ = 0, ^ v may satisfy the 
equations. 

Hence .4^'^+ ^^ \=^^{ -2Mgh (l-cos 6) = Av\ 
A l + cosp 

2A l + eoaO " ^ ^ 

^^[^-Mgk]+^,e* \i^ + 2Mgh] + ... . 

Thus the vertical position is stable if (Cny > 4iAMgh and unstable 
if (Gny < 4AMgh; but, if (GnY = 4iAMgh, (K+ 7) is still a minimum, 
because [ ((7n)7^ 4- 2Mjgrfe J is necessarily positive. Thus the limiting 
case is really stable, in contradiction to the statement made by Routh 
(lac. 'cit., p. 66) on the ground that his determinantal equation had 
non-linear invariant-factors ; this result was first corrected by Klein 
(Princeton lectures, 1896, and Theorie des Kreisels, Leipzig, 18^8, 
p. 316), but the above arrangement of the proof is Prof. Love's (in 
the manuscript already alluded to).* What Routh's work really 
implies is simply that the terms retained by him are not suffi- 
cient to discriminate (in the limiting case) between stability and 
instability. 

Practical Stability, 

Let us examine the case in which T^ contains only one velocity ; 
then, for small values of 0, the energy-equation can be reduced to the 

^"""^^ e' = v'-A,(fi-A,0*-..., 

where v is small and is the value of when d = 0. The amplitude of 
the deviation from ^ = is given by the real value of ^ which gives 
^ = ; we shall determine whether there is any such real value which 
is small enough to make the series for 0^ convergent. If such a value 

* In my note, as originally \» ritten, a similar proof was given, but without iiie 
use of the minimum- criterion ; the method of the next paragraph was employed 
instead. 

t Assuming (as is usually the case) that {K+ V) is an even function of 6 ; of 
course, even if this is not true, the series would start with (v^ — -4i^), with- 
out a term in 0, for this is the condition that 6 = may be a possible steady 
motion. 
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of 6 does exist, it will be given (according to a proposition of 
Weierstrass's) approximately by 






and, in discussing the stability of an assigned system, A^, A^ are 
definite constants, while v is capable of being chosen as small as we 
please. Thus we have the approximate solutions 



2A, 



(4+1) '''*"'■ 



and the solution we require is now seen to be 

= vA'*, 

which is real provided -4^ > ; and can be made as small as we please 
by sufficiently diminishing v, and therefore small enough to make 
the series for d'^ convergent. Thus, if A^ > 0, the system is theor- 
etically stable, at any rate for path. 

In the same way, if A^ = 0, the system will be stable if A^ > 0, for 
then the value of is approximately t;*J.i"*, which is real and can be 
made as small as we please by diminishing v sufficiently. But, in 
discussing the practical stability of similar dynamical systems with 
different constants, we should measure their relative stability by 
comparing the values of 6 in the different systems which correspond 
to a definite value of v, the same for all the systems. Let us consider 
in this sense the practical stability of the systems which are repre- 
sented by small positive and negative values of A^; corresponding to 
some of these, the ratio (Ai/4iA^v^) will be small (as.i; is assigned, and 
Ai varies continuously from positive to negative). When (AH^A^v^} 
is small, the approximate solution given by ^ = becomes 

which is real if A^ > 0. Hence the practical stability does not now 
depend on the sign of A^ but on that of A^ ; and, with this interpre- 
tation, we may make the following statements (in all of which 
" stability " means "pa^^-stability " not complete stability) : — 

If the motion in the " cHtical case " (ilj = 0) is really stable (i.e., 
il, > 0), then TTiotions for which the critical condition is nearly satisfied 
are ''^practically stable,^' whether theoretically stable orunstahle. 
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In exactly the same way we see that — 

If the motion in the " critical case " (A^ = 0) is really unstable (t.6., 
A^<0), then motions for which the critical condition is nearly satisfied 
are ''^practically unstahle^^^ whether theoretically stable or unstable. 

These theorems were contained (in substance) in this note when 
originally presented to the Society, but the form of statement em- 
ployed was somewhat misleading, and has been modified at the sug- 
gestion of the referees ; a special case of the former theorem was 
noticed first for the ease of the top by Klein,* and, when working out 
£ome details about the motion of a solid of revolution through a 
liquid, I noticed that the same point occurred there ; I was thus led 
to attempt to construct a general theory. 



Falling away from the Steady Motion in the Unstable Case without 

Disturbance, 

If our system is such that A^ < 0, say -4^ = —a* where a is real and 
positive, we have the equation of motion 

ff'z:^a^&'-A^e'^-..., 

assuming that ^ = when ^ = 0. If we write x = e"', we find the 
differential equation 

de 



dx 



= ±,(i_A^+...), 



in which the variables can be separated. We find one solution 
which vanishes for a? = 0, of the type 

Q = x{k-\-h?-\-mx^-\-...), 

as the other solution proceeds in powers of 1/aj. This expression 
for 6 vanishes for aj = 0, ^.e., ^ = — oo , and for no other real value 
of t ; thus it is clear that after an infinite time the system falls away 
from the steady motion and nev^r returns to it; or = is what 
Poincare has called an asymptotic solution of the equation of motion. 
This point has been illustrated in a number of special cases by 
*Greenhill ("On the Stability of Orbits," Froc. Lond. Math. Soc., 
Vol. XXII., pp. 264-305, published 1892, read 1888), who has ob- 



* Afnerican Bulletin of Math., 1896-7, 2nd Series, Vol. m., p. 129 (a somewhat 
.misleading misprint is corrected on p. 292) ; Klein- Sommerf eld, Theorie des 
.Kreiseh, Leipzig, 1898, p. 3.16. 



Digitized by VjOOQ IC 



1901.] with an application to Hydrodynamics, 385 

tained exact solutions. The corresponding problem for the top, which 
involves pseudo-elliptic functions, has been discussed by Greenhill 
{Elliptic Functions, p. 243, see also Klein- Sommerf eld) ; and a hydro- 
dynamical problem is solved by Greenhill in the American Journal of 
Maihematicsy Vol. xx., 1898, pp. 64-64. 

Comparison with OsciUations about a Position of Equilihrium. 

Since the equation we have used (that is, ^* = i;*— ili^* — J-j^—...) 
is of the type that would present itself if the system were oscillating 
about a position of equilibrium instead of a state of steady motion, we 
can apply some of Larmor's results (Proc. Camh. Phil. Soc, Vol. iv., 
1883, p. 410). He finds that the period of an oscillation of amplitude 
(A J being small in comparison with A^G^) is approximately 



(2A,yo\ 2Ajy' 



(2A^ye\ 2A,o\ 

where F and F are the first and second complete elliptic integrals 
to modulus l/'v/2, so that, to three places of decimals, ^= 1*854 
^= 1'351. If we introduce the value of 6 given by 

~A, 2AV 
we shall have for the period the approximate value 

(1:854) n_ A 1 

(2i;)*^*L vAy 'J 
so that the vibrations will be very slow. 

Larmor's results will enable us to realize more easily the way in 
which a theoretical instability may be practically stable. For all 
systems with the same equation of motion may be regarded as dy- 
namically the same ; and the one with the above equation which 
is most readily pictured mentally is a solid of revolution resting 
on a horizontal table. The positions of equilibrium are found by 
drawing tangents from the centre of gravity to the evolute of the 
surface, and the position is stable or unstable according as the point 
of contact is above or below the centre of gravity. Now the evolute 
has a cusp, corresponding to the vertex of the solid, and the cases 
which we are at present discussing are represented by the vertical 
position being nearly neutral, or by the centre of gravity being on 
the axis, near the cusp ; in fact -4i is here proportional to the distance 
between the centre of gravity and the cusp. 
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Consider the state of affairs represented by the figure with the 
cusp downwards ; here the position of equilibrium with OC vertical 
is unstable, but those given by OP, OQ are obviously stable. If the 
distance GG is small, the unstable position OG is protected by the 
two flanking stable positions GP, GQ, so that the deviation of GO 
from the vertical cannot be much greater than the angle PGB. 
Such a position may be called theoretically unstable but practically 
stable. Similarly, the theoretically stable but practically unstable 
. case is represented by the second figure with the cusp upwards. 






[In these figures the distance GCis enlarged for convenience of drawing.] 

It will probably save misconception if I point out, once for all, that 
the reduction of the problem of oscillation about a state of steady 
motion to an oscillation about a position of equilibrium is only possible 
in the special case already discussed. For, although the energy- 
equation takes the form 

T'+-K:+F= const., 

whatever be the number of velocities which appear in T\ yet it is im- 
possible to obtain correctly any of the other equations of motion from . 
this form of the energies. For, to do so, we must return to the 
original Lagrangian function and modify it in Routh's way {StahiUty 
of Motion, 1877, p. 60, Art. 20) by "ignoring" the coordinates corre- 
sponding to the constant momenta. 

It will now be clear that the condition that (X+ V) should be a 
minimum of stability of a state of steady motion may not be necessary 
as well as sufficient ; this in spite of the fact that the minimum con- 
dition of the potential energy is necessary for the stability of a 
position of equilibrium,* whatever be the number of coordinates in- 
volved. 

• Liapnnoff, Liouville's Journal, 5th Series, t. m., 1897, p. 332. Kneser, Ci-elle'a 
Journal, Bd. cxv., 1896, p. 308; Bd. cxvm., 1897, p. 186. Painlev^, Comptes 
Rendus, t. cxxv., 1897, p. 1021. 
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The point that (K-\- V) r>iay be a maximum in stable motion is ' 
clearly brought oat by an example given by Basset (lac. cit. supi^a^y 
whose method of investigation differs somewhat from the follow- 
ing. The steady motion considered is that of a solid turning 
about a fixed point under no forces ; if we use Euler's angles and 

eliminate \j/ by means of — r = JBT, w^e can reduce T to the form 

T' + 4-H" V (^ cos'' v> sin^ -f 2? sin^ sin« -!- cos* 0) . 

Thus JS^ is a minimum when the rotation is about the -4-axis, and a 
maximum when the rotation is about the C-axis {A>B>G). Now, 
taking Euler's equations, we have 

iiwi— (^— (7) W3W3 = 0, &c. ; 

so, as usual, J-w^ + ^Wg-f (7wj = 2T^ 

where T, Q are constants. We suppose that initially Wj = w, a>i = v, 
Wj = 0, where v is small. Then we find 

{A-B)A{u?,^v') = (5-0) 0(u>^-.n*), 

{A-^B) Bi^\ = (A -G) G (n-wl). 

It follows that, in a real motion, n* > lOg, and so v* > wj ; thus (ri^ — Wg) 
is of order t'^, and hence w^ is of order v^. These facts indicate that 
Poinsot's polhode is a small closed carve round the end of the (7-axis 
on the momental ellipsoid, whose linear dimensions are pro- 
portional to V. Thus the state of rotation about the O-axis is stable, 
(at least ior path), in spite of ttie fact that K is then a maximum ; 
for by choosing v sufficiently small we can make the devi3,tion of 
the disturbed path from the undisturbed path less than any assign- 
able magnitude, however small. 

In exactly the same way we can prove that the rotation about the 
J.-axis will be stable (as it ought to be from the minimum-criterion) ; 
while that about the 5-axis will not be stable. In this case K is 
stationary, but neither a maximum nor a minimum. 

It seems possible, though I have no precise proof, that this may be 
capable of generalization. I have shown in another paper (p. 209 
of this volume) that the roots of Routh's determinantal equation are 
real in certain cases, provided that (K-^ V) is either a true maximum 

VOL. XXXIII. — NO. 759. z r^ I 
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or a true minimum ; but I do not think that the method can be 
extended so as to prove the complete stability. 

Solid with Helicoidal Symmetry moving in an Infinite Fluid, 
under no Forces, 

Here, with the usual notation, the kinetic energy is given by 

2!r = ^ (tt* + f") + C'm;* + P (/)* + 2') + i2r» + 2L (tip + V2) + 2^«;r + JT, 

where K is constant and depends on the cyclic constants in case the 
solid is perforated. The complete Lagrangian function then is given 

^^ L = T+aw + pr^2K, 

where a, P are constants and represent the linear and angular 
momenta due to the cyclic motion alone. 

Now let us form the corresponding Hamiltonian function H; then, if 

( = -—, &c., \ = -— , &c., 

OU Op 

we have 

2B'=2(ttf+... + A.p+...)-2L 



AP-U 



Eor brevity it will be convenient to denote the coefficients in this 
expression for 2H by A^, Pi, ..., so that 

A = ^/(^P-L«), Pi = P/(^P-L«), L, = L/(AP-L'), 

The equations of motion are now given by 

vy Ofj. 
z dE y^E , dE dE « 

A = 173-— (;3-+/A-5--v^, &o., 

of O17 OV Ofi 

which can be verified by using KirchbofE*s equations and substituting 
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from the known relations* 

These equations of motion can also be obtained from the general 
Hamiltonian equations of motion, which may be written 

where is a typical coordinate, and <ft the corresponding momentum. 
From the equations of motion (or from first principles) it follows 
that (, 7/, ^ is a vector fixed in magnitude and direction ; and let us 
take this direction as an axis from which to measure polar coordi- 
nates, so that we write 

and f = FcoB 0. 

Again, from the equations of motion, we have 

Xf+/Ai;+r^ = const. = FG, say, 
and H = const. * 

Now take the third of each group of the equations, and we find 

y=i(P,rj-L,fi)--rf(iP,i-L,\)+\(A,fJL^L,rj)-,.(iA,\-m)=0, 

Hence v=^onst., 

as proved by Clebsch (lac. cit., p. 249). We can now find an equation 
for 6 ; for we have 

e-\-'n^ = F^sin^O, 

H+fjifl = F(G-vcose), 

and so (\2+^2)(^2^^2) ^ (X^+/xi7)^+ (^-f^i)' 

^F'^G-v cos oy+(aAo\ 

or, since i = — ^ sin 6^, 

we have X'+M* = (G-v cos e)Vsin' 0-\- OyA]. 

^ These are known from the familiar relatioDs connecting the Hamiltonian and 
Lagrangian functions. See also Clebsch, Math. Ann., £d. in., 1871, p. 238, § 2. 

z 2 
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Thas, substituting in H, 

2n = P,F' sin* 0-2L,F (G-r cos 6)-^ A, (G-r cos ^)Vsin* 

-\-0'/A,-\-B, (F COB 6-ay-2N, (v--(S){FcosO-a) + G (vfiy. 

This equation is essentially the same as that found by Miss Fawcett,* 
who has effected the reduction to elliptic integrals. "We shall now 
apply this equation to the consideration of the stability of our solid 
when screwing along its axis through the fluid. 

In this steady motion 6 = 0, = 0, 
and so G = v» 

Let the disturbance be effected by making 6 = t\ when = 0; then, 
expanding in powers of 0, 

-i (-Pi^+J^ii^'-f EiF2)f^*H-higher powers of 0. 

Hence, according to the general theoiy already explained, the theor- 
etical conditions for stability are that 

lAy-^F[F,F-L,v^N,{y^p)^E,{F^a)]>0, 

and, in case this should be zero, 

\Ay-V{E,^F,)F'>0, 

The first of these is the one given by Miss Fawcett (p. 250, loc. cit.^ 
supra) who investigates it by means of the method of small oscilla- 
tions ; in the special case of a solid of revolution without cyclic 
motion, we have 

a = 0, ^ = 0, L=0, N = 0, 

and thus A^ = 1/P, Pj = IjA, L^ = 0, 

G, = l/R, B, = l/C, N, = 0; 

so the first condition reduces to 

y/F-^-F'il/A-l/G) >0, 



* Quart, Jour, of Math,, Vol. xxvi., 1893, p. 242 ; for Miw Fawoeit's purpose it 
was not necessary, as here, to express the precise value of $, so much as to find the 
general /orw for 0. 
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as was found by Greenhill ;* while the second is 

But the second is only to be used in case the first is zero, and so is 
always positive ; or the critical case is now stable, as in the top- 
problem. 

For practical stability, if the quantity 

be small, of the same order as r^*^ (p > 0), the stability turns on the 

If the second quantity is positive, the steady motion is practically 
stable, whatever be the sign of the first, provided it be small ; while, 
if the second be negative, the steady motion is practically unstable in 
like manner. 

In the case of the unperforated solid of revolution, since the critical 
cafee has been proved to b^ stable, the theoretically unstable motions 
which are near the critical state will be practically stable. 

Greenhill has considered at length (American Journal of Mathe- 
matics, Vol. XX., 1898, p. 1) the discussion of the motion of the 
unperforated solid of revolution by means of elliptic functions ; in 
particular (pp. 54-64) he considers the falling away of the solid from 
the steady motion in case the condition for stability is not satisfied, 
and shows that, if no disturbance is given, the motion is pseudo- 
elliptic. 

In the case of the top Klein determines the limiting angle of devi- 
ation from the vertical by means of diagrams ; this method has the 
advantage of exactness, but in the problem in hand there are a great 
many alternative possibilities which tend to complicate the investi- 
gation. We shall indicate the method briefly without going into full 
details. Take the equation giving 6 in terms of 6, and write 

tf = 0, costf = l— ic, v^y; 

then, for a given value of y, we have to find that value of x which, lies 
between and 2. This value of x will fix the extreme value of the 
deviation from the steady motion ; and so we should trace the cubic 

^^^® • f = 2maj.i-waj' + /a5/(2-aj), 

♦ Quart, Jour, of Math,, Vol. xvi., 1879, p. 256 ; Bnc^c. Brit., 1881, " Hydro- 
mechanics,*' pp. 466, 467. 
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where I z=z A\y\ n =z A, (Bi-Pi) F\ 

In Klein's case the quantity n is zero — a fact whicli considerably re— 
duces the number of types.* There is no difficulty in tracing the 
curve for any particular case ; one device is, perhaps, worth men- 
tioning. Since Z > 0, it follows that (y*— 2ma;— ««*) and x/(2—x) 
are of the same sign ; hence the plane is to be divided into regions by 
the conic y*—(2mx'i-nix^)=:0 and the lines ic=0, « = 2 ; then the 
carve is either outside the conic and between the lines, or inside the 
conic and outside the lines. 

In this way we find precisely the same results as those already in- 
dicated by the use of infinite series ; this provides a check on the 
accuracy of the former work. 



The Diatrihution of Velocity and the Forms of the Stream Lines 
due to the Motion of an Ellipsoid in Flvid, Frictionless or 
Viscous. By Thomas Stuakt. Communicated by Dr. J. 
Larmor, February 14th, 1901. Received, in revised form. 
May 17th, 1901. 

1. In the Quarterly Journal of Mathematicftj Vol. xxvi., pp. 70-74, 
D. Edwardes has investigated the motion due to an ellipsoid which 
is rotating with a small angular velocity w round a principal axis in 
an infinite mass of incompressible viscous liquid, and by an ingenious, 
though indirect, method he deduces the component velocities of tte 
fluid at any point, and hence the whole circumstances of the motion. 

We begin by developing a more direct method of treating this 
problem, by analogy with Oberbeck's solution {Borchardt, Vol. Lxxxi., 
p. 62) for an ellipsoid moving parallel to a principal axis, and the 
corresponding solutions in a perfect liquid. The results are readily 



♦ There are three types given by w = (one, for which I + im = 0, is not drawn 
by Klein), and 1 have found twelve others ; the discriminating quantities are the 
signs of (/ + 4«»), m, m, (« — ///), (« + w»). 
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extended to rotation round anj axis through the centre of the 
ellipsoid. 

Let the semiaxes of the ellipsoid be a, 6, c, and let 2vahcQ denote 
the gravitational potential at an external point of this ellipsoid, 
supposed of unity density, so that 

O = i iAy+ B,y'+ G,^)-H„ (1) 

where 

A -{' ^ n - f '^ n -{' # 



and 



A^ denoting \/(a'+^)(5'^+i/r)(cH»/r). 

When this ellipsoid moves in a viscous fluid, parallel to the axis 
of X, with a constant velocity, the pressure at any point is of the 

JTT 

form Oo^-^+/3o, where Oq and /?<, are constants (Basset, Hydro^ 

dynamics, Vol. ii., p. 274). If a sphere is rotating round an axis 
through its centre in a viscous fluid, the motion set up is such that 
the pressure at all points of the fluid is the same aud equal to the 
pressure at infinity. Again, in a perfect liquid, the velocity potentials 
for motion parallel to and rotation round the axis of x are respect- 
ively proportional to — - and y — z——. This sucfffests that when 

dx dz dy 

— of any function occurs in the linear motion parallel to x we may 
dx 

/7 /7 

have V -; z-r- of the same function in the angular motion round 

dz dy 

the same axis. 

The equations of viscous motion are, neglecting the products and 

squares of the velocities, 



\: ■ (2> 



^% 


=: 


J^ 
/* 


d\i\ 

dx 


T*"' 


= 




dn 

dy 


vV 


= 




dU 

dz) 
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and the equation of continuity is 

du , dv , dw 



dx dy dz 



Thus 



v-n = 0, 

and in the problem of rotation round the axis of x we may try for 
th(B pressure the solution 



dff, 

—z — - 
dz dy 



)■ 



where n^-is the pressure at infinity and K^ is a constant. H'ow 
^ dz dy A, Vr + A i' + A/ ^ (&'i-A) 



V^yz_ 



(5^-fA)(c* + X) 



= -^(&'-c») 



dydz' 



Hence 



n = n,-i^o(2»'-0 



dydz' 



The second term vanishes if the ellipsoid becomes a sphere, and 
hence 11 would be constant throughout the fluid, as it should be, in 
agreement with the result above stated. 
Expressing our assumption in the form 



where E^ is a constant, we have 



dydz^ 
d'Q A 



ix dy dz 

V\ = K — ^ 
dy^dz 

-3 ^ d^Cl 

V w =i K - 



(3) 



dyds^ , 

The particular solutions, involving O, of this system of equations, 
are evidently 

.jxn jzrt jzr% 

(4) 



dydz dzdx dxdy^ 



sigxu 



d'O, , n d^Q 



' dydz 



dz* 



(5) 
(6) 
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where a+/3 + y = ai + )3, = ag-h/?, =4^:. (7) 

To theBe values of w, v, w we must add terms from the solutions of 

vV = o, vV = o, vV = o, 

which make the results suit the surface conditions w = 0, v = — Wi^:, 
w = (Diy. The value of u can satisfy the surface conditions without any 
addition, but we add to the right-hand sides of (5) and (6) the terms 

7i — and y, — respectively, which satisfy V v' = 0, V w' = 0, and, 

at the surface, take the values suitable for the boundary conditions. 
The complete values of u, v, w then are 

u = ax --- 4-B — - + z ^'" 
dydz dzdx dxdy^ 

d?n , ^ d^n . dQ 

The condition «* = at the surface gives 

a'a-i-h'p-\-(^y = 0. (8) 

Again, v = —u>z at the surface gives 

and this requires ^ + -^ = 

^ (.* c» L (9) 

Similarly, w = itf,y at the surface requires 

6' <^ • -l. . (10) 

Prom (7), (9), and (10) we get 

_ _ Kb* .« _o _ -gc* ■ 

"'~°'~2(6*^' '*•"'*'" 2(6^-0')' 

r w^ Eb'B 1 _ e?L 4: ?«''^ 

^'~ Lc; ■'"2C(6'-c»)J' ^' £ "^ 2B (6'-cO ■ .„ r» 
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The eqaation of continuity requires 



dxdydz 



dif+">v"^"'^>' 



But /3, = /3, and a, = a, ; hence 



+ aaj- 



(2»n' _ 



This requires 

« = 0, ai+/3i + yi + y, = 0, /3 = ft, -> = a,. 
Now, if « = and /3 = /3i, we have, from (8), 

and, from (9), fe'/3i + c'a, = 0, 

and hence y r=: a^ 

Hence all the equations are consistent. 

From (11), we have Ti + ya = — i^, 
and, substituting values of y^ and y^ found above, we get 



= 0. 



(11) 



Hence 



and 



2..,(b'-c') 



y = a, = a, = -y. = ^,^-j^. 
Tljerelore the component velocities are given by 



c-y 



dzdx 



-Vz 



dxdyj 






n = 0-1 L 

^L ^ dydz dy\ dzJ 

r i d^Q , , cPO . , , <iO"I 
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or by the following scheme, showing clearly the analogy with 
Oberbeck's solution for motion parallel to a principal axis : — 



where ^i stands for 

and the mean pressure is given by 



' = ''-£ 

• = '.[^'-^f] 



(12) 



n = no-2/Kri(5'-c*) 



dydz' 



We now proceed to the general case of rotation about any axis. 
Let «!, Mj, «jj denote the component velocities of the fluid parallel to 
the axis of «, when the ellipsoid is rotating round the axes of a, y, z, 
with angular velocities Wj, Wj, w, respectively ; let Vi, r,, v, and 
M?i, Wi^ w^ have similar meanings. Then Wj, Vi, w^ have the values 
given by (12), and satisfy the differential equations 



V'w;i=-2(ri(62-c») ; 






and the surface conditions W| = 0, Vj = — w,2;, «?i = cDjy. 
Similarly, the solutions of 

vSt, =-.2cr,(c«-a») ^^ 



V*w?,= — 2(r,(c*-a*) 



dzd^^ 

dxdydz^ 

ds^dx' 
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— "'i_ 



subject to the conditions u^ = WjZ, v^ = 0, tv^ = — iii,a;, are 

dt/ 

where 0, stands for ( ah — cFx --) ; 

\ dx dz t 

and the solutions of similar differential equations for tt,, r„ w?,, 
subject to the surface conditions i*, = — wjt/, v, = Wjar, tPj = 0, are 



w?.= (r. 



where 
and 



/,j dn 2 dO\ 



0-8 ■ 



a'A^-h^B 



When the ellipsoid is rotating round an axis through the centre of 
the ellipsoid with an angular velocity w, made up of components 
<^i> «^2» '•'a round the principal axes, the component velocities at any 
point are given by the superposition of the above values ; for, if 



3 3 3 

u = 2w„ V = 2v„ w = 2t(?„ 
1 1 1 



then tt, V, w satisfy the differential equations 



V t* = 



dx 



signs 



dy 

V w = -^ 
dz 



(13) 
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where 

^ L ^ ^ "^ dydz ^ ^ "^ dzfiir * ^ ^ dxdyA 

and also the surface conditions 

u = ijj^z—(o^y, V = Wgaj — coi^?, ti? = w^t/ — w^x. 

But the equations (13) are the equations of motion, when 11 has 
the value 1X^4- /ij/r, which is the value that was to be expected from 
our previous analysis. Hence we have at any point of the fluid 



dU^o/2 do. ,2 r^Q\] 



' dyJ 
dn 5 dn\ 



where 



dU ^o ( 2 cl^ 2 dn\ 
dz \ _ ay dx I 



(14) 



The components of the differential rotation ^, rj, f are given by 



i = <riDQ-a} 



ri = (TgDO— 6' 



idX 
dx ' 

dX 
dy ' 



( = a^DQ—c^ 



dX 
dz ' 



^2 Ji J2 

where D denotes the operator a^ — -r +6*-r-i 4-c'— i: and 

//or^ dyi ^^ 



da? 



da; dy • dz 

The couple that must be applied to the ellipsoid, in order to maintain 
the motion, can readily be found by direct integration over the 
ellipsoidal surface. 

Letting N^, N^, N^ denote the three normal stresses, and T^, Tj, T^ 
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the three tangential stresses, we have 

dz 

with similar values for A^, and N^, Also 

Vaaj ay/ 

= 2 F— ^ H-a*ff — +cV -— -6V — -c*«t —1 
L(far(iy ' e^*' ^dydz ^ dy^ ^ dxdzA 

with similar values for T, and T^, 

Now, in the integral jjiHy—Gz) dS, where JB = ZTj + wTi + n^s, 
Q = &c., we may neglect all terms containing products and powers 
of X, y, z which are of odd degree, as these terms clearly vanish in 
the integration from symmetry. We have 

yH=y{lT,-hmT,-^nN,) 

+ <?(,,S,-„,.)|{g)|, 



id, d . d o ^ 
amce l^ -\-m - +n— = 2p — . 

dx dy dz d\ 
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2z- 



But -^ (^\ = - 1 

d\ \ dz^ J (c* i- A.) A, (c^ -h A) Ax 

and 

d (d^a\ yz r_o.„./_l 2 2 \1 

dk \dydzJ (6*+\)(c^ + \) A, L ^ Va'^ + X 6HA ^ c*+A/ J' 

with similar values for the other derivatives with regard to X. 

Retaining only the even powers and prod acts, we have 

p^ being the value of p at the surface ; that is 

Similarly, [^(J]^., = ^u^^V 

hence \[(,Hy-0z)d8 = -^{[p^{f^-i^)dS 

Thus the required couple has for its components 

This result may also be deduced in a somewhat different manner, 
forwehaTe dT, ^ dT, ^ dN, ^ ^^ 

dx dy dz 

and two similar equations ; hence 

ll(Hy-Gz)d8 = 0, 

the integration extending over the ellipsoid and any exterior surface, 
which may be taken to be a sphere whose radius is ultimately mp ' 
infinite. The values of the stresses at the spherical bounda^ 



Digitized by VjOOQ IC 



352 Mr. T. Stuarfc on the Motion of an [Feb. 14, 

easily fonnd from the previous analysis by making X very large, and 
on integration we find 

II (Ey-Gz) dS over the sphere = ^ir/io-i (5* + c*). 

Thus we get the same value for the couple as before. The usual 
method (though leading to correct results in this case) of writing 
down the limiting forms of the velocities when the distance from the 
origin is increased indefinitely and thence deducing the stresses by 
differentiation is open to objection, since the operations are not per- 
formed in their proper order and there is no a priori evidence to 
show that they are commutative. 

2. The equations of the stream lines due to the steady motion of 
an ellipsoid in a perfect fluid, both when moving parallel to and 
rotating round a principal axis, have been obtained in an integrable 
form by Clebscli {Grelle, Vol. Lii., pp. 103-132, and Vol. liii., 
pp. 287-292). He used Cartesian coordinates in his investigation ; 
while Mr. Herman {Quart. Jour, of Math., Vol. xxiii., pp. 378-384), 
who considers the same two problems, and also the case when the 
ellipsoid is in steady motion parallel to a principal axis in a viscous 
fluid, uses ellipsoidal coordinates. Mr. Herman deduces, in each 
case, two integrable equations and one corresponding first integral. 

The object of this paper is to show that by a proper combination 
of Cartesian and ellipsoidal coordinates we can deduce both the first 
integrals in every case. The case of an ellipsoid rotating round a 
principal axis in a viscous liquid is also treated. 

With the same notation as in § 1, let -4, J?, (7 denote the values of 
Aj,, Bj,, (7x respectively when X is zero, X denoting the positive root 
of the equation ^j 2 ^a 

^M^"^6^x"^?+x~ • 

We have also - = J^or, -— = Bj,y, —-— C^z, 
ax ay dz 

and ^^4.jj^+C\ = |-. 

The velocity potential due to the motion of an ellipsoid in an infinite 
liquid, when moving parallel to the axis of x with velocity F, is 

^ B-\-G 

aincfc-.Q(j^ Hydrodynamics, Vol. i., pp. 141, 142). 
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Hence the di£Eerential equations of the relative stream lines are 

dx ^dy _ dz 

d<f> y d<l> d<l> 

dx dy dz 

that is, 

d^ dy dz 

where pi is the perpendicular from the origin on the tangent plane 
to the conf ocal whose primary semiaxis is v^a' -f- \. 
Each of the above expressions 
_ dx 



a^ + \ _ dK 



^ xdx dX. 
since 2--— = -— 

ar+A 2jpj 

Hence 

dy dz 

y _ z _ —d\ _ ^d\ 

ib^+K)A, (?+X)^ i^+O+A ^^ 

Ijetting 6i}, denote B-\-G — B^^—Gx, then, since 

dO,^( 1 . 1 \ 1 
d\ \6-+A c* + A/Ax' 

behave ^ + ^ + 1 ^x^;, ^ 0. 

y z e^ dX 

Integrating, one first integral is 

' yj5 [5 + C — Bx — Ox] = constant, 

that is, j,.|^^(^^+^)^= constant. 

This is the first integral given by Mr. Herman ; the present method 
shows that it is the product of the integrals 

f* dk 

ye^^^^+^>^x^^ = constant, 

/•* d\ 

^^Jx(c-+A)Ax(»x= constant. 

VOL. XXXIII. — NO. 760. 2 A 
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By squaring and adding these, we get the integral that corresponds 
to Stokes' current function in the case of a sphere, viz.. 

The velocity potential, when the ellipsoid is i-otating round Oir 
with angular velocity itf, is 

4> /rag r^C'S 

where K denotes A-\' '' ^ ^ — - . The difEerential equations of the 

— c 

relative stream lines are 

dx dy dz 

dip d(u dip 

dx dy dz 

that is, '^ = ^1^ 

zdz 






Each of these expressions 

xdx 



S 



a^4-\ 



2 (fc'-^-r) 



■^^;S^^-^^^^^^^^(v^^ 



d\ 



Denoting (6'--cO( — -^) -^(h^+c'+2\)(B^-G,) by G,, we have 

dx _. (&'^~c-) d \ 
X (d'-hk)^~,G^' 

Thus xe J^ ^^+^>^x^x = constant 

is one first integral. A second integral cannot readily be found 

Digitized by VjOOQ IC 



1901.] Ellipsoid in Fluid, Fridionless or Viscous. 355 

directly ; but, observing that at a great distance from tbe origin the 
stream lines are circles, being the intersection of the planes x = con- 
stant with spheres having the origin for centre, we are led to assume 
as another integral 

a?e (A.) + 2/V W +^'A W = constant, 
where ^, ^, and ;// are unknown functions of X. 
To justify this assumption, we must have 
2 [xS (X) dx-{-y4i (X) dy-^z\ff(\) dz] 

+ [^6' (X) +2/V (X) +i5^.A' W ] ^X = 0, 

when dx, dy^ dz, d\ have the ratios given by the difEerential equa- 
tions above. 

Remembering that 

1 _ a^ + f +. ^ 



we get 

^^^ H(6HX)(c«+X)Mx 

+ (bHXKV+A) [«^«'(^)+3/V(x) f ^f (X)] = 0. 
Here the coefficients of x\ y^, ^ must all vanish. This gives 



l4^['-^+('^+^)(«-^^+^] 



2 A 2 
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+ '^^^ [^^ + (6«+X)(5.-a-^] +f ' (X) G. = 0. 

Putting "^W=^ "^^d ^(^) = J+X' 

we easily find that the last two equations become 
(<^i-fi)(Bx-C7,-X) = ^G„ 

Adding, we obtain 

2(B.-a.)(<^-^,) = (f^f)«. 

Hence *^=^ _ 1 [^ + ^!r:^l 

Integrating, we have 

/■x (&8-fia)(?.A 

where -A^ is an arbitrary constant. Hence 

^ = 2 (B,-C,-JS:) fl,, 

px (?)«-c«)rfA 

where flx denotes g-'o^^^+^^^x^x^ the arbitrary constant being supposed 
absorbed in the integral. Hence 

Digitized by VjOOQ IC 



1901.] Ellipsoid in Fluid, Frictionless or Viscous. 357 



Substituting the values of ^ and ;//, i.e., of -f-^— and -J^ , in the 
first equation above, we get, since "^ "^ 

1 dH^ ^ &^-c' 

<A J3, dK ' 
+ 2K{{B^-^G0(h'+(^+2\)-K(b'-'(^]jHd\] 

Hence AjHlOiX)] 



fl' 



= (^X) [{(fix-0.)(6»-c»)-Jir(6'+c'+2X)} 
Integrating and dividing across by H^, we get 

Also ^ (\) = ^ [(?,fl,-2ii: r Sdx] , 

Thus the second integral is 

x^O (X) +2/V (\) +2*«A (^) = constant ; 

0, 0, and i/^ having the above values ; and the limits of the integrals 
having been so chosen that when A is indefinitely increased our 
second integral becomes a sphere, and when zero the ellipsoid 
itself. 

If an ellipsoidal solid is moving parallel to the axis of x with 
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velocity V througli a viscous incompressible fluid, the component 
velocities at any point of the fluid are given by 






dH. . ^ d*n \ 



K 



^ dy dxdy)^ 

\ dz dxdzJ 

where /3=-ia' and « = ^^g^- 

The differential equations of the relative stream lines are 

dx dy ^ dz 

u—V V w 

Substituting and reducing, we get 

dx 



H,-H+^(A-^)+--, 



p;^' 



dy^ dz 

A V\xy "" X P^^xz ' 

(a^ + X) A, (6»+X) (a«+X) A, c« + X 
Each of these expressions 

^ xdx 



^a4x[^-^+f(^-^>+rJ 



^X 



dy dz 

y __ z __ dk 



^^ (^^ 2[h.-H+|-(A-^)+A] 



Hence 

(6' 

and we have 

/_1_ 1 \kdk 

dy,dz_ UhX ?+X/ A, _. ^ 
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Integrating gives 

yz^2(H^-H)'^a' (A-^)+ ^} = constant, 

that is, yz { r (-2^ "^ ^) f^ " r } "^ constant. (15) 

Letting 0^ denote 2(Hj,—H)-\-a^(Aj,—A)-\' — , we have also the 
pair of first integrals ^ 

yj' (^+A)AA ^ constant, 
^^Jx (.^+x)AA ^ constant. 

The equation (15), which assumes a simple form, is clearly the por- 
duct of these integrals. Neither of them, however, separately admits 
of further reduction, unless the ellipsoid is one of revolution. 

When the ellipsoid is rotating in viscous incompressible fluid, 
round the axis of aj, with small angular velocity w, the component 
velocities at any point, parallel to the principal axes of the ellipsoid, 
are given by (c/. § 1) 

(h^-'C^)p'\y^z 



where 



h'B + c*G' 



The differential equations of the stream lines, relative to the moving 

solid, are , , _ 

ax _ ay __ dz 

u v-\-iaz w — (oy 

that is, 

dx • dy 

a! (P+X)n^q:x)A;- l^ ^^^^ ^*- 7 J * 

dz 
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Each of these expressions 

^ xdx 

_J^z:^)j±_ i fe>^ . ,«o - -^ + ?^] 



and also - <^dx+ydy-tzdz 

-_2p;ya(6'-d|)_- 
(6'+X)('c'+X)A, 

Hence, removing common factors, 

a! _ xdx+ydy+zdz dX 



Bnt ^ r6'B.+c»0.- -"-_ + ^] = _ ^. 

aX L o- Ax J (a*+X)Ax 

Thus one first integral is 

X VBj, + c^Cx — -^ H = constant, 

L <r AxJ 

The other first integral is evidently 

«'+y'+«'+2 r --. ^^ — . = constant. 
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Factorisahle Twin Binomials. By Lt.-Col. Allan Cunningham, 
R.B., Fellow of King's College, London. Read and received 
February 14th, 1901. 

[The author is indebted to the late Mr. Chas. E. Bickmore for advice in preparing 
this paper, and also to Mr. H. J. Woodall for reading the proofs.] 

Notation. 
All symbols used denote integers, 
a denotes any odd number, c denotes any even nximber. 
iV denotes the number proposed for factorisation. 
ji, D denote the Numerator and Denominator of the fraction jl -4- 2) = iV. 

1. Binomial Forms. — The functions 

*t = ^x*+vY*, *i = /x'*+v'r'*, (1) 

wherein^, Y carry the same exjponent (k), are here called Binomial 
Forms, or (for brevity) simply Forms, of order k. When two 
Binomial Forms (^f„ ^k) of same order (k) are (numerically) equal, 
but not identical, they are called Ttvin Forms. 

la. A form (<f)k) which is numerically = 1, is called a Unit-form* 
(</»;t = 1). Twin Forms ($*, <^i) which are interconvertible by meret 
multiplication by one of their Unit-forms (<^t = 1) — [i.e., which are 
such that *i = ** • </>* identically^ — are called Automorphs. Twin 
Forms (4>i, <l>i.) which are non-automorphic are styled Non-equivalent 
FoQ"ms. 

2. Working Condition. — The following working condition is assumed 
throughout, saving much detail, without any real loss of generality, 

Each of the pairs (/x, y), (ji, F), {y, X), (X, F) is & prime-pair, (2) 

i.e., the two members of each pair are mutually pHme. 

3. Derivation. — When a number N is expressed in Twin Forms 
4^4, <E>i, so that j^^^^^^j;^ 

* Unit-forms can exist only when the product fiy is negative. They are common 
in quadratic forms, e.g., 3.92—2.11*= 1, 6^—6.22= 1; but less common in 
higher orders, e.g., 47 . 23-3 . 6^ - 1, 43 . 23-7^ « 1 ; 3«-6 . 2< = 1 ; &c. 

t E.g., ♦a =* ll'-6 .2», *2 = 31»-6 . 122, &c., are Automorphs ; for ♦a • ^ == ♦i 
identically, by the Rules of Conformal Multiplication, taking ^ = 6'— 6 . 2'-* « 1 (see 
the author's paper ** On Connexion of Quadratic Forms,** Froc. Lond. Math. Soc., 
Vol. xxvm.. Art. 6, 9). 
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where ^,=^' + ry\ <E»i = /a^'* -f ^y *, (3) 

it will now be shown how to express it in tico ways in the form 
^ = iP -4- D, where |p, D are each Binomial Forins of order k. This 
process is styled* Derivation. 

Method i. — Suppose /i, fi' to contain the common factor ^o» ^.nd v, v 
to contain the common factor v^ so that 

but so that /iQ, V(, are a prime-pair. (4) 
Then, by (3), (4), 

Ih^^^rilhi = !i2^!r ?il^l' = irUeger = D (suppose), (5) 

f fk / k , k\ k / f fk . f fk\ 

and JV' = ^ ^ (m^^ -h ry ) _ /x a^ (/ia; -f-vy ) 

/ /it A 



(6) 



Method ii. — Similarly, if ^', v contaii^ the common factor /u^, and 
v\ fi contain the common factor v^^ so that 

but 80 that /i^, Vq are a prime-pair, (4a) 
then, by (3), (4a), 

f fk k k f fk 

f^ — II!!lL = gi ^ — ^ly _- integer = D (suppose), (5a) 

and, by steps similar to those used in Method i, 

Thus, it has been shown how to transform a number N when ex- 
pressed in twin forms {N = ^^ = <E>i), into the form ^ = ft -=- D in 
two (alternative) ways ; but, inasmuch as the results (5), (6) differ 



♦ This process (as applied to quadratic forms only) has been described under this 
ime name in the author's paper *♦ On Connexion of Quadratic Forms," Art. 24. 
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from (5a), (6a) only in the interchange of /a£C*, vy^, the two methods 
differ only in notation, and it will suffice to consider only one of 
them, say Method i. 

4. Lemma (on factorisation). — If 

N = ^-, (7) 

and if also J? = L.M, where L, M each > 1, (8) 

then N is hereby usually resolvable into two factors, (8a) 

except only, when one oi L, M = D, or = a factor of JD. (86) 

4a. Similarly, if jj = L^.L^.L^, where Lj, L^, L^ each > 1, (9) 

then, N is hereby usually resolvable into three factors, (9a) 

except only, when one of Lj, L^, I/g = D, or = a factor of D, (96) 

and this procedure may obviously be extended to the case of more 
than three factors. 

5. Factorisability. — The chief condition of usage of twin forms in 
factorisation appears to be — 

The twin forms (<>*» ^*) must be non-equivalent. (10) 

6. Factorisable Forms of JJ. — In order to confine the investigation 
within reasonable limits, it is proposed to consider only such twin 
forms (<E>A, ^[) as are so related as to yield the simplest factorisable 
form of the numerator J? of the derived form (J? -r- D) obtained for N 
by Art. 3. • These may be arranged in six classes, defined by the rela- 
tions between the coefficients (/ia, v, ft', v'), styled as follows : — 

♦a, ♦* are Isomorpha* when /tt = /tt', v = y' ; Antimorpks* when fi ^ [Xj v ——i/, 

♦*, ♦* are Conformals* when fiv = jxv ; Anti-confonnals* when /uv = — /ttV. 



♦*! ♦* are Qiiasi'ConformaUf when ^ « ( _^ ) ; 

/iV \ m f 

Anti-qttasi-conforntalsf when ^ = — ( --- ) 



These will be found to lead to certain forms of J? which may be all 



* This corresponds to the nomenclature originally suggested for quadratic forms 
in the author's paper on ** Connexion of Quadratic Forms." 
t New terms suggested by the previous terms *. 
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included in the general type 

jg = Z*-j . r*, where j = ± 1, (11) 

which is well known to be always (algebraically) factorisable, except 
when y = — 1, and A; = 2* (c> 0). 

7. Isomorphs and Antimorphs (<E>jfc, <E>t). — These are the simplest 
general forms, leading to the simplest factorisable form (11) of J?. 
They are defined by writing in Art. 3, 

M = / = /^o> " =y = ^ ; where ^ = db 1, (12) 

giving fi, = fji{ = 1, vi = 1, r[ =j = db 1, (12a) 

^, = ,i,x'-\-v,y\ ^i = /ioaj''+>o/; [^ = ^* = <^*], (13) 

Ik k h . ,k 

D = ?_=^ = J^JI^iL = integer, (14) 

» = (a''y)*-i (««/')*. (15) 

which is of the general form required (11). 

It is proposed to consider in detail only the simpler, and more 
interesting, forms given by A; = 2, ^* = =fc 1, and by A; = 3, j = — 1 
(Arts. 8, 9, 10). 

8. Isomorph Quadratics (<E>j, ^2). — Take 

Jc = 2k (any even number), j = + 1, (16) 

giving 4>.^ = fJL.x'^ + y.y'', ^i. = Moa5"' + i'o/^ [J^ = ^2. = ^Ll (17) 

' /2ie 2k 2k /2x 

D = ^_jr.^ = IL.'ZJL. = integer, (18) 

^0 Mo 

g; = (x'yy^—ijty)^, a difference of squares. (19) 

Here the twin forms (^2jc? ^2*) are isomorph quadratic forms, a case 
known* to be always factorisable (when ^^^^ <E>2k are non-automorphic). 



* (1) Euler, Comment. Jrithm., Petropol., 1849, t. 11., Paper 59. The proof is 
limited to the case when fjiQi/Qia + ; x, xf both odd, or both even ; y, f/' both odd or 
both even. 

(2) Legendre, Theorie des Kombres, 3rd ed., Paris, 1830, t. i., Art. 236-240. The 
proof is limited to the case when fiovo^ + » (more general than Euler's). 

(3) These restrictions have been removed in a (verbal) communication by the 
present author to the London Mathematical Society {Proc., Vol. xxxn., p. 164). 
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Examples.-^In (1), fiy is + ; in (2), /ui/ is - ; whilst (3) illustrates a failure 
under Rule (10). 

(1) Given iV^ =r ♦^ = ♦J « 40991 ; ♦j = 5 . 542+ 11 . 49-, ♦i = 5 . 782+ 11 . SP ; 

Here i) = I?!;i^ - ^?!r^ = 12 . 24 ; jl = (78 . 49)2-(54 . 31)2; 
therefore 

ji = (3822 -1674)(3822 + 1674), and iV= ^ - ?llil.^l?5 « 179. 229. 

(2) G'ivm iVr = ♦j = ♦a = 817 ; ♦j =- 3 . 172-2 .52, ♦2 = 8. 252- 2 . 23^ ; 

Here D = ^^^ ^ ^Ir^ 12.14; ji = (25 . 5)2-(17. 23)2; 

therefore jl = (125-391)(125 + 391), and iV^ = *- = 3^?^JL^ = 19 . 43. 

(3) Given iV^= ♦a = ♦i - 817 ; ♦j - 3 . 172- 2 . 5', ♦J = 3 . 652-2 . 77* ; 

Here D ^ ^^!^}J! ^ ^Izpl 2.984; ^ = (65 . 5)2-(l7 . 77)2 ; 

therefore fi ^ (325- 1369)(325 + 1309), and iV = -^ = :^^1: ^^ . 817 ; 

Here the process /ai& to factorise K, although If ib composite (— 19 . 43), in conse- 
quence of Z = —984 being a factor of D [see Rule (8*)]. This indicates that the 
data are unsuitcible under Rule (10) ; in fact ^2« ^2 ^^^ Automorphs ; for ^2 • ^2 = ^2 
identically by the rules of coiiformal multiplication, taking ^5 = 52— 6 . 2' = 1 (a 
unit-fonn conformal with ♦j^. Compare Ex. (2) above, where the factorisation of 
the same number N aueeeeds, (the forms ^^, ^2 being non^equivalent), 

9. Antimorph Quadratics ($2, ^i). — In Art. 7, take 

^ = 2, i = -l, (20) 

giving 4>,=:^x'-\-y,y\ ^2 = Ho^''-roy'' I [^ = ^, = ^2]. (21) 

Therefore D = ^^^^ = ^^±^' = integer ; (22) 
therefore 

g = (aj'2/)H (V)' = {x'y+xyy--2xyxy (23) 

= P*— Q*, a difference of squares, when 2xyx'y' = Q*. (23a) 

The condition (23a), that ^ shall become a difference of squares, 
may be satisfied in sixteen principal (quite simple) ways, which fall 
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naturally into four classes, eacli of four cased, as in following 
scheme : — 



Class... 


I 


n 


in 


IV 


Case... 


1°, 2°, 3°, 4° 


6°, 6", 7°, 8° 


9°, 10°, 11°, 12° 


13°, 14°, 15°, 16° 


X = 


X, 2/, f/, X 


i\ 2/, {2, a: 


2|2, i« , a; , 2/ 


2i\ |«, |2, ^2 


y = 


y, x', 2:x/, y 


y, V\ 2x\ „2 


y , ^ , 2V^ „' 


^S V' , 2V^ „2 


x'^ 


2y, ^, ^', y 


2y, r, ^', r 


y, ^, l'',2r 


r, I's r,2r 


/= 


Xy /, /, 2a; 


V^, y', VS 2a; 


„'2, 2V3, a: , y' 


„'«, 2V^ V^ r,"' 



A brief detail of each Case (1°-16°), showing the values of <E>2, ^2^ ^ 
(in two forms), and §,, is given in the table below. 



Class. 
Case. 


♦2 ♦a 


i> 


« 


1° 
I '° 

4° 


4"oy'' + »'(/^ /U(,a;'«-voy'' 
/Ao^^ + ^oy' » /"oy*— 4i^oa;2 


(4y«-a:a)/vo = (y2 + a;2)K 

(y2-^^K = (y?+4a;«)K 


4y4 + a:* 
a^4 + 4y/4 

4a;'4 + y'4 
y^ + Ax^ 


5° 

8° 


^iUo/^ + vorjS /iol'^-voy'^ 


(4y2-^)K = (y^+V^)K 


(f^J^ + V* 
(rt?)* + 4a;* 


9° 
12° 


A*oa;2 + 4yo7?S /iol'^-voar* 
/^y'2 + »'o'7S ^/iol'-^-Voy'^ 


(4r^-y'»)/''o-('7^+y'^/A^ 


y*+4(|V)* 


13° 

14° 
IV 
^^' 15° 

16° 







It will be seen that the binomials <E>„ ^2 take particular forms in 
•each class, 

I. Quadratic; II., III. QuadraHeo-quartie ; IV. Quartie; 
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whilst the final ^ takes the same form in all. These values of ^ may 
be all included in the form, styled* Bin-AunfeuilUan, 

2Sr = Z*+4Y*, (24) 

whose factors are known* to be 

X=(X-Y)2+n M = {X+Yy+Y\ (25) 

Examples. — [The mimbering (1°, 2°, &c.) is that of the Case referred to.] 

1°. Given N= ♦g « 4^ = 221 ; ♦2 = 5. 32+ 11 . 42, *2 = • 82-11 . 32 ; 

Here i) = ?^ Til' = l!±i! = 5 ; *=4.44 + 3- 

11 5 

therefore ^ = (12 + 42)(72 + 42) = 17 . 65 ; and iV = VLll = 17.13. 

5 

2°. Given iV= ♦g = *2 = 481 ; ♦j = 10 . 22 + 9 .72, *.2 = 10 . 7^-9 . I2 ; 

Here i) = I^ = Z!±l ' = 5 ; ^-7^ + 4.1*; 

therefore ^ = (62+ 12)(82+ 12) = 37 .65 ; and iV = ^1^1^ = 37 . 13. 

5 

2,°. Given JV= ♦j = ♦z == 205 ; ♦2-13.1^ + 3.82, 44-13.42-3.12; 
Here i) . i!zd! = 8-M 2 ^ , . ^^,.,.^1.^ 

iSL-(32^42)(o2 + 42) =25.41; iV = ?^^ = 5.41. 

5 

4.''. Given iV^ = *2 = ♦i -= 493 ; *2 = 13 . 22 + 9 . 72, 4^ = 13.72-9.42; 
Here i) = 7!z^ = 1^2 ^ ^ . ^^74 + 4. 24; 

therefore i^ =- (5' + 22)(92 + 22) = 29 . 85 ; iV = ^^-^ = 29 . 17. 

5 

b"". Given JV=#2 = *2 - 1937; *2 = 10- 3^+23. 7^, *J = 4 . 10 . 72-23 . IS 

Here 2, = -i..^ _ ZLtl^ = 5 ; ft-4.7^^3- 

therefore i& = (42 + 7=)(102 + 72) = 65 . 149 ; and iV = ?5^ili « 13 . 149. 



* Bin-Aurifeuillian ; a name given to the function {X^-¥^Y^) in the author's 
paper ** On Aurifenillians " in Froe. Lond. Math. Soc., Vol. xxix. ; its properties 
Are there studied. 
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ff". Given iV« ♦j « ♦« « 493 ; ♦a = 4 . 13 . 1^ + 9 . 7», ♦a = 13 . 7«-9 .2*; 
Here 2, = T!^-.!! - Z!^ = 8; #=74 + 4.2- 

therefore $ « (52 + 2»)(92+2«) « 29 .86 ; and iV= ^?^- - 29 . 17. 

5 



13°. Given y^ #3 « #5 - 12017 ; ♦j = 4 . 146 . 2* + 33 . 3S *i ^ 146. 54-33 . 7* ; 
Here 2,-81:^^=8^^-17; 0= (6. 3)* + 4(2. 7)«; 

therefore 
S« (12 +142)(293+ 142) = 197.1037; and jy- « -^ - i^^i^l^ ^ I97 61^ 

10. Antimorph Guhics (^„ ^J). — In Art. 7, take 

A; = 3, i = -l; (26) 

giving ^, = fio«*+i'o2/S ^J = f'o''«''-''o2/"; [JV = <^s = ^a, (27) 

therefore D = = ^ — ^ = integer, (28) 



i: = (a5'2/)'+ (a^y')' = ^8 -A, «t*i?p(w?e, (29) 

where F^ = aj'y +V, i, = {(x'yy+ (xyy] -^ (ajV+^'). (30) 

Then ^.^ix'y+xyy-Sxyx'y' ' (31) 

= P^— Q^ ^ difference of squares, when Sxyx'y' = Q*. (31a) 

The condition (31a) that <^j shall become a difference of squares may 
be satisfied in sixteen principal (quite simple) ways, falling naturally 
into four classes of four sub-cases each. 



Glass... 


I 


II 


III 


IV 


Case... 


1°, 2% 3°, 4° 


6% 6°, 7°, 8° 


9°, 10°, 11°, 12° 


13°, 14°, 16°, 16° 


X = 


aJ, 3/, y', a; 


CS 3/, |2, ^ 


3|2, P, a;, / 


3P, P, ?, |« 


y « 


y, a;', 3a?', y 


y, ^^ 3^, V2 


y. a:', 3ij2, ^2 


^», r, 3,2, ,= 


a/- 


3y, a/, a;', y 


3y, C^, a;', •|'2 


y, a:', r^ 3|'2 


r, r^, r,z^ 


2^= 


^, /, /, 3a; 


„'2, /, ^'a, 3:r 


^^3v^ ^, y' 


V^ 3,^ ,^ ^-2 



A brief detail of each Case (1°-16°), showing the values of %, <>J, D 
(two forms), and JC is given below. It will be seen that the binomials 
<>„ <>3 take particular forms in each class, viz., 

I. Cubic; II., III. CubO'Sextie; IV. Sextie, 
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whilst the final ^ takes the same form in all. These values of ^ 
may be all included in the one formula 

i: = X« + 3».r« = i^,.^„ suppose, (32) 

where F, = X^+Sn ^3 = (X«+3» . Y') -^ (X'+SY'), (33) 

the factor ^^ being what is styled a Trin-AurifeuilUan ;* whose 
factors are known* to be 

L = X^-3Xr+3r = F.-SXY, M = Z^+3Xr4-3r = 2^8+ 3xr. 

(34) 



^ Si 



D 



I, 



II, 



III 



IV, 






(ar'3-. 33^'3)/^^ = (a^s + y/3)/^ a:/6 + sy r. 



/V^ + ^oVS ftol'"- 3^0^:3 



9° 
10° 

12° 



33^ + K03/3^ /loy3_yjj^/6 

/uoy''+»'o'?S33//or'-»'oy'' 






(33y3- |6)/^0 = (y' + ^'«)//*0 33y« + (|„')6 

(r-3y>o- w+z^Vmo I (?'?)'+ 3y« 

(^«-^)K - (V« + 33a;3)/^ (^/^)6 + 33^6 



(y»-33{6)/,.o = (y*+V«)/>*o 

(r-^)/''o-(3V + ^)/Mo 

(33|'«-y'3)/^^=(^6 + y/S)/^ 



y6 + 33(|V)« 
«'^ + 33(|V)« 
3S(|'T,)6 + a;6 

33(4'^)6+/6 



(I'«-33^«)/vo=(t?« + V«)/mo 
tt'«-|«)/''o-(^«+3V'')//uo 
(r-i*)K-(3V + V«)//io 



(^^)«+33(|V)« 
3M|'t?)«+(|V)« 



It will be seen that ^ has been resolved into three fa<;tors, 
Jt = i^8 . iy . if , and that N itself is therefore also usually hereby re- 
solvable into three factors (Art. 4a). 



♦ Trxn-AurifeuiUian ; a name given to the function (X« + 33r») + (Z' + 3 F^) in the 
author's paper << On AurifeuiUians " above quoted ; its properties ore there studied. 

VOL. XXXIII. — NO. 761. 2 B 
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JSxample8,—lThe numbering (1°, 2% &c.) is that of the Case referred to.] 

r. Given iV^=#3-#J=r 2821; ♦3 = 5.23+103.33, ♦5 = 33.6.38-103.23; 

Here D = (±L^h:^ ^ ^^ ^ 7 ; ^ = 33.36 + 26; ^s « 3. 3^ + 22 - 31 ; 
103 5 

therefore 
1^=31(31-3. 2. 3)(31 + 3. 2. 3); and iVr = ^ = ?i^^^ = 31 . 13. 7. 

2°. Given JV = ♦j = ♦J = 142861 ; 

♦3 = 33. 143.13+139.103, ♦J- 143.103-139. P; 

Herei> = ^5!^'^' = l^^«7; ^«106 + 33.16; ^3-102 + 3.12=103; 
139 14o 

th'^refore 
i^= 103(103-3. 10)(103 + 3. 10); and iV« ^^ = l?ii-^- ?^-^ = 103. 73. 19. 

5°, Given JV = ♦a = ♦J = 60277 ; 

♦3 = 27 . 1«+ 482 . 53, ♦$ = 33 . 27 . 63-482 . 2^ ; 

Here J) =. ^1^-^p^ =^ ^^ = 7 ; &, = 3K 5^+{l,2)^; F^^Z . 5^ + 2^ ^ 79: 

therefore 
ift = 79(79-3.6.2)(79 + 3.5.2); and iV = -^ = ^?^-^^^-i5? « 79 . 7 . 109. 

9°. Given JV= ♦g = ♦J = 689791 ; 

♦3=33.323.16 + 310.133, ♦'3=323.133-310.26; 

Herei) = 15!r^l- = i^±?' = 7; ^ = 136+33(1.2)6; J^-j = 132 + 3. 2^ = 181; 
olO oZo 

therefore 0> = 181 (181-3 . 13 . 2)(i81 + 3 . 13 . 2) ; 

and ^^|.^181.103.259^,3,^Q3 3^ 

13°. Given JV= ♦, = ♦g = 21679 ; 

♦3 = 33 . 61 . 16+313 . 26, ♦J = 61 . 46-313 . 36 ; 

^^""^ ^ " ^'"^13' ^' ^ ^^' = ^^ » it = (4 . 2)6 + 33(1 . 3)6, F^ - 82+3 . 32 = 91 ; 
therefore 

i^-91(91-3.8.3)(91 + 3.8.3), and iV = -^ = ^i^ii^^-M? - 7 . 19 . 163. 

x/ lo 

11. Quasi-Gonformals, and Anti-Quasz-Gonformals (^a, ^i).: — These 
are the next most simple general forms {^k, $i) leading to the simplest 
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factorisable form (11) of ^, They are defined by writing in Art. 3, 
fi = n''.fiQ, v = m^.vQ, fx'zzzmy.fiQ, v^j.n^.r^-, where j=±l, 

(35) 
with the conditions Z^+y = a + ^= k, (36) 

Then ^, = n''ix^.x''+m\.y\ ^i = w>o- «'*+;• A- y*. (37) 

= {mx'yf-j{nxyy, (39) 

which is of the general form (11) required. 

The forms ^j, <^* of (37) are seen — ^by (36a) — to be Quasi-conformals 
when y = + 1, and Anti-quasi-conformals when ^* = — 1 (Art. 6). 
These forms (37) include both Conformals and Anti-conformah (Art. 6), 
when A; = 2k ; for, writing 

/v = 2k, a = )3 = y = a = ic in (35) 
gives /xv = ± fiv\ (40) 

It is proposed to consider only the simpler, and more interesting, 
cases, given by A; = 2, J :^ ± 1, and by A; = 3, / = — 1 ^ Arts. 12, 
13, 13a, 14, 14a). 

12. Gonformal Quadratics ($2, $2). — In Art. 11, take 

A; = 2k, a = )3 = y = a = k, j = + 1, (41) 

giving /I = nVo, y = mV,,, /u' = mVo, »'' = ^""o ; (^2) 

whence /ii' = {mny ft.^v^=z /y^ the condition of conformality, (42a) 

Then ^2ic = nfto.aj -|-m y^.^/ , ^2k =^ rn fj^.x -hn v^.y , (43) 

fC /2«c K 2ic «c 2k «c /2k 

^ ^ mar -n^ ^ my ^n y ^ .^^^^^^^ ^^^ 

g = (mx'y)^~-(nxy)^, a difference of squares. (45) 

Here the twin forms ($2^, ^2*) are conformal quadratic forms, a case 

2b2 
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believed* to be always factorisable (when ^o^, ^it are non-auto- 
morphic). 

Examples. — In (1), /uv is + ; in (2), /tv is — ; whilst (3) illustrates s. failure xtoAqt 
Rule (10). 

(1) Given iT = ♦a « ♦J = 6989 ; 

♦, = 3 . 43 . 12 + 5 . 7 . 142, 4*2 = 6 . 43 . 42 + 3 . 7 . 132 ; 

Here 2> ^ 5 .42-3 . 12 ^ 5. U---3 . 132 ^ ^^ . ^ » (5. 4. i4)2_(3. 1 . 13)2 . 
7 43 

therefore j^ = (280 -39) (280 + 39) ; and ^ft = -& = "^^^ = 241 . 29. 

(2) Given iV" := #2 « ♦J « 2501 ; 

♦2 = 3.7.112-5.2.22, ♦J = 5. 7.112-3.2. 172; 

Here D ^^ ' ^^^J"^ ' ^^'^ « ^ ' ^'~^ ' ^^^ = -121 ; j^ = (5 . 11 . 2)2-(3 . 11 . IT)'; 
therefore i^= (110-561)(110 + 561); and ^^^ ° ~-ll ' 11^ =41.61. 

(3) Given 3- = 4»2 = ♦J « 2501 ; 

♦j « 3 . 7 . 112 - 5 . 2 . 22, ♦2 = 5.7. 292-3 . 2 . 672; 
Herei) = 5. 29-- 3^11; ^ 5^^2f--3^7^ = -1921 ; &,= (5 .29 . 2)2- (3 . 11 .67)2; 

therefore i^ = (290-2211)(290 + 2211) ; and N= S- = ^^^^l^^-^'^ = ^501. 

Here the process /«»/« to factorise iV, although iVis composite (= 41 . 61), in con- 
sequence of Z = — 1921 being = D [see Rule (86)]. This indicates tJiat the data 
are unsuitable under Rule (10) ; in fact, ♦j, *2 ^^ Autoinorphs ; for ♦a . ^ = ♦^ 
identically by the rules of conformal multiplication, taking ^2 — 15 . 12— 14 . 1* = 1 
(a unit-form conformal with ♦o). Compare Ex. (2) above, where the factorisation 
of the same number N succeeds (the forms ^2, ♦i being non-equivaletit). 

13. Anti'Conformal Quadratics (*2> ^O- — I^ -^^- H> t^ike 

k = 2, a = /3 = r = a = ifc=l, i = -l, (46) 

giving ^ = Ti/xo' ^^ = ^''o* /*' = -^Mo* >'' = — w^o ; C'^^) 

whence /xr = — ftV, the condition of anticonformaUty (Art. 6), (47a) 

^2 ^nfx^.x^-^-mvQ. y^, $2 = w./io .x'^^uvq. y'\ (48) 

* Annoimced in a verbal communication by the author to the London l^athe- 
matical Society {Froceedings, Vol. xxxn., p. 164). 
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(49) 



^=r (mx'yy + ('nxy'y = (mx'y-^-nxy'y^'Imnxyx'y (50) 

= P^—Q^, a difference of squares, when ^mnxyx'xf = Q^ (50a) 

The condition (50a), that ^ shall become a difference of squares, 
may be satisfied in at least forty-eight principal (quite simple) ways 
falling naturally into nine classes. On account of the great number 
of cases, an abstract only is given showing the values of m, n, x, y, 
x\ y' defining the cases. 



Class... 


I-IV 


V 


VI 




VII* i VIII* 


IX 


Case... 


r-i6° 


17°, 18° 


19°, 20°, 21°, 


22° 


23°-28°, 29°-34°|35°-40°, 41°-46° 


47°, 48° 


m — 


•I 


2mo,. Wq 


2wJ, 2;n;, mj. 


mj 


^', y 


^\ y 


2mo, Wq 


n ■= 


< 


nl 2nl 


<* 'i 2«S, 


2»3 


y'y XX, 2/ 


«J, 2»J 


X = ^ 


16 Cases 


r X, X 


?, y% e, 


/ 


r, ^ , ^y e 


ft 1^ 


y =\ 


as in 


y, y 


y, -n^, y> 


17= 


v% y v^ y 


^^ 17^ 


x' ^ 


Art. 9 


y» y 


yy r, yy 


r 


X', t' 1 ^', r 


r, r 


y'-J 




y X, X 


'n'\ /, r?^ 


y' 


' Prefix 2 to any one of »», »», a-, y, a^, / ; 


'/'^ v^ 












each column yieUs six cases. 





In consequence of the complexity of the results no attempt will be 
made to give any detail of the above in their general form. Sufi&ce 
to say that the binomials $2, $2 take particular forms in each class, 
viz., 

I-IV. As in Art. 9 ; V. Quadratic ; VI. Quadratico-quartic ; 
VII, VIII. Cubic and Quintie; IX. Biquadratic, 

and that ^ becomes a Bin-Aurifeuillian,* and therefore always 
resolvable, by (24), (25). 

13a. Simpler Anti-conformal Quadratics (<l>2, ^2)' — By taking 

?no= 1, Wo= 1, (51) 

in Art 13, all the forms of Classes I-IV, V, VI, IX are much 
simplified. Thus Classes I-IV become identical with those of same 
number in Art. 9, so need not be further considered. 



* See foot-note * of Art. 9, p. 367. 
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Classes V, VI, 7X— Taking mo = 1, no = 1 gives (m, n) = (2, 1) 
or (1, 2). A brief detail of each case (17°, 18° ; 19°-22° ; 47°, 48°) 
of these threfe classes, showing the values of *a, ^2, D (two forms), 
and ^, is given below. It will be seen that the binomials <^j, ^2 take 
the particular forms stated (Art. 13), and that ^ takes the same 
form in all, viz., the Bin-AurifeuilUan (X*+4Y*), whose factorisation 
is given in (24), (25). 



Clasa. 
Case. 


f», n 


, 1 


« 


^'18" 


2. 1 

1. 2 


W»'+2.'oSf», i^i^-v^* ' (2y»-a:»)/,'o = (2y» + *>)/Mo 




19° 
VI, 2«° 

'^' 21° 
22° 


2, 1 

2. 1 

1. 2 
1, 2 


^ + 2vd'», 2^'-,oV ! (2y»-f<)/»'o'(2!/' + .)'^)K 

wy''+2.'^S 2,.«r*-»oy" (2r-»")/.'« - {2V+y'^K 
2M*+»o!''. wy'-2Koi,'« (y»-2n/i'o-(y» + 2V*)/« 
2wy"+.'«V. W)t'^-2.'oy"^ (r-2y")K-(„^ + 2/>)/^ 


iy^ + iinl* 
i^vy+i!/* 


IX '''^ 
^' 48° 


2. 1 

1. 2 


2M* + >'oi»S M'*-2W* 


(2r^-{^)K-(2n*+v*)/i«« 

({"-2{*)/.'o-{u* + 2V^)//-« 





It will be seen also that these Classes V, VI, IX closely resemble 
Classes I, II and III, IV respectively of Art. 9, the coefficient 4 which 
occurs in either ^2 ^^ ^2 ^^ ^be latter being split up into its factors 
2 . 2, one appearing in each of ^3? ^2 ^^^ *be present article. 

Examples. — [The numbering (17°, &c.) is that of the Case referred to.] 

17°. Given JV= ♦j = ♦J = 2581 ; 

♦a « 69 . 32 + 2 . 41 . 5-, ♦$ « 2 . 59 . 52-41 . 32 ; 



Here 


^"41 - 59 -^^ i^==4.54+3- 


therefore 


i^-(22+52)(82 + 52) = 29.89; and ivr= ^. 


18°. Given 


JV=*2 = *2= 689; 




♦i = 2 . 33 . 22+ 17 . 52, 4*2 « 33 . 52-2 . 17 . 22 ; 


Here 


^.5»-2.2.„6..23-^'=l; = 8^.4.2-. 


therefore 


a-(32 + 22)(72 + 22) =13.63; and N ^ fk. 
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19°. Given iV -- 4>, «- ^ » 9685 ; 

♦s = 99. 34 + 2 . 17 . 7^ 4*2 - 2 . 99. 72-17 . 1*; 
Here 2> = 2^^.2^.1; ft- 4 . 7^.(3. 1)- 

therefore i^ - (4^ + 7«)(10«+ 72) - (65 . 149) ; and N » ^. 

47°. Givm iV« ♦, = 4*2 « 26245 ; 

♦3- 163. 1^ + 2.161.3*; ♦a « 2 . 163. 3*-161 . 1* ; 

Here L ^^-^^ ^^--^^ ^ I, ft - 4 (3. 3)*+ (1 . 1)* ; 

therefore i^ = (88 + 9«)(10« + 92) - 145. 181 ; and N = f^. 

48°. Given JV « ♦j « 4*2 = 46561 ; 

♦j = 2 . 1331 . 2* + 49 . 8*, ♦J - 1331 . 3*-2 . 49 . 5* ; 
Here i> = ?i:i|A* « !1^|^ « 1 ; ^ == (3 . 3)* + 4 (2 . 5)*; 

therefore ^ = (I2+ 10')(192+ 10«) « 101 .461 ; and iV« i^. 

14. Anti-quasi-conformal Guhtcs (%, ^3). — In Art. 11, take 

/3+y = a-H8 = ^=3, -i = -l, (52) 

wliicli satisfy the condition of anti-quasi-conformdltty [see (36a)]. 

Then 03, y) = (2, 1) or (1, 2) ; and (a, 8) = (2, 1) or (1, 2), (53) 

whilst <>3, ^, D are as in (37), (38), (54) 

and g = (mx'yY + (wajy')' = ^s • (^8» «t':?!po5e, (56) 

where jP, = waj'y -f nxy', <^8 = { (jf^'vY + (^«Ky')' } "^ (wwj'y + wa^/' ) • 

(56) 
Here ^^=^ {mx'y-\-nxy'y—^mnxyx'y' 

= P'— Q*, a difference of squares^ when Smnxyx'y' = Q*. (56a) 

The condition (66a) that <^, shall become a differe^ice of squares 
may be satisfied in a great number of principal (quite simple) ways, 
quite similar to those of Art. 13 ; these may be arranged into nvie 
classes, as in Art. 13, but with many more cases in each class (about 
twice as many), on account of the variation in a, /3, y, 3 in (53). The 
binomials <^„ $3 take particular forms in each class, mostly cubic ^ 
cuhicO'Sextic, and sextic ; and the final values of ^ are all of one form 
§1^ = (X° + 3'. Y*), of which the factorisation has been given in (32), 
(33), (34) ; it is not thought worth while pursuing these further in 
their general forms. 
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The Classes I-IX are defined by the values of m, n as below : — 



Class... 


I-IV 


V 


VI 


VII* 


VIII* 


IX 


m = 

n - 


fnl 
-I 


2 2 

3wq, Wo 
Wq, 3«o 


3wio, Wq 
nl 3«J 


y', a; ;r, y' 

• Prefix 3 to any one 

of »H, «, X, J/, x', y'. 


3;;4 «o 
Wq, 3«o 



It will be seen that here the coefficient 3 replaces the coefficient 2 
^of Art. 13, (compare the table on p. 373). 

14a. Simpler Anti-qiiasi-conformal Guhics (^^^ $3). — By taking 

mo= 1, Wo= 1, (57) 

in Art. 14, all the forms of Classes I-IV, V, VI, IX are much 
simplified. Thus Classes I-IV become identical with those of same 
number in Art. 10 ; so need not be fui'ther considered. 

Gldsses F, VI ^ IX. — Taking mg = 1, 71^=1 in last article gives 
(m, n) = (3, 1) or (1, 3). The following scheme shows the values 
of m^, m^, n**, n^ ; aj, y, x\ y defining the several cases of these three 
classes. To every case of Art. 13 here correspond* two cases : — 



Class... 




V 










VI 








IX 


1 


Case... 


17°, 


17'; 18, 


18' 


19°, 
32, 


19', 
3; 


20°, 


20'; 


21°, 


21'; 


22°, 22' 


47°, 


47' ; 48^ 


48' 1 


m« = 


32, 


3 


1, 


1 


32, 


3; 


1, 


1; 


1, 1 


32, 


3 


; 1, 


j 
1 


w> = 


3, 


32 


, 1, 


1 


3, 


32; 


3, 


32; 


1, 


1; 


i» } 


3, 


32 


1, 


1 


«• = 


1, 


1 


3S 


3 


1, 


1; 


1, 


1; 


32, 


3; 


32, 3 


1, 


1 


32, 


3 


n^ = 


1, 


1 


3, 


32 


1, 


1; 


1, 


1; 


3, 


32; 


3, 32 


1, 


1; 


3, 


32: 


X — 




X 




1^ 


i^\ 


y", 


y; 


l^ 


e\ 


y'yy' 




f^ 


i 


y = 


i 


y 




y, 


y\ 


n\ 


-n'; 


y, 


y; 


r?^ -n^ 




-n^ 


1 


3f = 




y 




y, 


y; 


1'^, 


e-. 


y» 


y; 


P. r 




i" 


1 


/== 




X 




VS 


v'; 


y'. 


y'\ 


r?^ 


»?'-; 


^.y' 






"" 





A. brief detail of each case of these three classes, showing the 
values of ^2? ^2» -^ (two forms), and ^, is given below. It will be 



* To facilitate comparison, the same numbering (with distinguishing accents) 
has been given to the corresponding cases of the two articles. Thus Cases 17°, 17' 
here correspond to Case 17° of Art. 13. 
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seen that tlie binomials 4>2, ^2 take particular forms in each class, 

viz., 

V. Cubic; VI. Cubo-Sextic ; IV. Sextic, 

whilst the final ^ takes the same form in all, viz., 

i; = :x«+3».r'' = F,.j„ (68) 

whose factorisation has been given in (32), (33), (34). 



V, 



17° 

ir 

18° 
18' 



VI, 



19° 
19' 
20° 
20' 
21° 
21' 
22° 
22' 



I IX, 









Mor«-3vo/3 
Mo|'«-9voy'3 



A*ol'+3l'o')^ 9A(o|'«~vor?'« 
3/*or + »'or?«, /^r-9,.oV' 



(y3-9^)/,.o«(y^+3a;3)/^ 
(y3-3a^)/,.o = (y' + 9:r»)/;*o 



(3y3-|«)K = 
(9y3_|6)/^^ : 

(3r-y'3)/vo = 
(9|'«-y'3)/^^ , 

(S^-9|«)/,.o = 

(y^- 3i«)/,^o ^ 

(r-9y'3)K ' 

(r-3/3)/v„ = 



(9y3 + V«)/iUo 

'(y' + 9V«)//^ 



(3r«-n/vo=(97,« + V«)/Mo 
(9|'«-|«)/^o=(3t?« + V«)/mo 
(r-9|«)/,.o -(!?«+ 3V^/mo 
(r-3^«)K=(T?« + 9V«)/Mo 



3y + ir« 

3V + ^ 
y« + 33j;6 



3V + ttV)« 
3V+ttV)« 
33(fT,)6 + y'« 

33(^'^)6 + y'6 

2/« + 33«i?'r 
y6 + 33(|V)« 
(|''?)H33y'6 



3MW + tt^'/ 
(!'>?)« + 33 «i;0« 



Examples. — [The numbering (17°, &c.) is that of the Case referred to.] 

17°. Given N = ^^ = *3 = 19747 ; 

*3 = 251 . 23+ 9 . 73 . 33, ^s = 3 . 251 . 33-73 . 23 ; 

Here D = ^'^^" ^^ = ^--f±^ « 1 ; ^^ = 33 . 3« + 26, J^i = 3 . 3^ + 22 = 31 ; 

therefore &= 31 (31-3 . 3 . 2)(31 +3 . 3 . 2) = 31. 13.49; and iV= i^. 

19°. Given JV = #3 = 4»3 = 281827 ; 

♦3= 4339.26 + 9. 17.33, ♦» = 3.4339.33-17.46; 

Here JP = ^ • ^'~ ^' =. —f^^" '= ^ > ift = 33.36+ (2 .4)6, J^'s « 3 . 3^+82 =^ 91 ; 

therefore |5t = 91 (91-3 . 8 . 3)(91 + 3 . 8 . 3) = 91 . 19 . 163 ; and iY= fi,. 
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47°. Given JT - ♦, « ♦J = 281827 ; 

♦s - 4106 . 2« + 9 . 2123 . 1«, ♦J - 3 . 4105 . 3«-2123 . 46 ; 

^^^^^'^i^^^-'^ir-^^' ^-'33(3.1)« + (2.4)«, F,-3.3U83-91; 
therefore i^« 91 (91 -3.8. 3)(91 + 3.8.3) - 91.19.163; and N ^ ^. 

16. Higher Order Forms (k>2), — It should be anderstood tbat — 
although (for the sake of brevity) the detail of only the simpler 
cases (when ^ = 2, ^' = ± 1, and A; = 3, j* = — 1) has been entered into 
— ^the process is applicable to forms of any order (k). And the pro- 
posed number N will usually be resolvable into the same number of 
algebraic factors as the derived ^ possesses, excepting only those lost 
under Rules (86), (96). Thus, when ^ has the simplest form (11), 
it has always at least two algebraic factors (except when^' = — 1, and 
A: = 2*, € >0), and has more than two when k is composite (except 
when J = — 1, and k = 2*, or 2*. 5, q being an odd prime, and e > 0), 
the number of factors usually increasing with the degree of oompo- 
siteness of k ; and these algebraic factors may themselves — under 
suitable conditions — be susceptible of an Aurifeuillian* resolution. 

Example, of a very large number with binomial forms of 15th order {k = 15). 
Given iV«*i5«*|5; ♦ig « /n. li« + v . 9'*, ♦Js « M • 4"+ v.S**; 
where m - 4 . 41 . 641 . 45061, >^ =9.7.331, A: -15; 

Here D = l!!nl^ = ?!iz^* = 11 .31 . 151 ; i^ = (4 . 9)»-(l . 5)>6; 
then ^ is resolvable (algebraically) into /o»r factors, since ^' - 3. 5 ; say 

whAr« V = ^fii M W ^^^-^^ jr 36*-5» ^ Xft w 36«-.5»5 . 
where F, « 36i-5i, F, = ^^^^, F, « ^^^^^^, F,, « j^, ^» - -35^:^ , 

then i^i - 31 ; F^ = 1501 - 19 . 79 ; 

also J^5, Fii are both Quint 'Anr if euillianSyii and are therefore resolvable by the 
Aurifeuillian resolution into tico large factors each, as follows : — 

Fs « (36« + 3 . 36 . 5 + 52)2-5 . 5 . 36 (36 + 5)3 - 1861«- 1230« = (631)(11 . 281) ; 

,'5 = (36« + 3 . 365 . 53 + 5«)« - 5 . 53 . 353 (363 + 53)* ^ 2194293961' - 2626174002 

= (1941676561)(2446911361), [which contains /i], 



* See the author*^ paper *' On Aurifeuillians " above quoted. 

t I.e., Aurifeuillians of the fifth order ; see the author's paper ** On Auri- 
feuillians " quoted, and Ed. Lucas's paper ** Sur la serie recurrente de Fermat," 
Rome, 1879, p. 6. 
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F,, ^^^ ^^11^2^8?^ • ^^^3?^^^ ° ^^^^^^ • ^^^^^^^ "" (628171)(61 . 161 .421); 

iVr= -^ « ^i'^Z'F,.F,s ^ (31)(19.79}{(6 31)(11.281)}{(6281 71)(61.151.421)} 
D D U. 31. 151 

= (19.79) {(631)(281)}{(628171)(61 . 421)} ; 
here the g^ven number iV has been resolyed algebraically into Jive factors (shown in- 
side the brackets) ; one of the six algebraic factors of ^ having been lost on 
division by J). 

16. Condition of Factorisability. — It will be seen that when the 
derived ^ is resolvable into two factors {^ = L.M) then the pro- 
posed N is also always resolvable into two factors under a certain 
condition (86) which may be expressed 

Provided neither of Z, Jf = 2>, or = a factor of J), (59a) 

and when ^ is resolvable into three factors (|t = L^.L^.L^), then N 
is also always resolvable into three factors under a similar condition 
(96) which may be expressed 

Provided neither of L^, Zj, Zs = i>, or = a factor of D. (59b) 

There is one case in which this condition (59a, 6) can be seen to 
be satisfied a priori (i.e., before attempting to resolve ^) viz., 

When D = 1, then iV = |^, and the factorisation of fi, involves that of iV; (60) 

Another case in which the condition is satisfied can sometimes be 
recognised a priori, viz.. 

When i> is so small as to be obviously •< both Z, My then the factorisation 

of 0, involves that of iV. (60a) 

The general condition in (59a, 6) is an a posteriori condition, i.e., 
its applicability is not recognisable until after the factorisation of ^ 
has been effected ; the two special forms (60), (60a) are probably as 
convenient as can be expected. The general form and both the 
special forms involve in general all the coefficients (/i, r, fjt\ v'), and 
also all the elements (aj, y, x\ y') entering into the twin forms 

(^*, <^o. 

It is much to be wished that some a priori form of the general 
condition (59a, 6) could be found. At present this has been done 
(so far as known to the author) for two quadratic forms only 
(Art. 8, 12). 

Isomorph Quadratics (^21 ^2)* ^2* ^2 must not be Automorphs. (61a) 

Conformal Quadratics («2) ^2)< 4»3, ^i must not be Automorphs. (6 Id) 
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The mode of expressing the general condition used in (10) is 
suggested as probably a suitable expression of it, viz., 

The twin forms ♦a, *2 must be non- equivalent, (62) 

where the term equivalent may be taken to mean interchangeable by 
some algebraic process. 

[The discovery of such a condition is perhaps more of theoretic than of practical 
interest ; as it seems quite likely that the application of such a condition might be 
more troublesome than the attempt at factorisation itself.] 



A Oeometrical Theory of Differential Equations of the First and 
Second Orders, By R. W. H. T. Hudson. Received 
January 28th^ 1901. Communicated February 14th^ 1901. 

1. Introduction. 

The differential equations dealt with in this paper are ordinary 
and of the first and second orders. The variables are regarded as 
real, so that the usual geometrical interpretation and terminology can 
be employed throughout. 

The main ends towards which the investigation is directed are to 
find conditions that a differential equation of the second order of 
general algebraic form may have singular solutions of the 
various kinds which are possible, and to examine their relations to 
other solutions. Since the singular solutions, if they exist, satisfy an 
equation of the first order, it is necessary to enter upon a preliminary 
investigation of these equations, and, in particular, to find the con- 
ditions that a singular solution may represent an osculating envelope. 
This occupies the second section ; the method chiefly employed is 
geometrical, and the results are obtained by projection from figures 
in space of three dimensions. For completeness and greater generality 
the unspecialized form of equation is first discussed, and the usual 
results are obtained very simply in this manner. 

In the third section the same method is employed to examine 
solutions of equations of the second order, and the results of the pre- 
ceding section are frequently applied. In some cases it is simpler to 
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integrate the given equation by means of series of which the leading 
terms are found by the use of a diagram of unit points. In all cases 
the method adopted is that which seems to lead to the desired result 
in the shortest manner. The same results may, of course, be obtained 
by more straightforward, but much longer, processes. In particular, 
the various possibilities of loci contained in the discriminant of a 
discriminant may be worked out as a piece of algebra, and will be 
found to amount to the same as those which are obtained by geo- 
metrical intuition.* 

In the following pages the theory is regarded from the point of view 
of the differential equation, not the complete primitive. As has been 
pointed out by Darboux, Cayley, and others, the theories are distinct, 
and what occurs as a general rule' in one case must be regarded as 
exceptional in the other. But, before proceeding, a few remarks may 
be made on the theory of the complete primitive, as most writers have 
dealt with the subject from this point of view, and some of their re- 
sults can be obtained very shortly by considerations analogous to 
those employed in the latter sections of this paper. 

The subject may be said to have been started by Cayley in his 
paper t " On the Theory of the Singular Solutions of Differential 
Equations of the First Order." The type of differential equation 
considered is integrable, and corresponds to a system of curves repre- 
sented by /. / X /^ 

where c is either one parameter or stands for m parameters connected 
by m— 1 algebraic relations. Cayley proves that the c-discriminant 
locus is made up of the envelope, nodal and cuspidal loci, and that 
the ^-discriminant locus consists of the cuspidal locus, tac-locus, and 
envelope ; and states without proof the number of times each occurs. 
A singular solution is defined as belonging to the envelope species, 
and from this definition it is deduced that the singular solution must 
satisfy not only the differential equation 

but also the derived equation 

Op 



♦ This has been done by Prof. Henrici in Vol. n. of the Froe, Land. Math, Soc, 
1868, p. 104 and p. 177. 

t Mess, of Math, y 1873, Vol. ii., p. 6. 
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but it may happen, as will be seen later, that the curve represent- 
ing a common solution is not an envelope.* 

In a later paper bearing the same title,t Cayley proves that two 
neighbouring X5urves of an algebraic system cut one another in points 
a,t which the tangents are nearly coincident, the number of such 
points being equal to the sum of the order and class of the curves, a 
necessarily jJositive number, whence the conclusion that an algebraic 
system of curves always has an envelope ; J on the other hand, it is 
pointed out that in general no part of the ^-discriminant provides a 
solution of the differential equation. Cayley remarks that it at 
once appears by drawing consecutive curves with nodes and cusps 
that two ultimate intersections coincide at a node and three at a cusp, 
whence, doubtless, he was able to infer the number of times these loci 
occur in the c-discriminant locus. 

When the complete primitive involves only one constant c, we may 
take c = z to be a third coordinate. This is suggested by Cayley, 
who, however, does not apply the conception. Prof. Hill§ points out 
that the node-locus and cusp-locus can be regarded as projections of a 
nodal line and cuspidal line on a surface, and uses this idea to illustrate 
his theorems about the directions of tangents at nodes and cusps on 
•curves of the family. 

The consideration of tliis surface leads at once to the connection 
between the number of times the factors of the c-discriminant are re- 
peated and the coefficients of 8 and k in Pliicker's formula for the class 
•of any curve. For the order of a circumscribing cone is the class of 
a section of the surface by a plane passing through the vertex. Now, 
if n is the order of the surface 

the order of the 2?-discriminant is 

n(w— 1), =m-f2^-f3K, 



* In Vol. L. of the Math. Annalen, p. 103, M. Petrovitch shows that the differ- 
^ntial equations /(:., j,, /) = 0, ^W - 

may have a common solution which is not an envelope of integral curves of the 
-equation / = 0, and that this is due to the vanishing at every point of the locus 
obtained of other derivatives of /with respect to y and y*, 

t Mess, of Math,, 1877, Vol. vi., p. 23. 

X Prof. Chrystal points out that these ultimate intersections may be the same for 
all the curves, in which case there is no true envelope. Edxn, Fhil. Trans., 
Vol. xxxvm., 1896, p. 803. 

§ Froc. Lond. Math. Soc, 1888, Vol. xix., p. 565. 
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where m is the class of any section and the order of the circum- 
scribing cylinder whose generators are parallel to the axis of z, 
and ^, K are the orders of the nodal and cuspidal lines. The section 
of the 2;-discriniinant cylinder by any plane parallel to the axis of z 
consists of n(n—l) parallel straight lines of which m are isolated, 
2^ coincide in pairs and pass through the 5 nodes of the section of /, 
and 3k coincide in threes and pass through the k cusps of the section 
of /. Hence the 2;-discriminant has the form 

where ^ = is the envelope of 

f(x, y, c) = 0, 

^ = is the node-locus, and (7 = is the cusp-locus. Since the same 
formula holds good for curves possessing higher singularities when 
these are replaced by their " equivalent " nodes and cusps, the number 
of times the locus of these points occurs in the discriminant locus 
may be inferred. 

Two theorems proved by Prof. Hill follow at once from the geo- 
metrical conception just considered.* The theorems are 

(1) If dy/dc? = at all points of the node-locus, this is also an 
envelope, and ^ is a factor of the discriminant. 

(2) If dy/dc^ = at all points of the cusp-locus, this is also an 
envelope, and 0* is a factor of the discriminant. 

The node-locus is the projection of a nodal line on the surface 

and at every point of the nodal line 

/x=0, /,=0, /, = 0, 
and the quadratic form 

(U^ fyy^ /«» /y« /«, /zyU-S:— ic, Y-y, Z—zY 
breaks into two distinct factors. If now 

/z. = 0, 

one of the factors must be 



* '* On Node- and Cusp-Loci which are also Envelopes,'* Froc, Lond, Math, Soc, 
1891, Vol xxn., p. 216. 
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which means that one of the tangent planes at every point of the 
nodal line is parallel to the axis of z. Thus, considering each sheet of 
the surface separately, we see that the nodal line is projected on to 
the plane 2; = as the envelope of the projections of the sections of 
one sheet by planes perpendicular to the axis of z. Further, if we 
consider the distribution of lines parallel to the axis of z lying in any- 
plane and satisfying tha js-discriminant equation, we find that three 
coincide at every intersection of the nodal line and this plane ; in fact, 
there are only m—8 isolated lines in this case, and the discriminant 
must contain N* as a factor. 

In the case of a cuspidal edge the two factors of the quadratic form 
are the same ; so that the condition 

/zz = 

involves the relations /« = 0, fy^ = 0, 

and then the repeated tangent plane is given by 

(/«. A. ui^-:^, y-yy = 0. 

The projection of the edge is an envelope of projections of sections of 
both, sheets ; but these sections meet in pairs on the edge and form 
cusps there. Hence the projection of the edge is an enveloping cusp- 
locus. Considerations similar to those applied to the node-locus show 
that C* must be a factor of the discriminant. 

2. Equations of the First Order. 

Considerable clearness may be introduced into the theory of 
ordinary differential equations of the first order by the use of an idea 
suggested by Poincare.* The usual geometrical interpretation of an 
equation 

is to make it associate one or more directions y' with each point 
(ic, y) of a plane. In this way " integral curves " are obtained, such 
that each of the directions associated with any point is the tangent to 
an integral curve through that point. 

The geometrical interpretation which is here described and de- 



* Journal de Math., 1885, ser. 4, t. i., p. 196 ; see also Lie-SchefPers, Geometric 
der Beriihrunga'Transformationenj 1896, pp. 182-191. 
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veloped consists in regarding y' as the the third coordinate z oi a, point 
(x, y, z) in space. Then, to any curve a in the plane of x, y cor- 
responds a space-curve /3 of which a is the orthogonal projection, and 
the distance between any point on^ and its projection on a is equal to 
the tangent of the angle made by the tangent to a with the axis of ic. 
The chief convenience of this representation is that the condition 
that two curves a touch is the same as that the corresponding curves 
ft cut one another ; and, more generally, the condition that two curves 
a have contact of the n-th order is the same as that the corresponding 
curves ft have contact of the (w — l)-th order. 

To the equation / (a;, y, y) = 

corresponds the surface f (x^ y, z) = 0, 

and to the integral curves in the plane 2 = correspond curves on 
the surface / = 0, for which 

dy—zdx = 0. 

For convenience, let the integral curves be called a-curves and their 
space representatives ft-curves. Then, through any point {x, y, z) on 
the surface / = passes one /3-curve, its direction being given by the 
intersection of the tangent plane 

OX oy Oz 

and the plane z {X—x^ — iY—y) = 0. 

Suppose that the axis of z is drawn vertically upwards. The latter 
plane is then a vertical plane and cuts the former in a determinate 
line, except in the special case when the two planes coincide. 

If the a-curves have an envelope, then through a point of the plane 
2; = near the envelope pass two a-curves whose directions are nearly 
the same. Corresponding to them in space we have two /3-curves 
cutting a vertical line in two near points. We infer that the vertical 
cylinder standing on the envelope circumscribes the surface / = on 
which the /3-curves lie. 

We should therefore consider in general the relation between the 
curve of contact of the vertical circumscribing cylinder and the 
/3-curves. The curve of contact, which will be called (7, is given by 

VOL. XXXIII. — NO. 762. 2 c 
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the equations 

/ (^, y, z) = 0, 



a. 



^z 



and the circnmscribing cylinder is found by eliminating z. 

The direction of the )3-curve through any point of G is given, in 
general, by the intersection of the two vertical planes 

cx oy 

(X-x)z-(T-y)=0; 

that is to say, all the )S-curves have vertical tangents at the 
points where they cross G. 

Now, as a variable point moves along fi and passes through a posi- 
tion where the tangent is vertical, the projection which describes a 
passes through a position in which it is stationary ; that is, a has a 
stationary point, or cusp. This is intuitively obvious when the 
surface has a general form. 

We thus obtain without calculation the known result that, in 
general, a locus obtained by eliminating y' from 

dy 
is a ctisp-loctis for the integral curves of the equation 

f(x,y,y')=0* 



* [Note added July, 1901. — In general there are a certain number of points on C 
at which fx-^^fy = 0, and the above reasoning breaks down. These correspond to 
singular points of the differential equation. For the shapes of the integral curves 
at these points see a paper by Dyck in the Sitzungsberichte d. Akad, d. Wiss. zu 
Miinchen, 1891, Bd. xxi., p. 23, where carefully drawn figures of the three possible 
cases are given. It appears that in a whole class of cases the integral curves which 
have cusps at different points of the discriminant locus touch it elsewhere at one 
and the same point (a ncBud). This is illustrated by a particular example g^veu 
by Prof. Chrystal {loc. cit.). In many cases the coefficients in the differential equa- 
tion can be modified so that it may possess an algebraic primitive without altering 
the general shape of the integral curves, so that such families of curves form an 
exceptional class in the general theory of envelopes.] 
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The reasoning given above applies to any sheet of the snrface/ = 
which has vertical tangent planes. It is therefore unnecessary to 
make any special supposition as to the way in which the arguments 
X, y, y are involved in / (a;, y, t/O » except that the surface / (a;, y, 2?) = 
must have the properties of an algebraic surface in the neighbour- 
hood of points where the tangent plane is parallel to the axis of z. 

The exceptional case occurs when the equations 

(Z-»)/,+ (Y-y)/, = 0, 

{X-£)z-{Y-y)=^ 

coincide at all points of (7.* 

The analytical conditions are that at every point of C the follow- 
ing equations are satisfied : — 

/(aJ, y, ^) =0, 

/. = o, 

or we may say that the result of eliminating y, z from these three 
equations must be an identity. 

These are the known necessary and sufficient conditions (in the 
absence of further special relations) that the integral curves of 
j^^i 2/» 2/) = ^ ^^y t^'Ve an envelope, or, what is here the same thing, 
that the equation y ^^^ ^^ ^/^ ^ 

may have a singular solution. In fact, the curve G satisfies the 
■equation 

OX Oy 

and therefore dy—zdx = 0, 

except when /^ and fy vanish ; so that the projection of G is a solu- 
tion of the differential equation, that is, G represents a singular 
solution. The exceptional case, to be at present excluded, occurs 
when C is a double line on the surface. 

It remains to be investigated how the /3-CQrves behave in the 
neighbourhood of G. It is necessary only to take a point Q near G 



* Compare Fine, Amer, Jour, of MatK, Vol. xn., p. 302. 

2 c 2 
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and find the direction of the ^-curve througti it. Through each point 
of G pass two curves whose plans (projections on z = 0) satisfy 
/ (^j 2/j 2/') = ^ > o^® of these is the curve G itself, corresponding to a 
singular solution, and the other is a /5-curve whose plan is an 
ordinary integral curve touching the singular solution. 

The directions of these curves may 
be found by the following geometrical 
construction. Take any point P on 
G and construct the indicatrix, which 
will be a small conic in a vertical 
plane. Draw a vertical tangent line 
touching at B and a horizontal tan- 
gent touching at Q. Then PB is the 

direction of (7, and PQ that of the i^-curve which cuts G at P. These 
results can be deduced by simple geometrical reasoning from the 
definitions of the two curves. 

This discrimination between the directions of the two curves on the 
surface f{x, y, z) = at points where every direction in the tangent 
plane satisfies dy •= zdx corresponds to the discrimination between the 
curvatures of the singular solution of /(a?, y, y) = and the integral 
curve which touches it at any point. It is easy to verify that at such 
a point the two values of y' are the roots of the quadratic equation 




da? ' 

which breaks up into ,- f ;^*^ 1 =0, 

^ dx \dy'l 

giving the curvature of the envelope, and 

dx \Sy/ dy 
giving the curvature of the integral curve. 

Hitherto only one condition has been imposed upon the surface 
/ = 0, namely, that the curve of contact G of the vertical circum- 
scribing cylinder is the same as the unique curve on this cylinder 
which satisfies dy =: zdx. We proceed to find what further conditions 
must be satisfied in order that the plan of G may be an osculating 
envelope of a-curves. 

In this case the /3-curves must touch G ; but they cannot cut one 
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another except on G. It is thence intuitively obvious that the parts 
of a ^-curve separated by the point of contact with G are on different 
sheets of the surface ; so that the ^-curves are characteristics and G is 
an edge of regression on the surface / = 0. Since two consecutive 
characteristic /3-curves cut one another at each point of G, therefore 
the tangent plane to the surface there must be the vertical plane 

z(X-x)-iT-y)=0. 

[The plan of a cuspidal edge is generally an ordinary envelope of 
plans of characteristics ; it is only when the tangent planes are 
vertical that the plans can cross and so osculate.] 

The necessary and sufficient analytical conditions that the line 
/=0, /, = 
may have ttese properties are that at every point of it 

/, = 0, /, = 0, 

/„ = o, /,, = 0, /„ = 0, 

which are equivalent to 

'll = z, /„ = 0, /,. = 0, /„ = (). 

The horizontal sections of the surface /, i.e., sections by planes 
z = const., project into the loci of contacts of parallel tangents con- 
sidered by Prof. Hill.* Since the envelope of these curves is ob- 
viously the base of the vertical circumscribing cylinder, the fact that 
they touch the cusp locus and also the envelope of the integral curves 
needs no further proof. 

The following results have now been obtained : — 

(i) The existence of a locus of cusps on a -curves follows generally 
from 'the existence of /3-curves on the surface/. 

(2) The existence of an envelope of a -curves requires a special 
form of /, but not necessarily the presence of geometrical singularities. 



* Proe. Lond. Math. Soc, Vol. xix., p. 577. 
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(3) The existence of an osculating envelope of a-curves requires a 
cuspidal edge on / with vertical tangent planes. 

Assuming next that / possesses singular lines, we proceed to in- 
vestigate their relations to /(5-curves and the relations of their plans to 
a-curves. 

Consider a nodal line. Let P (ic, y, z) be any point on it. In general 
the plane 

Y-y = z{X-x) 

cuts the surface along two distinct directions through P, so that dis- 
tinct /3-curves cross at the point. The plans therefore touch, but are 
not consecutive. Hence, in general, the plan of a nodal line is a toe- 
locus,* 

By considering a penultimate form of surface we see that the nodal 
line counts twice over as part of the curve of contact of the cir- 
cumscribing cylinder. Hence the known result that the tac-locns 
occurs as a repeated factor in the y'-discriminant. 

Next, impose the condition that the tangent to the nodal line at 
any point {x, y, z) on it lies in the vertical plane 

Y^y=:z{X-x). 

The plan of the nodal line is then a solution of the difEerential 
equation. To find its relation to a-curves consider separately the two 
sheets of / which cut along the nodal line. On each is a singly 
infinite system of /3-curves, and the nodal line belongs to both 
systems. In plan there are two systems of a-curves having a 
common member, which satisfies both 

f{x,y,y')=^0 

and ^t = 0, 

dy' 

but is not an envelope of a-curves, and is in fact a particular in- 
tegral, f 

In order that the plan of the nodal line may be an envelope, 
it is necessary that through every point of it a /3-curve should 
pass distinct from the nodal line. 

* This is the locus of nodes on loci of contacts of parallel tangents (see Hill, 
Fi'oc, Lond, Math, Soc, Vol. xix., p. 684). / 

t For the analytical distinction between particular and singular solutions, see 
Hamburger, CrelUft. oxn., p. 205, and Forsyth, Theory of Difermtial Equations, 
Vol. n., p. 261. 
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Hence the vertical plane touching the nodal line must touch also 
one sheet of /. The two sheets may be considered separately, and we 
find that the line is an ordinary ^-curve for one sheet and a curve of 
contact of the vertical circumscribing cylinder for the other sheet. In 
plan there are two systems of a -curves, one member of one system 
being the envelope of the other system. 

The analytical conditions for this are found by expressing the 
fact that the quadric cone 

(UfnUUUUli -Y-ar, r- y, Z-zf = 

breaks up into two planes, one of which is 

2(X-a:)-(r-2/)=0. 

Hence /„ = 0, 

which are equivalent to 

Consider next a ciispidal edge on /. 

In general the plane 

Y-y = ziX-x) 

through any point (a;, y, z) of the edge cuts the surf?ice in a curve 
having a cusp at the edge. As we proceed from the cusp along either 
branch, the initial change in z has the same sign for both branches, 
except in the special case when the tangent plane is horizontal ; there- 
fore the vertical tangent planes to both branches of the /3-curve begin 
to turn in the same direction from their common position at the cusp. 
Hence the corresponding a-curve, the plan of the /3 -curve, has a cusp 
at (ic, y\ and both branches lie on the same side of the tangent. The 
a-curve has, therefore, a rhamphoid cusp. 

In fact, the plane Y—y = z (X—x) is the osculating plane of the 
jS-curve at its cusp, and, since at a stationary point the osculating 
plane has contact of order higher by one than at an ordinary point, so 
at a cusp the osculating plane does not cross the curve. Therefore, 
the projection on a plane at right angles to the osculating plane has a 
rhamphoid cusp. 
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The edge provides a solution of the differential equation if the plane 
Y — y = z (X — x) touches it. We have then two families of ^-curves, 
one on each sheet of the surface, the edge being a /5-curve common to 
both families. The projection of the edge is then a particular 
solution, but not an envelope of a -curves. 

In order that it may be an envelope, the /3-curves must cut the 
edge. In this case they will have a cusp thei*e unless they also touch 
the edge ; they are then characteristics of the surface. Thus the con- 
dition that the plan of the edge may be an envelope of a-curves is 
sufficient to make it an osculating envelope. 

Before proceeding to more special forms of surface and differential 
equations of higher order it is useful to obtain some of these results 
in a different manner. 

Suppose that a singular solution exists ; it is required to find its 
relation to integral curves and to find what conditions must be satisfied 
that it may be an osculating envelope. 

Let y and z be the functions of x corresponding to the singular 

solution, z being here -j^ , and let y H- 1|, 2; -f »;' correspond to another 
dx 

solution. Then the equation for 77 is 

fix, y + v, z-^v) =0; 
or, expanding and using the identities 

f(x,y,z)=0, /, = 0, 
this becomes rffy + \rffyy -h nvffyz + \n*fzz + . • • = 0, 

where the coefficients are functions of x and are to be expanded in 
powers of x—x^^ if an expansion for rj is required corresponding to 
initial values 

x = Xq, 17 = 2/o? v' = ^0- 

The method of obtaining this expansion is as follows: — * 
Write $ for x — Xq and substitute ^ for 17; corresponding to any 
term ^'*+^, mark on a diagram the point whose rectangular co- 
ordinates are a, b. Join these points to form a polygon, exclud- 
ing none of them. Then a side nearer to the origin than any 



* For an explanation of the application of a Puiseux diagram to differential 
equations see Fine, Amer. Jour, of Math,, Vol. xi., p. 317, and Briot et Bouqaet, 
Jour. Folyt., Cah. xxxvi., where the horizontal axis is taken one place lower thau 
in the present paper. 
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internal point determines which terms may 
be taken together to be of lowest order, and 
the corresponding value of /a is the tangent 
(with proper sign) of the inclination of the 
side to the axis of a. For example, the value 
of fi for the line represented in the diagram 
is +2. 

To construct the diagram for the differ- 
ential equation for ly we have to mark, corre- 

spending to the term — ; — r'7*"V"^; — ^^ *te 

point {m'\'n, — n) and all unit points 
having the same abscissa and greater ordi- 
nates. But to obtain the sides of the 
polygon it is necessary to mark only the 
lowest point on each column ; so it is un- 



necessary to expand 



in powers of $, 



—* I 1 

1 r— < 



dy'"dz" 

Now we are concerned only with values of /x greater than unity, 
because we want an expansion for an integral curve which touches 
the singular solution. A glance at the diagram shows that the terms 

nfy and ^'% 

may be taken together, and give 

showing that the second derivatives of the dependent variable cor- 
responding to the singular solution and integral cui've differ by 
fy/fzzi as indicated before (p. 388). 

If we suppose that /^ vanishes at all points of the solution, as is the 
case when the corresponding line on the surface / (x, y, z) =:0 is a 
singular line, then the first column of points disappears from the 
diagram, and the new polygon has no side for which /u is greater than 
unity. Thus no integral curve touches the solution at any point of 
it ; so that the solution is, in this case, not an envelope, but a particular 
solution. 

To make it an envelope we must arrange that the point (2, —2) 
may disappear. This is effected by supposing that /„ vanishes at all 
points of the solution. We have now satisfied the conditions whicK 
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make one set of tangent planes at the nodal 

line on f(^,y,z)=0 

vertical. The diagram shows that the terms 

may be taken to give 

so that the second derivatives differ by 3 {f^zlftzd* 

In order that the singular solution may be an osculating envelope, 
one side of the polygon must give ft = 3. This requires that the point 
(2, — 1) must disappear, or/y- must vanish. [This corresponds to the 
case of a cuspidal edge on/(a5, y, 2?) = with vertical tangent planes.] 

Hence the conditions that at every point of a solution of 
f{^ 2/? y) = ^ the following relations hold, namely, 



dy'^ 



= 0, 



dy 9y' dydy 

are sufficient to make that solution 
an osculating envelope of other solu- 
tions ; and these conditions are also 
necessary because it is impossible to 
retain any of the corresponding 
points, namely, (1,0), (1, -1), (2, —1), 
(2, —2), and at the same time have 
a side of the polygon inclined at an 
angle tan'^ 3 to the axis of a.* 

These conditions may cease to be 
sufficient when other derivatives of / 
vanish ; for instance, if, in addition, 

a/' 

causing the point (3, —3) to disappear, the only value of /* obtain- 
able from the diagram is 2, and hence the envelope cannot be 
osculating. 

3. Equations of the Second Order. 
The integral curves and singular solutions of the differential 
equation of the second order 

Fix, y, y\ y") = ' 

* With the points ( 1 , 0) , ( 1 , — 1 ) disappear also all the other points of the first colunm. 
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can be investigated in a geometrical manner by considering the space 
curves defined by 

z w 
where w is the function of x, y, z given by 
^ F (x, y, z, 7v) =1 0. 

These curves will be called y-curves. 

Assume that ^ is a polynomial in its arguments and of degree u in 
w. Then, through every point (a*, y^ z) pass n curves whose tangents 
lie in the same vertical plane 

Y-y^z{X--x). 

If A (aj, 2/, z) is the m; -discriminant of F, then the surface A = has 
the property that of the n y-curves passing through any point of it 
two have the same tangent. 

The direction cosines of the osculating plane at any point of a 
y-curve are proportional to the determinants 



or 



Now 





/ 


dx 


dy dz ! 
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d}y d}z i 
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y' z' ': 







?/' -"i: 
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dw 

dx 1 




dw __ ,2 <^W' 

dx ' dx' 


du: __ 
dx "" 


-(. 


■^^■l^^-l)/ 



so that, at an ordinary point of A, 

dw _ 
dx 

The osculating plane is then normal to the direction 

z, -1, 0, 
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and is therefore the vertical plane 

, z(X-x)-(Y-y) = 0. 

The meaning of -— = oo or . = oo 

dw dx^ 

is that the y-curve has a cusp, and since the osculating plane is 
vertical, the plan has a rhamphoid cusp (see p. 391). Further, 
through (.r, y, z) on A passes one ** /5-curve " defined by dy = zdx ; 
and the plan of this curve (projection on 2 = 0) touches the plan of 
the y-curve at the cusp. We have therefore proved that the solutions 
of the equation A (d*, y, y) = are tange^it loci of rhamphoid cusps on 
integral curves of the equation F (x, y, y\ y"^ = 0.* 

For convenience we shall call integral curves of the equations 

^ i^S 2/, y) = 0, and F (a;, y, y\ y") = 0, 

A-curves and F 'Curves respectively ; so that A-curves are plans of 
/3-curves and correspond to the a-curves of the previous work, and 
F-curves are plans of y -curves. 

Let 0(3% y, z) be the coefficient of w" in F(aj, y, z, w). Then at 
every point of the surface 0=0 one vajue of tv is 00 . For the cor- 

reanonding y-curve - = oo ; so that the tangent is vertical, and 
ax 

therefore the plan lias an ordinary cusp. Thus the integral curves of 

the equation , .v rx 

^ (»» 2/1 2/ ) = 

are tangent loci of ordinary cusps on integral curves of 

F{x, y, y', y") = 0* 

A certain number of F-curves can be drawn through each point 
(a?, y) in any direction determined by y\ The meaning of the equation 

^ («. 2/1 y) = 

is that two of these curves have the same y'^.that is, the same 
curvatuie. The following cases are a priori possible : — 

(1) The curves are branches of the same F-curve, and together 
form a rhamphoid cusp. 

(2) The curves are distinct F-curves. 

(3) The F-curves form a sequence in which each may be said to 



* This proposition is obtained by Goursat, Amer, Jour, of Math, y Vol. xi., p. 364, 
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touch the next. The envelope is an osculating envelope and a singular 
solution. 

These thi-ee cases correspond in a sense to the (1) cusp-locus, 
(2) tac-locus, (3) singular solution, which may exist in the case of 
an equation of the first order. 

Case (1) has already been examined. The line-elements (a*, y, y) 
considered unite to form the singly infinite system of A-curves. 

Case (2) occurs when the corresponding y-curves are distinct and 

touch. Then -— is not infinite for either curve at the point of con- 
dx 

tact, and therefore the equation 

must be satisfied. This defines a curve Q on A. Thus, in general, two 
distinct F-curves osculate each other at all points of a curve (the 
plan of Q) obtained by eliminating z^ w from 

F (x, y, z, w) = 0, 

F =0 

F,-\'zF^-\'wF, = 0. 

dz . . • 

Further, the value of — for a iS-curve is given by 

F.+zF,+ ^F^ = 0, 



Since 



F.. = 0: 



so that at all points of Q the tangent y-curves are touched by a 
/3-curve, or, in other words, the two y-curves which touch one another 
touch also the surface A. Hence, also, the pair of ^-curves which 
osculate each other at any point of the plan of Q are osculated by 
a A-curve at that point.* 

Case (3) occurs when a family of y-curves has an envelope lying on 
A. This envelope must be a /i-curve or else correspond to a solution 

A (a?, 2/, y) = 0, 



* [^Nbte added July, 1901. — This is a locus of essential singularities, and at each 
point of it there may be an infinite number of i^-curves having contact of the third 
order with one of the pair discussed above. A detailed examination of the various- 
cases must be reserved for another occasion.] 



Digitized by VjOOQ IC 



398 



Mr. R. W. H. T. Hudson 



on a 



[Feb. 14, 



and, in either case, since it is touched by y-curves, it must be de- 
termined by the conditions for Q, with the added condition 

dy = zdx. 

Singular Solutions* 
A singular solution of the first hind is defined as a solution of 

^ (^, y^ y) = 0, 

which is not a singular solution of this equation, and which satisfies 

the equation -et / / '/\ r^ 

^ F(x,y,y,y)=0. 

If one exists, it is contained in the locus obtained by eliminating' 
z, w from 

F(x,y,z,w)=0, 

F = 

and is an osculating envelope of JP-curves. Since, in general, the 
values of y and z obtained from these equations do not satisfy 

dy = zdx, 

so, as m the case of equations of the first order, the existence of a 
singular solution is exceptional. 

To examine the ^-curves which osculate a singular solution, we 
have to solve the equation for ly, 

F(x, y-\-Ti, z + i, w + v")=0, 



where y, z, w are the functions of x corre- 
sponding to the singular solution. A 
diagram can be constructed as on p. 393 and 
shows that the terms of lowest order are 

whence »; = - i (FJF^J ^' -H . . . ; 

and therefore the values of y'" for the 
singular solution and integral curve differ 
by FJF„^. 

If all the A -curves are singular solutions of F=zO, then every 





--X--: 



* See Forsyth, Theory of Differential Equations, Vol. n., 1900, pp. 251, 253. 
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fl'Cuwe is touched by y-curves. The curve Q does not exist; so that 
the equation r, . tti , -n n 

must be an algebraic consequence of F^O, F„ = 0. Since w, the 
common root of the equations in w, F = 0, F^=0 is not infinite at the 
curve of contact C of the vertical cylinder circumscribing A, there- 
fore -z^ for the y-curves and /3-curves at any point of G is not in- 
dx 

finite ; that is, the tangent line is not vertical. Hence, when all the 
A-curves are singular solutions of ^ = 0, they have an envelope, the 
plan of C. It will be proved that this envelope is obtained by 
eliminating w, z from 

^=0, F„=iO, F,= 0, 

and therefore, at every point of it, the osculating A-curve and -F-curve 
have the same value for y"\ 

A singular solution of the equation 

which satisfies F (x, y, y\y") z=zO 

is called a singular solution of the second hind for the latter equation. ' 
As it must be contained in the ^^-discriminant of A (a;, y, z), we must 
find what loci are included in this and examine their relations to 
jP-curves. 

First, consider the surface 

A (oj, 2/, z) = 0. 

It is the envelope of the surface 

F(x, y,z, w) = 0, 

in which w is regarded as a parameter. Thus, A is generated by 
characteristics* which are the ultimate intersections of two near sur- 
faces F, and the characteristic corresponding to any value of i^; is 
given by ^ ^ q^ 

F„ = 0. 

The surface A has a vertical tangent plane where any surface F 
which touches it has a vertical tangent plane at some point on the 
curve of contact. Hence the curve of contact G of the cylinder with 
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vertical generators circumscribing A is obtained by eliminating w from 
ir = 0, F^^O, F, = 0. 

'Now A has a singular line, the locus of points where two character- 
istics cut. The intersecting characteristics may be either consecutive 
or distinct. In the former case the line is a cuspidal edge given b}' 
the equations ^^q^ F„ = 0, F^„^0, 

and in the latter case a nodal line given by the conditions, equivalent 
to two independent conditions, that the equation in iv, F=0, has two 
distinct pairs of equal roots.* 
Thus the ^/'-discriminant of 

^ (a', 2/, y') = 

contains three possibilities, and we must examine in turn the relation 
between y- curves and 

(1) the curve (7 on A, 

(2) the nodal line on A, 

(3) the cuspidal edge on A.f 

(1) G has no special relation to y-curves ; that is, at each point of G 
two y-curves unite to form a rhamphoid cusp, just as at every other 
point of A. This may be seen by integrating the differential equation 

where x, y, z, iv are now constants satis- 
fying 
F(x,y,z,w) = 0, J^. = 0, F,, = 0, 

and 7) is to be obtained aei an expansion 
in powers of i in which the leading 
index is greater than 2. The diagram 
shows that the terms 

are of lowest order, and therefore 
»/ = A [-2 iF,+zF,)IF^]i^+ ... ; 



Y 



* See p. 269. 

t These results are obtained algebraically by Prof. Henrici m Vol. n., Froc. 
Zond. Math. Soe,, 1868, pp. 104 and 177. 
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so tliat the expansion for the integral curve is of the form 

which is characteristic of a rhamphoid cusp. It is evident from the 
diagram that the absence of the point (1, —1) corresponding to the 
term r/F^ has not affected the order of the leading term in the ex- 
pansion for rj. 

, (2) The nodal line is doubly a locus of cusps on y-curves, one set of 
cusps corresponding to each sheet. At any point the osculating plane 
is vertical and the tangents to the two cusps are distinct. In plan 
we have a line which is a tac-locus for A -curves, and at each point are 
two rhamphoid cusps on -F-curves touching the A-curves. 

(3) This case is best dealt with in plan. We have to integrate, 
subject to the initial conditions 

F = 0, F,, = 0, i^.., = 0. 

The point (2, —4) has now disappeared, and 
the terms of lowest order are 

indicating an expansion in which the leading 
index is §. The ^-curve has a singular 
point at which three branches osculate each 
other. But only one can be real ; its curva- 
ture is finite and the singularity not apparent. 
It has already been shown that the tangent 
at the singular point is the tangent at a 
rhamphoid cusp on a A -curve. 

If the equation F {x, y, y\ y") = 

has a singular solution of the second kind, it must be one of the pre- 
ceding three loci. We must, therefore, suppose in turn that the 
curves (1), (2), (3) on A satisfy d^ = wdx a,B well as dy = zdx. It is, 
however, simpler to consider the plans of these cui-ves, and, assuming 
them to be solutions of JP = 0, to investigate other solutions which 
osculate them. The diagt*am method is now applicable. 

(1) Suppose that the locus obtained by eliminating z, w from 
. F(x,y,z,w) = 0, F,= 0, F„ = 
is a solution of F(x^ y, y\ y"^ = 0. 

We have to integrate the equation for iy 

F{x,y-^y\, z+rj\ W'\-'n'') = 0, 
VOL. XXXIII. — NO. 763. 
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where y, «, w are the values of 
y> y'j y" corresponding to the 
assumed singular solution. The 
terms of lowest order are 

so that the leading index in the 
expansion of >; in powers of ^ is 4. 
We infer that the i^^-curve which 
osculates this singular solution at 
any point has the same value 
for y" . 

Hence, when the curve on A 
provides a singular solution of both 

equations, it is osculated by one of the y-curves which pass thronirh 
any point of it. 

(2) It is unnecessary to consider further the nodal line on A, 
because it can be treated as a /3-curve first on one sheet and then on 
the other, and the properties which its plan may have in either cuse 
must simply be combined. 

(3) Suppose that the locus obtained by eliminating z, w fi*om 



is a solution of 



J^O: y, y', y") - 0. 






Then, constructing a diagram as before, we find 
that the points corresponding to F, and F,^^„ 
indicate an expansion for 77 in which the leading 
index is f. Thus the locus (which is not an 
envelope of A -curves) is an osculating envelope of 
rhamphoid cusps on -F-curves. 

We infer that the corresponding y-curves have 
cusps touching the cuspidal edge on A. 

Lastly, we suppose that singular solutions of both kinds exist. 
The A-curves then have an osculating envelope which, as we have 
seen, must be the plan of the cuspidal edge on A when this has 
vertical tangent planes at every point. Since these planes are also 
tangents to surfaces F, we have the condition 

F, = 0. 
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Hence, if the equations 

F=0, F^ = 0, F^^O, F, = 

can be solved for y, z,w, and if the functions of x so obtained satisfy 

dy = zdx, dsi=zw dx, 

then the corresponding locus is a singular 
solution of the second kind, and is an 
osculating envelope of singular solutions 
of the first kind. 

That these conditions are necessary in 
order that both kinds of singular solution 
may exist appears from the diagram ; for 
the side of the polygon nearest the origin 
must indicate two expansions with leading 
index 3. 




APPENDIX (a). 
(Session 1900-1901.) 



In the list of exchanges, No. 56 (p. 3) should be deleted, as the 
copy in question is given to the College by a member of the 
Society. 

At the December meeting the Treasurer declined to have a reso- 
lution passed for the adoption of his report. The Auditor was 
thanked for his services by letter from the Secretary. 

Mr. J. H. Michell sends the following remarks for insertion in the 
Appendix : — 

There is an oversight in § 3 of my paper " On Transmission of 
Stress, &c." (Proc, Vol. xxxi., p. 183), which perhaps ought to be 
pointed out. 
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The method proposed implies the continuity of the functions 
(X-fSft) 0— 2/xM7s, tar, <fcc., across the boundary between the parts of 
j5 = 0, over which the different conditions hold. This continuity will 
not in general exist. Cases (c), (d) are covered by Boussinesq's 
solution, as I have pointed out. The difficulty is with (a), (b). 
Whether the proposed method is feasible when the true continuity 
conditions («, v, w continuous) are introduced requires further 
examination. 



The following is an abstract of the communication made by Mr. 
Tucker (p. 311) entitled " The Brocai'dal Properties of some 
Associated Triangles " : — 

Ay^AB^^ B^BG^, GiGAy are drawn perpendicular to AO, 50, (70, 
cutting the circumcircle in ff, (T, A' respectively; and, in like 
manner, A^AG^, B^BA^y (7, GA^ perpendicular to AQ\ BQ\ GQ\ cutting 
the circle in (7", A'\ J?" respectively. The equation to AyB^ is 

/3 cos w + y cos (A—u}) = 0, (i.) 

and to .4^5, is acosw + y cos (JB— w) = 0. (ii.) 

The points A^^ A^ are given by 

cos ((7— w) cos (J.— w), — coswcos (4— w), cos^w, (ill.) 

and by cos (J. — w)cos(B — w), cos^w, — cos w cos (^ — w). (iv.) 

We readily get A^B^^ c cosec w =z A^B^; (v.) 

hence the triangles A^B^Gi (or Aj) and A^B^G^ (or Aj) are similar to 
ABG and are congruent to one another. 
The points A\ A" are given by 

— cos {G—w) cos (B+u)), cos w cos {B-\-u}), cosci>cos ((7— w), (vi.) 

—cos (5— w) cos ((7-1-0)), cos w cos (5— w), cosfcicos (B-l-w), (vii.) 

and the triangles A'B'G' (or A'), A''B"G" (or A"), and ABG are con- 
gruent. 

The circles (O^), (Oj) round Aj, Ag respectively, are given by 
P.2a/3y + cot w.Soa [SasinOcos (5 — <w)] = 
and P.2a/3y-hcotw.Saa[SasinPcos((7— w)] =0, 

where P = cosec w . II sin -4. 
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The circuracircle ABG can be readily shown to be the auxiliary 
circle of the Brocard ellipses of \, \. 

The cyclic property (circumcentre 0) of the six Brocard points of 
the five triangles and other properties are more elegantly derived 
from the theory of similar figures. 

A referee writes : " We have as corresponding points of two 
similar figures 

A, B, G; A\ B\ 0'; A,, B,, C,; ... ; 

A'\B'\G''', A, B, (7; A,, B,, G,; ... ; 

the centre of similitude being and the figures being congruent. 
Again, we may consider the three similar figures 

A, B, G, ..., K, Q, O', 0, ...; 
A,,B,,G„...,K,,Q, n„0,. ...; 

^2» ^2» ^2» •"■) -^2» ^» ^ » ^25 •"> 

whose centres of similitude are 0, OV^, and invariable points K, K^, 
K^ (the symmedian points) ; hence it follows that the symmedian 
points of A-^B^Gi and A^B^ G^ lie on the Brocard circle oi ABG,"" 

The accompanying notice of the late M. Hermite has been drawn 
up, at the request of the Council, by Mr. G. B. Mathews : — 

Charles Hermite, whose death occurred on January 14th, 1901, 
was born at Dieuze, in Lorraine, December 24th, 1822. After school- 
days spent at Nancy and Paris, he entered the Ecole Polytechnique 
in 1842, and soon gave evidence of his remarkable genius ; for it was 
in 1843 that he wrote to Jacobi his well-known letter on the theory 
of Abelian functions, and this was followed in 1844 by another on 
the transformation of the elliptic functions. Adopting the profession 
of a teacher, his career was one of uninterrupted success ; after hold- 
ing several minor appointments he was elected in 1862 to a newly 
founded chair in the Ecole Normale, and in 1869 to the professor- 
ship of higher analysis in the Sorbonne, which he held until 1897. 
Readers of his lithographed course will understand the enthusiasm 
with which his successor and former pupil, M. Picard, speaks of his 
charm as a lecturer ; in judgment of selection and lucidity of exposi- 
tion these lectures are unsurpassable, besides showing on every page 
the impress of an original mind. The festal celebration of Hermite's 
seventieth birthday showed in an impressive way the regard in which 
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he was held by his pupils and fellow- workers alike ; and we may 
hope that this was a bright day in a life which, like that of many 
other men of science, was, on the whole, retired and uneventful. It 
would be tedious to recount all the distinctions bestowed upon the 
great mathematician by learned societies ; but it is proper to recall 
the fact that in 1871 (December 14th) he was elected foreign mem- 
ber of the London Mathematical Society, to the Proceedings of which 
he contributed three or four short papers. 

Hermite was exclusively an analyst, and, above all perhaps*, an 
arithmetician. He was an avowed disciple of Gauss, Jacobi, and 
Dirichlet ; with the last two he frequently corresponded, and received 
from them an encouragement which must have done much to develop 
his powers. The brilliant discoveries of Jacobi naturally led Hermite 
to the study of elliptic and Abe Han transcendents : his first two 
letters to Jacobi have already been referred to, and in subsequent 
years we have his researches on the elliptic modular functions, and, 
above all, the memoir Sur quelques applications des fonctions elliptiqties, 
which contains, not only a discussion of Lame's equation, which has 
become classical, but the extremely important theory of the decom- 
position of periodic functions into the sum of " simple elements," each 
with one (simple or multiple) pole. It may be observed that Hermite 
always adhered to the Jacobian elliptic and theta functions ; partly, 
no doubt, because he had grown accustomed to them, but also, per- 
haps, because of their more obvious association with arithmetical 
theories. It is noticeable that the same thing may be said of 
Kronecker. 

The invention of the calculus of invariants by Boole, Cayley, and 
Sylvester naturally attracted Hermite's attention, and he soon made 
substantial additions to the theory. To him is due the discovery of 
the first skew invariant, and the law of reciprocity which has been 
called after his name. Moreover, he showed the value of the new 
calculus by applying it to the transformation of elliptic functions, to 
the transcendental solution of the quintic, to the Tschirnhausen 
transformation, and to the separation of the roots of equations after 
the manner of Sturm. 

It is in his arithmetical researches that Hermite's genius shows to 
greatest advantage. Here his familiarity with algebra on the one 
hand, and transcendent functions on the other, by converging to a 
focus, enable him to penetrate into depths otherwise inaccessible. 
His work on the reduction and classification of arithmetical forms is 
of the very highest importance, and involves a new and ingenions 
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application of continuous parameters. His theory of forms with 
conjugate complex variables has shown itself capable of important 
developments, and he has made many beautiful applications of 
elliptic functions to arithmetic. One of his most famous achievements 
is the proof that e, the base of natural logarithms, is an essentially 
transcendental number. 

Hermite had a large correspondence, and many of his most remark- 
able discoveries were communicated by letter to his friends. Gropel 
was induced to publish his classical memoir on Abelian functions by 
reading Hermite's first letter to Jacobi ; had he not seen this, it is 
possible that he might have died without giving any of his work to 
the world. 

A potrtrait of Hermite will be found in the Annates de VEcole 
Normale Superieure, t. xviii. (1901), together with an excellent 
account of his scientific work by M. Emile Picard. It is to be hoped 
that a collected edition of Hermite' s mathematical papers will be 
issued without unnecessary delay. 

[It may be interesting to note that M. Hermite communicated the 
following Questions to the Educational Times : references are to the 
Volumes of the Reprint : — 

Vol. vn., p. 37, 2254 (and Sylvester) ; p. 53, 2273. Vol. xxix., p. 76, 5492. 
Vol. XLVi., p. 21, 8560 ; p. 50, 8510 (and solution) ; p. 63, 8588 (and solution) ; 
p. 94, 8633 ; p. HI, 8717. Vol. XLvn., p. 53, 8863 (and solution). Vol. xlviii., 
p. 21, 9072. Vol. LI., p. 33, 9832 ; p. 49, 9930. Vol. lii., p. 63, 10125; p. 118, 
10083. Vol. LUi., p. 127, 10155. Vol. Lxvn., p. 91, 10267. Vol. lxv., p. 99, 
12337. 

E. T.] 
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